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Abstract - Four types of QPP (Quadratic Permutation 
Polynomial) interleavers for turbo codes that maximize 
the dispersion are proposed. These interleavers lead to 
superior performances, compared to the interleavers 
proposed by Takeshita for some lengths and some 
component codes of turbo codes. 
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I. INTRODUCTION 
 
Polynomial interleavers are the most recent published 
interleavers having the following advantages [1]: 
remarkable performance, perfect algebraically 
structure and efficient implementation (high speed 
and little memory requirements). 
A QPP interleaver of length L is defined in [1], [2], 
[3], [4] as: 

π(x)=(q0+q1x+ q2x2) mod L, x= 0, 1L −   (1) 
where q1, q2 are chosen so that the quadratic 
polynomial from (1) is a permutation polynomial and 
q0 determines only a shift of the permutation 
elements. We note the set { }0,1, , 1L L= −K . Then 
the permutation function is : L Lπ → . 
The randomizing analysis of these interleavers was 
made with nonlinearity degree [1]. This is achieved 
by measuring the number of distinct orbits (a set of 
points) of the action of an isometry group on the 
interleaver code, that is, on the points (x,π(x)). It is 
demonstrated that the nonlinearity degree of a QPP 
interleaver is given by the relation: 

ζ=L/gcd(2q2,L)    (2) 
“gcd” meaning „greatest common divisor”.  
The refined nonlinearity degree ζ' is given by the 
number of distinct elements of set {q2x2 (mod L), 
x=0,1, ..., ζ-1}. 
Takeshita states in [1] that the first spectral line with 
high multiplicity in distances spectrum of a turbo code 
with a QPP interleaver is very close to the degree of 
shift invariance ε, defined as the size of the orbits.  
The relation between ε and ζ is the following: 

ζ =L/ε      (3) 
Spread factor (D parameter) is defined by relation: 

D= ( ){ }
,

min ,
L

L i ji j
i j

p pδ
≠
∈

,   (4) 

where ( ),L i jp pδ  is Lee metric between the points 

( )( ),ip i iπ=  and ( )( ),jp j jπ= [5]: 

( ) ( ) ( ),L i j L L
p p i j i jδ π π= − + − .  (5) 

The notation Li j−  means: 

( )( ) ( )( ){ }min mod , modLi j i j L j i L− = − − .  (6) 
[1] gives the quadratic polynomials which have the 
largest spread (D parameter) and also which 
maximize Ω’ metric defined as: 

Ω’= ζ’·ln(D),      (7) 
where ζ’ was previously defined. 
An older definiton of spread is given through S 
parameter [6], which is the maximum value of S so 
that: ( ) ,i j∀ ≠  with , Li j∈ , the next inequalities are 
maintained: 

( ) ( )i j S i j Sπ π− ≤ ⇒ − >    (8) 
To avoid the edge effects of trellis termination the 
corner merit is maximized. The corner merit is 
defined by relation: 

( )( )min ( 1, 1), ( , )
Lx

C L L x xδ π
∈

= − − ,    (9) 

where ( ),i jp pδ  is given by relation: 

  ( ) ( ) ( ),i jp p i j i jδ π π= − + − .          (10) 
In this paper the randomizing analysis is made using 
the QPP interleaver dispersion. 
The dispersion of an interleaver is given by the 
number of distinct displacement vectors (∆x,∆y) [7]: 

Γ=⏐{(∆x,∆y)∈Z2⏐∆x =j-i, ∆y =π(j)- π(i), 
0≤i<j≤L-1}⏐.   (11) 

The normalized dispersion is the value of Γ 
normalized to its maximum value, i.e.: 

( )
2

1L L
γ Γ=

−
     (12) 

The dispersion of an interleaver influences the 
multiplicities of the low weight code words, therefore 
a high dispersion is desirable. This desideratum was 
described in [8], [9] through the proposal of some 
interleavers with a high dispersion.  
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This paper is structured as follows: in section II, four 
QPP interleavers are proposed that aim the 
maximization of the dispersion; section III presents 
the simulation results for the proposed interleavers for 
two lengths (128 and 512) compared to those 
proposed by Takeshita in [1]. Section IV summarizes 
the main results of the paper. 
 

II. QPP INTERLEAVERS WITH DISPERSION 
MAXIMIZATION 

 
In this section we consider the dispersion parameter 
into consideration to further improve the performance 
of the interleavers given in [1]. The goal is to select 
interleavers with maximized dispersion following the 
criteria: 
a) Among the interleavers with maximum spread (D 
parameter) the ones with maximum dispersion having 
the coefficient q0=0 are chosen, meaning maximum 
spread maximum dispersion (noted with MS-QPP-
MG, where G is for Gamma, i.e. dispersion); 
b) From the interleavers with maximum spread and 
dispersion, firstly there are selected the ones for 
which the corner merit is maximized through q0 
coefficient. Secondly, only the interleavers with the q0 
coefficients that maximize the dispersion are kept 
from the ones selected at the first step, that is 
maximum spread – maximum dispersion – maximum 
corner merit – maximum dispersion (noted with MS-
QPP-MG-MC-MG); 
c) Among the interleavers with the best Ω’ parameter, 
the ones with the largest dispersion are selected, for 
which the corner merit is maximized through the q0 
coefficient, keeping then only the q0 coefficients that 
maximize the dispersion from the ones previously 
calculated, similar to interleavers in b), meaning 
maximum Ω’ – maximum dispersion – maximum 
corner merit – maximum dispersion (noted with Ω’-
QPP-MG-MC-MG). 
d) A search that maximizes the S parameter and the 
dispersion, followed by the maximization of the 
corner merit factor and then again the dispersion for 
the q0 coefficient is proposed, meaning the maximum 
S parameter – maximum dispersion – maximum 
corner merit – maximum dispersion, noted with MSP-
QPP-MG-MC-MG. The S parameter defined in [6] for 
the interleaver proposed by Takeshita does not 
necessarily have the maximum value. 
Tables 1, 2 and 3 give the polynomials that are 
irreducible to polynomials of first degree (i.e. with 
nonlinearity degree ζ>1), determined following the 
above description for different lengths of interleavers. 
Table 1 shows the value of the dispersion for QPP 
interleavers obtained following the instructions in 
section b) in two cases: with q0=0 and with q0 resulted 
after corner merit factor maximization. It also shows 
the maximum spread factor D, the initial nonlinear 
degree (ζ) and the refined one (ζ’). If more 
polynomials of the same type are found, we choose 
firstly the ones with the smallest q1 and then the ones 
with the smallest q2. The choice of q0 is made by the 

dispersion maximization after corner merit for all the 
polynomials with determined q0=0. Again, if more 
than one value is found, the smallest one is chosen. 
Table 2 gives the polynomials searched as shown in 
section c), together with its spread factor D and the 
initial nonlinear degree (ζ) and the refined one (ζ’). 
Table 3 shows the polynomials with maximized S 
parameter, as shown in section d), together with its 
spread factor D and the initial nonlinear degree (ζ) 
and the refined one (ζ’). 
 
Table 1: MS-QPP-MG-MC-MG Interleavers 

L q0 π(x) γ (with 
q0=0) 

γ (with 
q0>0) 

Dmax 

(L) 
ζ ζ’ 

40 38 19x+ 30x2 0.13846 0.12308 4 2 2
80 77 31x+ 60x2 0.07215 0.07152 10 2 2
128 119 49x+ 96x2 0.04552 0.04503 16 2 2
160 149 21x+ 40x2 0.03656 0.03616 16 2 2
256 245 81x+ 160x2 0.04136 0.04136 16 4 3
320 309 21x+ 200x2 0.03327 0.03321 20 4 3
400 377 183x+300x2 0.01483 0.01476 20 2 2
408 387 155x+306x2 0.01454 0.01447 24 2 2
512 496 31x+ 64x2 0.02100 0.02095 32 4 3
640 624 39x+ 400x2 0.01686 0.01680 32 4 3
752 727 285x+564x2 0.00792 0.00789 32 2 2
800 775 143x+560x2 0.02058 0.02052 32 5 5
1024 1005 333x+768x2 0.00583 0.00582 34 2 2

 
Table 2: Ω’-QPP-MG-MC-MG Interleavers 

L q0 π(x) γ (with q0=0) γ (with q0>0) D ζ ζ’ 

40 38 19x+ 30x2 0.13846 0.12308 4 2 2
80 77 31x+ 60x2 0.07215 0.07152 10 2 2
128 122 57x+ 80x2 0.08046 0.08009 8 4 3
160 142 31x+ 140x2 0.06502 0.06337 10 4 3
256 245 81x+ 160x2 0.04136 0.04136 16 4 3
320 309 21x+ 200x2 0.03327 0.03321 20 4 3
400 375 7x+ 280x2 0.04056 0.04031 16 5 5
408 387 155x+306x2 0.01454 0.01447 24 2 2
512 480 79x+ 352x2 0.04035 0.04020 16 8 4
640 89 181x+ 360x2 0.03247 0.03243 20 8 4
752 714 353x+ 470x2 0.01440 0.01435 26 4 3
800 775 143x+560x2 0.02058 0.02052 32 5 5
1024 992 223x+960x2 0.02051 0.02046 32 8 4

 
Table 3: MSP-QPP-MG-MC-MG Interleavers 

L q0 π(x) γ (with 
q0=0) 

γ (with 
q0>0) 

S D ζ ζ’ 

40 37 17x+ 30x2 0.13846 0.13718 2 4 2 2
80 77 31x+ 60x2 0.07215 0.07152 6 10 2 2
128 119 49x+ 96x2 0.04552 0.04503 7 16 2 2
160 151 31x+ 40x2 0.03664 0.03601 8 10 2 2
256 232 29x+ 64x2 0.02304 0.02279 10 12 2 2
320 307 43x+ 80x2 0.01850 0.01836 12 14 2 2
400 377 183x+300x2 0.01483 0.01476 14 20 2 2
408 387 155x+306x2 0.01454 0.01447 15 24 2 2
512 497 235x+384x2 0.01160 0.01155 18 26 2 2
640 616 77x+160x2 0.00930 0.00927 22 28 2 2
752 727 285x+564x2 0.00792 0.00789 23 32 2 2
800 769 303x+600x2 0.00745 0.00742 23 32 2 2
1024 1000 125x+256x2 0.00583 0.00581 23 32 2 2

 
 

III. NUMERIC RESULTS 
 
The interleaves proposed in this paper are compared 
to those in [1] by computing the distances spectrums. 
The interleavers of length 128 and 512 are obtained 
by means of methods described in section III. The 
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post-interleaver trellis termination method [6], [11] 
has been used. The total weights of information 
sequences which lead to specific distances are also 
computed. The component codes of turbo codes are 
those used in [1]: the code with 8 states and generator 
matrix (in octal form) G=[1, 15/13], and the code with 
16 states with G=[1, 35/23]. 
As shown in table 4 the first 20 terms of distance 
spectra for interleavers of length 128 were 
determined. For the interleavers of length 512 present 
in table 5, the maximum computed distance has been 
limited to a maximum value of 45, knowing the fact 
that above this value the Garello method [11] is time 
consuming. The minimum distance and the first 
spectral line with a high multiplicity are highlighted in 
the tables. 
To underline the performances of the interleavers 
proposed in this paper, the simulated and asymptotic 
bit error rate (BER) and the frame error rate (FER) 
curves are given for an AWGN (Additive White 
Gaussian Noise) channel in the figures 1 and 2. For 
the 8 states code, the curves are obtained by 
simulation in 0-3 dB signal to noise ratios (SNR) 
domain while for the 3-4 dB domain, the asymptotic 
curves are obtained with distances spectra from tables 
4. For the 16 states code, the curves are obtained by 
simulation in 0-2 dB SNR domain and continued by 
asymptotic curves in 2-3 dB SNR domain obtained 
with distances spectra from tables 5. On the same 
diagram were also drawn the curves of interleavers in 
[1]. 
Figure 1 illustrates the superior performances of some 
proposed interleavers of length 128 in the asymptotic 
curves domain for 8 states code, while figure 2 
illustrates the superior performances of some 
proposed interleavers of length 512 in the asymptotic 
curves domain, as well as in the simulated domain. 
This behavior is explained by the fact that for smaller 
lengths, the difference between the simulated curves 
is noticeable only at large SNR values where error 
rates are small. For large lengths, due to the gain 
effect of the interleaver, the difference becomes 
noticeable at smaller SNR values. 
Looking at tables 4 and 5 and at figures 1 and 2 we 
observe that the same interleavers, but with different 
component codes lead to different performances. 
The maximization of the dispersion over that of the 
spread factor leads to easy benefits (the minimum 
distance is larger or the distance spectrum is better). 
For length of 512 we obtained the same QPP 
interleaver as the one from [1]. The maximization of 
the corner merit leads to an improvement only for                   

length of 128.  
The maximization of the dispersion over the Ω’ 
parameter leads to better performance, only for 16 
states component code. However the maximization of 
corner merit doesn’t bring more benefits. Therefore 
we also give the performance of the interleaver 
without the corner merit maximization. 
The maximization of the S parameter, together with 
that of the dispersion, followed by the maximization 
of the corner merit factor, and again of the dispersion 
leads to the biggest minimum distance for the 16 
states code of length 512. This could be due to fact 
that the obtained S parameter (18) is larger than the 
one of MS-QPP-MG-MC-MG interleaver (15). For 
length of 128 we obtained the same interleaver as in 
the case of the MS-QPP-MG-MC-MG interleaver. 
The minimum distances for the obtained interleavers 
are smaller than the ones from [12], but there a dual 
termination was used. Also in contrast with [12] the 
interleavers proposed here are generic and not 
optimized for a specific component code. 
 

IV. CONCLUSIONS 
 
This paper analyzed the influence of dispersion on the 
performances of the QPP interleavers, when they are 
part of turbo codes.  
Unlike the maximization of the following parameters: 
the spread factor (D parameter), Ω’ parameter and 
corner merit, used by Takeshita in [1], we have 
performed additional searches including the 
dispersion maximization on four types of QPP 
interleavers. A number of QPP interleavers were also 
proposed, selected after the maximization of the S 
parameter, defined in [6]. 
The simulation results confirm that by extra 
dispersion maximization, superior performances are 
obtained compared to a number of interleavers 
proposed by Takeshita in [1]. Superior performances 
are obtained in the following cases: MS-QPP-MG-
MC-MG and MS-QPP-MG interleavers of length 128 
compared to MS-QPP interleaver for 8 states code and 
the one with 16 states and Ω’-QPP-MG interleaver 
compared to Ω’-QPP interleaver of length 512 for 16 
states code, respectively. Additionally, the simulation 
results point out that the S parameter maximization 
leads to the best performances for certain lengths and 
component codes (for example, 8 states code and the 
interleaver of 128 length and 16 states code and the 
interleaver of 512 length). 

 
Table 4: Length L=128 

8-state 
MS-QPP-MG π(x)=49x+96x2 (mod L) ε=64 

i 0  1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 
di 16 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 
Ni 1 1 1 1 2 2 6 7 63 17 29 89 52 234 464 472 857 1628 1963 2693 
wi 2 2 1 2 6 4 16 20 197 60 93 342 186 1220 2222 2538 4875 9784 11149 16790 

MS-QPP-MG-MC-MG π(x)=119+49x+96x2 (mod L)  ε=64 
i 0  1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 
di 18 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 37 38 
Ni 1 3 2 1 8 5 63 17 27 86 49 234 444 456 860 1604 1901 2612 5410 7674 
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wi 2 6 6 2 22 16 197 60 85 328 185 1216 2122 2468 4908 9638 10825 16348 35240 50464 
Ω’-QPP-MG π(x)=57x+80x2 (mod L) ε=32 

i 0  1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 
di 14 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 
Ni 2 2 1 2 1 30 6 6 7 31 40 25 85 168 134 267 530 662 1202 2056 
wi 4 4 3 4 3 114 16 20 23 112 124 98 363 786 628 1422 2610 3934 7566 12724 

Ω’-QPP-MG-MC-MG π(x)=122+57x+802 (mod L) ε=32 
i 0  1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 
di 12 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 
Ni 1 3 1 1 1 29 5 6 6 38 39 23 86 169 142 257 515 716 1202 2016 
wi 2 6 3 2 3 112 15 16 18 144 121 84 372 812 680 1358 2561 4226 7544 12480 

 
16-state 

MS-QPP-MG π(x)=49x+96x2 (mod L) ε=64 
i 0  1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 
di 17 18 19 20 22 23 25 26 27 28 29 30 31 32 33 34 35 36 37 38 
Ni 1 2 3 1 1 2 4 8 12 15 14 21 26 81 147 216 271 426 697 724 
wi 2 4 5 2 2 6 11 26 32 46 47 71 97 322 936 1163 1349 2253 4227 4610 

MS-QPP-MG-MC-MG π(x)= 119+49x+96x2 (mod L) ε=64 
i 0  1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 
di 17 18 19 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 37 
Ni 1 1 1 2 2 2 1 4 6 10 14 17 19 29 69 148 201 244 415 676 
wi 2 2 2 3 4 6 1 10 16 27 43 61 61 109 288 938 1091 1191 2223 4077 

Ω’-QPP-MG π(x)=57x+80x2 (mod L) ε=32 
i 0  1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 
di 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 37 38 39 40 
Ni 2 2 2 2 4 7 5 12 68 30 85 151 173 208 328 759 773 1245 2156 3124 
wi 4 6 6 7 13 24 20 39 321 130 339 784 857 1201 1952 4993 4904 8103 14546 21853

Ω’-QPP-MG-MC-MG π(x)=122+57x+802 (mod L) ε=32 
i 0  1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 
di 18 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 37 38 39 40 
Ni 1 3 2 5 3 8 4 9 63 33 79 163 170 218 332 758 768 1274 2162 3208 
wi 3 8 5 18 10 29 14 33 296 154 320 857 843 1263 1980 5031 4878 8290 14761 22484

 
Table 5: Length L=512 

8-state 
MS-QPP-MG-MC-MG π(x)=496+31x+64x2 (mod L) ε=128 

i 0  1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 
di 28 29 30 31 32 33 34 35 36 37 38 39         
Ni 2 4 1 6 3 125 4 14 12 16 956 1903         
wi 4 12 2 18 6 375 12 40 44 58 5684 16887         

Ω’-QPP-MG π(x)=79x+352x2 (mod L) ε=64 
i 0  1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 
di 16 21 22 24 25 26 27 28 29 30 31 32 33 34 35 36 37 38 39  
Ni 1 1 1 1 4 3 2 1 8 5 72 15 75 20 93 95 48 155 741  
wi 2 2 2 2 12 8 6 4 24 16 336 54 237 82 423 382 216 800 3667  

Ω’-QPP-MG-MC-MG π(x)=480+79x+352x2 (mod L) ε=64 
i 0  1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 
di 16 21 22 24 25 26 27 28 29 30 31 32 33 34 35 36 37 38 39  
Ni 1 1 1 1 4 3 2 1 7 5 71 13 74 24 91 95 48 151 728  
wi 2 3 2 2 12 8 6 4 23 16 333 46 234 98 415 382 214 776 3608  

MSP-QPP-MG-MC-MG π(x)=497+235x+384x2 (mod L) ε=256 
i 0  1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 
di 24 25 26 27 28 29 30 31 32 33 34 35 36 37 38 39     
Ni 2 3 1 5 1 7 4 15 13 10 21 20 971 40 2895 5754     
wi 4 9 2 15 2 21 12 45 44 30 78 84 3870 162 17244 51360     

 
16-state 

MS-QPP-MG-MC-MG π(x)=496+31x+64x2 (mod L) ε=128 
i 0  1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 
di 26 27 31 33 34 35 36 37 38 39 40 41         
Ni 1 1 1 2 2 4 3 4 5 2 8 15         
wi 2 2 3 4 4 11 9 11 13 6 30 53         

Ω’-QPP-MG π(x)=79x+352x2 (mod L) ε=64 
i 0  1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 
di 18 25 26 27 28 29 30 33 34 35 36 37 38 39 40 41 42 43 44  
Ni 1 1 1 3 2 2 3 5 4 5 8 6 8 11 17 16 24 31 90  
wi 2 2 1 7 6 6 9 14 12 13 29 22 28 40 65 62 99 134 599  

Ω’-QPP-MG-MC-MG π(x)=480+79x+352x2 (mod L) ε=64 
i 0  1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 
di 18 25 27 28 29 30 33 34 35 36 37 38 39 40 41 42 43 44 45  
Ni 1 1 3 2 2 3 5 3 5 8 6 8 10 14 16 22 28 84 207  
wi 2 2 7 6 6 9 14 8 13 29 22 28 37 56 62 90 123 576 906  

MSP-QPP-MG-MC-MG π(x)=497+235x+384x2 (mod L) ε=256 
i 0  1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 
di 28 31 32 33 34 35 36 37 38 39 40          
Ni 1 4 2 2 4 3 6 3 5 10 6          
wi 2 11 4 4 11 9 18 7 16 29 20          
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Fig. 1. Simulated and asymptotic BER (FER) curves for interleavers of L=128 length and code with a) 8 states; b) 16 states 
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Fig. 2. Simulated and asymptotic BER (FER) curves for interleavers of L=512 length and code with a) 8 states; b) 16 states 
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