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Abstract

The goal of this paper is to give a comparison between
two methods for phase approximations: non-compact
gain technique for linear frequency domain and the
approach based on logarithmic sampling of gain for
logarithmic frequency domain, using signals affected by
random perturbations. A comparison of the behavior of
these algorithms, considering signals affected by
perturbations, respectively signals that are not affected
by perturbations, will be also presented. For this
purpose we first recall Hilbert transform and Bode
relationships. then the two methods will be discussed.
Numerical cxamples are provided to emphasize the
advantages and disadvantages of each method and
computer simulations performed using Matlab are also
presented.

Keywords: phase approximation, logarithmic sampling,
linear sampling, Hilbert transform, Bayard-Bode
relationships.

1. INTRODUCTION

The non-compact gain technique cannot be employed
when the gain characteristic has slopes different from
zero at zero and at high frequency. Since the Bode
transfer functions do not satisfy the last requirement,
in order to overpass this inconvenient, we have
proposed the modified Bode transfer functions to be
used in implementation.

We will present three cases of how signals are

aftected by random perturbations:

1. signal affected by a complex random
perturbation;

2. system function affected by a real random
perturbation;

3. parameters of the Bode transfer function,

respectively of the modified Bode transfer

function affected by a real random perturbation.
The proposed methods are then tested on some
numerical examples. Our analysis will be
concentrated on minimum-phase functions, since the

' Department of Electronics and Telecommunications. Technicai

experimental results can be very easily applied to non
minimum-phase functions [6].

Hilbert transform and Bayard-Bode relationships [1]
have been recognized as very important methods in
circuit theory, communications and control science.
Their sampled derivations have been encountered in
different applications from science and engineering.
In some situations the domain is restricted or other
explicit conditions are imposed. A critical issue is
related to the singularities involved in the Hilbert
transform computation, since we are confronted with
an improper integral (Section 2). If the integral cannot
be evaluated in a closed form, as it is the case with
discrete input data, numerical implementation is in
general complicated [2], as localized errors should
lecad to localized errors. Hilbert transform has the
advantage of not requiring derivatives. but the serious
disadvantage that it is not a bounded operator from L,

to L_. To solve the problem, different approaches for

gain-phase relationships in logarithmic frequency
domain have been proposed. A suitable change of
variable can give the bounded operator (5) from L, to
L_ forany r2>1 (3]

The goal of this paper is to give a comparison
between linear and logaritmic frequency domain
phase approximations, using as test signals, signals
that are affected by random perturbations. There is
also presented a comparison of these algorithms,
considering signals that are affected by perturbations,
respectively signals that are not affected by
perturbations.

The paper is organised as follows. In Section 2 we
shortly remind Hilbert transform and Bode
relationships. First we will discuss the logarithmic
sampling of gain approach in Section 3, then in
Section 4 the non-compact gain technique [4] is
addressed. Furthermore, we derive the modified Bode
transfer functions (Section 5) to be wused in
implementation. Finally it results a comparison based
on numerical examples (Section 6) and we will drag
conclusions (Section 7).

University of Cluj-Napoca. Str George Bantiu 26-28, RO-400027,
Clup-Napoca, Romania, e-mail Lacnimioara Grama@be! utclu) ro

Fl

96

BUPT



2. BAYARD-BODE RELATIONSHIPS AND
HILBERT TRANSFORM

The Bayard-Bode relations method is based on the
fact that the transform

H(jw)= R(w) + jl{w), n

of a causal functior. h(1) is uniquely determined in
terms of Rfw) or Ifw) (subject to an arbitrary
reactance value if determined from R(w) and to an
arbitrary real value, if determined from /(w)) [1].
Proofs based on Cauchy’s residue theorem [13] or on
convolution [6] establish

R@)= k)= [T -

I ;ﬂ wl(w) @)
= R(eo Iy 82 dy
ny y-o
@)=~ JRU ) 2”! (;' 0w o)

One can easily obtain the gain-phase relationships (or
the Bayard-Bode relations) from (2) and (3) directly
by taking logarithms {6], after fulfilling the
requirements needed to satisfy the right half plane
analyticity conditions of the Hilbert transform, i.e. the
stable and minimum phase conditions. Under the
assumption that H(s) is not only analytic, but has no

zeros for Re(s) 20, then:
In(H(jw)) = (w)+ jB(w) 4

will be also analytical in the right-hand plane. Thus
the phase B(w) (in nepers), using a change of

variable u=In{(y/w, ), where w, is a normalizing

frequency, will be:

ﬁ(w)zz_w]w
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3. PHASE APPROXIMATION IN LOGARITHMIC
FREQUENCY DOMAIN

The scope is to find a phase approximation from the
gain samples, given at equally spaced points on the
logarithmic frequency domain:
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Bw) =Y T [a(wA”)-a(wh ™)),
peN (6)
A>1

Using quadrature formulae, several approximations

results. Here we shall’ consider for study that one
derived from Simpson approach (the parabolic rule):

Bilw)= —L[a(wA)—a(f}-H +
T A
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4. PHASE APPROXIMATION IN LINEAR
FREQUENCY DOMAIN

The formula between the imaginary and real parts of a
complex function of rea! frequency as expressed in
equation (3) can be rewritten in many ways [4]. By
integrating the right member of (3) by parts one can
find:

+w

dy )
-w
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R(y)

Vv

lim

¥ —bao

=0 {10)

Alternatively, we can continue by integrating the right
member of (9) by parts, i.e. a double integration by
parts of the right member of (3) and the integrand will
be:

R"(y){zw-wm{w2 —y’,—-yln’m} (1)
ly-w

provided
. R
hmﬂ:O (12)
)—’” )!

and
limR'(y)y < oo (13)
) endad

Previous relationships are seldom integrated

analytically and in practice it is customary to use
approximations to find the relationship between phase
and gain. An idea is to use straight-line segments so
that the second derivative a"(y) is a set of impulses

[2]. Gain functions will satisfy the following:

Second derivative consists of groups of 2
impulses;

Each group has a positive impulse at the
origin and a negative impulse at a frequency
w,;

n:

e Only positive @, 'n need to be considered.

Thus the second derivative ot the gain is given as

a'(y)=Y.a,[8(»)-6(y-w,)] (14)
[t follows succesivelly that’:
Gyl % oaly ] 7 +w (10)
Bwy=— A g2 L g n X2y
ly- b 284 y—w
1 Ia"(y)x{Zw—a)ln'a)’—yz'-ylnly w}:(lS)
V28 y-w

=B (@)

Finally we have:
Blw)= B, (w) = Za o, d{ ) (16)

where

2 An extended form of S(«w) can be tound m {11}

o8

<D(v)=(v+l)ln|v+1,+(v-—l)ln|v—lf—2vln|vi

Remarks:
1. The a, numbers are determined by a broken-

line approximation to the gain-versus-
arithmetic-frequency characteristic.

2. This procedure cannot be employed when the
gain characteristic has slopes different from
zero at zero and at high frequency.

3. The non-compact support gain method can

be easily extended to broken-parabolic (or
higher order curve approximation.

5. MODIFIED BODE TRANSFER FUNCTIONS

Previous attempts to test the phase approximations
approaches have used the Bode transfer functions [1]

M, h
ls |s]\’2

!

§
+—
|s/H

o

H(s

a7

L1
s/H+1

The magnitude of the frequency response | H(jw)!| is
given by:

J(=K'&) +(K’Ho)’
JKHw? + HY +[K*0* - (H + Yo

and the gain a(w) has slopes different from zero at
high frequency.

We shall slightly modify the Bode transfer functions
as follows:

As+ B
1
1

sTH+1

H(s) =

(18)

s+ -
sK*+

and now we are looking what requirements should
satisfy the parameters 4, B, K and H such that
the gain has zero slopes at zero and at high frequency.
We have the following expresions for H(s), H(jw)

and | H(jw)' respectively:

AK’s’ + (AH + B)K*s* + (A+ BK*)Hs + BH
K's +K*Hs* +(H+1)s+ H
[BH ~(4H + B)K*w' )+ jl(A+ BK ) Hw - AK*@®
(H-K*Hw)+ jl(H +)w-K'e’*)

]
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JIBH —(AH + BYK'@*F +[(A+ Bk ) Ho - AK’w’)

JH - K Ho' ) +[(H + Yo - Ko’}
Thus
a(w) = lln U(w) —lln V(w)
) 2 ’

where

Utw) =[BH -(4H + BYK @]’ +
+[(Ad+ BK*)Hw - AK*&’ T

V(w)=(H-K*Ho*) +[(H +ho- K&’

The gain slope is given by’:

_ U'wYW(w)-V ' (w)U(w) _

a'(w)
2U(w)V (w) (19)
QA +BKH +-+(--)H'w
24 K*0" +---+ B*H*
Now,

1. From Ima'(w)=0, we need
AKY K #0;

2. From limpa/'(a)) =0, it follows
H? -B*H® #0.

Consequently. the modified Bode transfer functions
should satisfy the requirements:
A-B-K-H=#0 (20)
To see the behaviour of the phase approximation
algorithms under random perturbation conditions in
the logarithmic frequency domain, we have three
cases:
I

signal affected by a complex random

perturbation

1)

H,,(jw)= H(jw)+ noise _complex

2. system tunction affected by a real random
perturbation
VH,,,(jw) A H(jw)|+noise _ real (22)
3. parameters of the Bode transfer function,

respectively of the modified Bode transfer

function affected by a real random
perturbation
H,, = H + noise _real (23)
3 An extended form of a(w) can be found in {8}
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Kltfl

= K + noise _real (24)

6. SIMULATIONS

Now we are going to compare the given approaches.
A. Logarithmic Frequency Domain

For logarithmic frequency domain, the selected
transfer function is:

(25)

where we used the Bode transfer function (17),
considering K = H =2 . The phase of the selected
transfer function (i} is almost constant for @ < 0.0l
and w>10 [1], consequently the interval of interest

in our experiments was we [0.01,10]. We select

A=+2 as sample ratio. Three plots are shown for
different number of samples: k=95 (ii), k=9 (i)
and k=17 (iv).

If noise is present, then it can affect the quality of
phase approximation. The phase (v) and phase
approximations for different number of samples:
k=5 (vi), k=9 (vii) and k=17 (viii) using as test
signal one that is affected by random perturbations are
also ploted.

1. signal affected by a complex random perturbation
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Fig. 1. Phase (i) and phase approximation (11), (1it), (iv) for the
transfer tunction (25); phase (v) and phase approximation (vi), (vii),
(viii) using signal affected by a complex random perturbation

2. system function affected by a real random

perturbation
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Fig 2 Phase (1) and phase approximation {ii), (1i1), (v} for the
transfer function (25), phase (v) and phase approximation (vi), (vii),
(vin) using system function affected by a real random perturbation

3. parameters of the Bode transfer function affected
by a real random perturbation

oS APPROIATION

Fig. 3. Phase (i) and phase approximation (i), (iii), (iv) for the
transcer function (25); ~v=se (v) »nd ~h=se *nrraximatior (vi), (vii),
(viii) using _ arameters aftected by a real random perturbation

B. Linear Frequency Domain

For linear frequency domain, the selected transfer
function is:

s+1

H(s)= ]

(26)

s+ —
s+1

where we used the modified Bode transfer function
(18), considering 4=B=K=H =1. Relation (26)
respects the requirement of initial and final slopes
given by (20). The gain of the selected transfer
function together  with its  piccewise-linear
aproximation (i) are shown in next figures, for
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frequencies varying from 0 to 10. Outside this
interval, boti: g=i» = d pia.. .t trausfor Jaeticc
do not exhibit important variations. The phase and the

a,,f0.i....._._ b.____ _¢ also shown (ii). If noise is
pro. . , hn it can affect the quality of phase
approximation. The gain (iii) and phase

approximation (iv) using as test signal one that is
affected by random perturbations are also ploted.
1. signal affected by a complex random perturbation

Fig. 4. Gain (-) and gain samples (*) (1) used in linear
approximation of gain for (26), phase (-) and phase approximations
(.) with this linear approximation of gain (1t); gaimn (-) and gain
samples (*) (1ii), respectively phase (-) and phase approximations
(.} (iv) for signals affected by complex random perturbations

2. system function affected by a real random
perturbation

. w* 7 vqa‘

Fig. 5
approximation of gain for (26), phase (-) and phase approximations
{ ) with this hinear approximation of gain (1i); gain (-) and gain
samples (*) (iii), respectively phase (-) and phase approximations
(1) (iv) for signals affected by real random perturbations

Gain (-) and gain samples (*) (i) used in linear

3. parameters of the modified Bode transfer function
affected by a real random perturbation
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Fig 6 Gain (-) and gain samples (*) (i) used 1n linear
approximation of gain for (26}, phase (-) and phase approximations
(.) with this linear approximation of gain (it), gain (-} and gawn
samples (*) (1i). respectively phase (-) and phase approximations
( ) (v) for signals whose parameters are atfected by real random
perturbations

7. CONCLUSIONS

We have presented two methods for phase
approximations: non-compact gain technique for
linear frequency domain and the approach based on
logarithmic sampling of gain for logarithmic
frequency domain, using signals affected by random
perturbations. A comparison of the behavior of these
algorithms,  considering signals affected by
perturbations, respectively signals that are not
affected by perturbations, was also presented.

Unlike the non-compact gain technique where we
need only the gain samples, the logarithmic sampling
of gain requests for two parameters: A which
describes the frequency sampling, and k used to
provide a satisfactory approximation of the integral in
(7). There is a trade-off between A and £ {[7].
Indeed, as & increases, A has to tend to one more
rapidly. For this reason we have considered A =2"7,
with m(g)=2"¢ for g=1,...,9. The gain samples
for non-compact gain technique were available by
sampling with A the frequency interval
we [0.01,10].

From the experimental results we can conclude that
best achievements can be obtained using the linear
frequency domain approximation, unless when the
number of gain samples is low, where the logarithmic
sampling of gain is superior, but we can also see that
both methods for phase approximation behave well
when we have considered as test signals, signals
affected by random perturbations.
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