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Abstract

The present paper studies the property of trichotomy described by a poly-
nomial behaviour according to decay, expansion and growth of the solution
on the stable, unstable and central manifold respectively. !
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strong polynomial trichotomy and weak polynomial trichotomy.

1 Introduction

The issue of decomposing the state space into a direct sum of subspaces, where
the trajectories of the system define a prescribed behavior is triggered by the
asymptotic behavior of first-order differential equations. The term of exponential
trichotomy shapes the fact that the state space into three closed subspaces: stable
subspace, unstable subspace and the so-called central manifold. While the stable
subspace leads the pattern of the solution to converge (in norm) towards zero, and
the unstable one to converge (in norm) towards infinity, on the central manifold
the solutions need only to have polynomially growth and decay.

The trichotomy property is a natural generalization of the well-known di-
chotomy property of dynamical systems, refined as several results were published
from which we point out the following: [1], [4], [5], [6], [7], [8] and [10]. The
trichotomy property was first mentioned by Sacker and Sell in [9] and several
results, related to polynomial trichotomy, were published in [1], [4], [5], [8], [10].

The present paper studies the property of trichotomy described by a poly-
nomial behavior according to decay, expansion and growth of the solution on
the stable, unstable and central manifold respectively. The links between the
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22 D. Borlea

concepts presented in this paper (polynomial trichotomy, strong polynomial tri-
chotomy and weak polynomial trichotomy) are indicated mostly with the aid
of examples and counterexamples, which provide a set of systems having such
properties on one hand, and clearly delimiting the concepts on the other hand.

2 Discrete evolution semiflows

Let (X, d) be a metric space, V' a Banach space, and B(V') the Banach space of all
bounded linear operators acting on V. We denote by D = {(m, n) € N?:m > n} .

Definition 2.1. A mapping ¢ : Dx X — X is called a discrete evolution semiflow
on X if the following conditions hold:

(esl) p(m,m,x) =z, for all (m,z) € N x X;
(es2) (m,n, 9(n,p,2)) = p(m, p, z), for all (m,n), (n,p) € D,z € X.

Definition 2.2. A mapping ® : D x X — B(V) is called a discrete evolution
cocycle over the evolution semiflow ¢ if:

(ecl) ®(m,m,x) =1, for allm >0,z € X.

(ec2) @(m,n,p(n,p,x))2(n,p,z) = ®(m,p,z), for all (m,n), (n,p) € D
and for all z € X.

If @ is a discrete evolution cocycle over the discrete evolution semiflow ¢,
then the pair C' = (¢, ®), defined by C: D x X xV — X x V, C(m,n,z,v) =
(p(m,n,z), ®(m,n,x)v) is called a discrete skew-evolution semiflow on X x V.

Definition 2.3. An operator valued sequence P : N — B(V) is called a sequence
of projections if P, P, = P, for all n € N, where P, = P(n).

3 'Trichotomy cvadruples

We will denote by V' = I2(N,R) the Banach space containing all the real-valued
sequences v = (vg)k>0 having the property

o0
Z [un|? < o0,
n=0

o0 1/2
endowed with the norm ||v||s = <Z |vn|2> .
n=0
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Polynomial trichotomy for discrete skew-evolution semiflows 23

Definition 3.1. A sequence of projections P : N — B(V) is called polynomially
bounded if there exist M > 1 and v > 0 such that ||P,|| < M(n + 1) for all
n € NX. If v = 0, we say that it is bounded.

Definition 3.2. Three sequences of projections P,Q, R : N — B(V') are called
supplementary if for all n € N we have P, + Q,, + R, = 1.

In what follows, we will present two examples which will serve our main aim.

Example 3.1. Consider V = [>(N,R) and p : N — R a non-decreasing sequence.
For each n € N we define Py, : I>(N,R) = I*(N,R) by P ,v = (yr(n));50, where

ysk(n) = vk + p(n) - V3k41, Y3k+1(n) = Yap42(n) =0, k € N.
We have that

Pr. € BI2(N,R))

and for all n € N we have that
max{1,p(n)} < [|[Pinl <1+ p(n).
Furthermore, we define the sequence of projections
Q1:N—= B(V)

by

Q1,nv = (2£(n)) k>0,
where

z3k(n) = —p(n)vsks1, 23k41(n) = vpy1, z3k12(n) =0, ke N.

The following hold:
|Q1nvll2 < [|Q1mvll2

[ee]

Q1 vl = | (14 p(n)2) - Y ey 2
k=0
Finally, we define
Ry :N—= B(V)
by
Ry v = (wi(n)) k>0,
where

w3 (n) = warp1(n) =0,  wspg2(n) = vapy2, k€N

We have that R; is bounded, with |[[Ri,| = 1, for all n € N, z € X and in
addition, the sequences P;, ()1 and R; are supplementary.
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24 D. Borlea

Example 3.2. Let V = [?(N,R) and consider
P3,Q2, Ry : N — B(I*(N,R))

Ni>0, Q2 = (2k(n))k>0 and Rppv = (wi(n))i>o,

defined by Popv = (yr(n
(n) = Vak, Yart1(n) = Yarg2(n) = yars3(n) = 0, zgx(n) =
) =

where, for k € N, y4,

Zakr3(n) = 0, zgpr1(n Vikt1, Z4k42(n) = Vapyo, wap(n) = wapqi(n) =
wWag+2(n) = 0, wag+3(n) = vgrrs. We have that Py, Q2 and Rs are three sup-
plementary sequences of projections, with || P2, || = ||Q2n|| = ||R2n| = 1 for all
n € N.

Given three supplementary sequences of projections P, @, R and C = (D, ¢)
a discrete skew-evolution semiflow, we will say that (C, P, @, R) is a trichotomic
cvadruple.

Two examples of trichotomic cvadruples are given below.

Example 3.3. On V = [?(N,R) consider the sequences of projections Py, Q1
and R; from Example 3.1. Let

A:N— (0,00)
and
®; : D — B(I*(N,R))
given by
A(n) A(m)
1(m,n, ) Nom) 1+ ) Q1m + Ry,

for all (m,n,z) € D x X. Taking into account that, for all m,n € N the following
hold:

Pl,mpl,n = Pl,n and Ql,le,n = Ql,m
it is easy to check that ®; is a discrete skew-evolution co-cycle. Moreover we

have that for all (m,n,z) € D x X,
Aln
q)l(m7n7m)P1,n = )\((Tn))Pl,na

m)

P1(m,n,z)Q1,n = (( )

Ql my

Q1 (m,n,x)Ripn = Rin.
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Polynomial trichotomy for discrete skew-evolution semiflows 25

Example 3.4. OnV = I?(N,R) let P, Q2 and Rs be the sequences of projections
defined in Example 3.2. For ¢ : N — (0, 00) we define

®y : D — B(I*(N,R))

T
Py(m,n,z)v = {(y’f(mm))kzo if m > n
'U, lf m=n

where for all k € N and (m,n,z,v) € D x X x I2(N,R),

$(n)

Yax(m,n) = w(m) V4k,

$(m)

y4k+1(m7 n) = ’l/)(n) V4k+1,

Yak+2 (m7 TL) =0
and
Yar+3(m, n) = vag3.

One can easily observe that (®g, Po, Q2, R2) a trichotomic cvadruple and for
(m,n,z) € D x I?(N,R)

we have that
Oo(m,n,z) Py pv = (pr(m,n))k>o0,

where (n)
_ Y
p4k‘(m7n) - w(m> U4k7
Pak+1(m,n) = pagr2(m,n) = pagrz(m,n) =0
and

Dy (m,n, £)Q2nv = (ge(m,n))k=0, m>n
- : (pk(m,n))k>0, m=mn
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26 D. Borlea

is given by
Q4k(m, n) = q4k+2 (m7 n) = q4k+3(m7 Tl) = Oa
P(m)
q4k+1\M, N ) = ———V4k+1
+ ( ) ’(/J(TL) +
and

p4k(m7 n) = p4k‘+3(m7 n) = 07

Pak+1(M,n) = Va1,

Pak+2 (m7 n) = V4k+2,
for all n € N, and
Po(m,n, z)Re(n)v = (rr(m,n))r>0,

where
rag(m,n) = rag1(m,n) = rapyo(m,n) =0,

Tak+3(M, M) = Vapy3.

In what follows, we will present the main concepts of trichotomy, which will
be studied and delimited in the remaining sections.

4 Concepts of discrete polynomial trichotomy

Definition 4.1. A trichotomic cvadruple (C, P, @, R) is called polynomiallty
trichotomic (p.t) if there exist N > 1, @« > 0 and S > 0 such that for all
(m,n,z) € D x X,

(pt1) (m+ 1)@ (m, n,z)Pol| < N(n+1)*+7;
(pt2) (m+1)* < N(m+ 1)%(n 4 1)¥|®(m, n, 2)Qu;

(pt3) (n+1)%|@(m,n,2) Ryl < N(m+1)%(n+1)%
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Polynomial trichotomy for discrete skew-evolution semiflows 27

(pta) (n+ 1) < N(m + 1)*8||d(m,n, z)R,|.

If 3 = 0, then we say that (C, P,@, R) is uniformly polynomially tri-
chotomic (u.p.t).

Remark 4.1. If (C, P,Q, R) is (p.t) with constants N, «, § then
max{|| P, [|Qul, [ Rall} < 3N(n+1)", W¥neN.

Remark 4.2. If (C, P,Q, R) is (u.p.t) then it is also (p.t). The converse is not
generally true. Consider, for example, the trichotomic cvadruple (®;, Py, Q1, R1)
from Example 3.3 with p(n) = A(n) = n+1. It is easy to check that (®1, P1, @1, R1)
is (p.t), but it cannot be (u.p.t), because P is not bounded.

Definition 4.2. A trichotomic cvadruple (C, P, Q, R) is said to be strongly
polynomially trichotomic (s.p.t) if there exist N > 1, @ > 0 and g > 0 such
that

(spt1) (m+1)*[[@(m,n,x)Pyoll < N(n+ 1)) Pyul;
(spt2) (m+1)*|Quoll < N(m+1)%(n+ 1) ®(m, n, 2)Quvl;
(spts) (n+1)*[[@(m,n,2)Ruv]| < N(m+ 1)%(n + 1)7||Ryoll;
(spta) (n+1)*[[Rpvll < N(m +1)*P(|@(m, n, z) Ryo

for all (m,n,z,v) € Dx X x V.

If 5 = 0, then we say that (C, P, @, R) is uniformly strongly polynomially
trichotomic (u.s.p.t).

Remark 4.3. If (C,P,Q, R) is (u.s.p.t) then it is also (s.p.t). The converse is
not generally true, fact shown by Example 5.1.

Remark 4.4. If (C, P,Q, R) is (s.p.t) then for all (m,n,x) € D x X one has that
Range Q, N Ker ®(m,n,x) = Range R, N Ker ®(m,n,z) = {0}.

Definition 4.3. A trichotomic cvadruple (C, P, Q, R) is said to be weakly poly-
nomially trichotomic (w.p.t) if there exist N > 1, a« > 0 and § > 0 such that

(wpt1) (m+ 1) @(m,n, 2)Poll < N(n + 1)+ || Po]l;
(wpt2) (m+D)*Qnll < N(m +1)°(n + 1)*[|@(m, 7, 2)Qnl;

(wpta) (n+ 1) @(m,n,2)Ral < N(m+1)*(n + 1)°|| Ry
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28 D. Borlea

(wpta) (n+ 1) Rl < N(m+ 1)+ @(m, n, ) Rnl|
for all (m,n,x) € D x X.

If 5 = 0 then we say that (C, P,Q, R) is uniformly weakly polynomially
trichotomic (u.w.p.t).

Remark 4.5. If (C, P,Q, R) is (u.w.p.t) then it is also (w.p.t). The converse is
not generally true, fact illustrated by Example 5.2.

In what follows, the connections between the above defined concepts are pre-
sented.

Remark 4.6. If a trichotomic cvadruple (C, P,Q, R) is (s.p.t) then it is also
(w.p.t). Moreover, if (C, P,@, R) is (u.s.p.t), then it is also (u.w.p.t).

Proposition 4.1. Let (C, P,Q, R) be a trichotomic cvadruple. If (C, P,Q, R) is
(p.t) then it is also (w.p.t). Moreover, (u.p.t) = (u.w.p.t).

Proof. Tt follows the reasoning from Proposition 3.11 from [2]. O

Remark 4.7. Example 5.3 shows that (s.p.t) does not imply (p.t) and (u.s.p.t)
does not imply (u.p.t). Example 5.4 shows that the concepts of (p.t) and (w.p.t)
do not coincide. Example 5.5 shows that (p.t) doesn’t imply (s.p.t) and (u.p.t)
doesn’t imply (u.s.p.t). Finally, Example 5.6 shows that (w.p.t) doesn’t imply
(s.p.t) and (u.w.p.t) doesn’t imply (u.s.p.t).

Remark 4.8. The connections between the above enumerated concepts, taking
into account the presented results, and the examples from the next section, are
illustrated by the following diagram:

% ’ u.s.p.t ‘ = ’ u.w.p.t ‘ & ’ u.p.t ‘
r U U
p.t

N

5 Examples and counterexamples

Example 5.1. We will consider a simplified example. On V = R3, endowed
with the canonical norm, consider P, @, R : N — B(V') the sequences of constant
canonical projections on R?, on the first, second and third coordinate respectively.
We define, for all (m,n,z) € D x X:

(n+ 1)ttan m+1
(ﬁ(m7n7‘r) = (m+1)1+ampn+ n+1Qn+Rna
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Polynomial trichotomy for discrete skew-evolution semiflows 29

where a,, = xan+1(n), n € N (x4 denotes the characteristic function of the set A).
It is easy to see that (®, P,Q, R) is a trichotomic cvadruple which is (s.p.t) with
N = a = = 1. But, if we would assume that (®, P,Q, R) is (u.s.p.t), then, in
particular, there exist N > 1 and o > 0 such that for all (m,n,z,v) € Dx X x V|
we have that

(m + 1)°[®(m, n, 2) ]| < N(n+ 1)*|[ Pyl

Let
v=(1,0,0) € RangeP,

and k € N. Fix ¢ € X and choose m = 2k 4+ 2 and n = 2k + 1. The above
inequality yields the following contradiction:

2k+2>0‘_1

%h+2<N
tes (2k+3

for all kK € N.

Example 5.2. Let (®1, P, Q1, R1) be as in Example 5.1. According to Remark
4.6 we have that (®1, P;,Q1, R1) is (w.p.t). The same contradiction is obtained,
as in Example 5.1, by assuming that (®1, P, Q1, R1) is (w.w.p.t).

Example 5.3. Let (91, P, Q1, R1) the trichotomic cvadruple from Example 3.3
cu p(n) = (n+1)""! and A(n) = n + 1. From the following estimations

(m + D)[[@1(m, n, 2) PLnvll2 = (n 4+ 1)[|Prav]2

(m + 1) Quavlle < Am)[Quanvllz = (n+ 1)]| @1 (m, m,2) Q1 0]
(n+ D[[®(m.n,2)Ryvllz < (n -+ 1)(m + 1) [ Ryl
(n+ D[ Ravll2 < N(m + 1)?|®(m, n,2) Ry

valid for all (m,n,z,v) € D x X xV, we can see that (®1, P1, @1, R1) is (w.s.p.t),
hence it is also (s.p.t).

Assume by a contradiction that (®1, P;,Q1, R1) is (p.t). Then, according to
Remark 4.1, we have that there exist M > 1, v > 0 such that || P, || < M(n+1)7,
or all n € N. This leads us to (n + )" = p(n) < ||Pinal < M(n+1)7. We
conclude that (@1, Py, Q1, R1) is not (p.t) hence not (u.p.t) as well.

Example 5.4. Let (91, P, Q1, R1) the trichotomic cvadruple from Example 5.3.
According to Remark 4.6, we have that (®q, P;,Q1, R1) is (uw.w.p.t), hence it is
also (w.p.t). But, by Example 5.3, it is not (p.t), nor (u.p.t).
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Example 5.5. Let (C, P2, Q2, R2) the trichotomic cvadruple from Example 3.4
with ¢¥(n) = n + 1. This leads us easily to the fact that that (C, Ps, Q2, R2) is
(u.p.t).

In what follows, we will show that (C, Py, Q2, R2) is not (s.p.t), and from here,
it cannot be neither (u.s.p.t). Assume, by a contradiction, that (C, Py, Q2, R2) is
(s.p.t). Let v = (vg)k>0 given by vy = ﬁ, Vgkt3 = Vapy1 = V4 = 0, k € N.
Obviously v € I?(N,R) and by denoting, for every n € N, Q2,v = (2x(n))k>o0,
where z4(n) = 24 41(n) = Taps1 = 24613 = 0, 2apy2(n) = Vapq2 = ﬁ7 we can
easily see that (z;(n))xg>0 is a nonzero sequence. Let now (m,n,z) € D x X be
with m > n. By denoting

®2(ma n, l')QQmU = (qk(ma n))kZ()a

with

m+1
qar(m,n) = qap1(m,n) = Vakt1 = Qagr2(m,n) = qupr3(m,n) =0,

41

it follows that ®2(m, n, )Q2,,v = 0, which contradicts the facts proven in Remark
4.4, hence (C, Py, Q2, R2) is not (s.p.t).

Example 5.6. Let (C, P», Q2, R2) the trichotomic cvadruple from Example 5.5.
Taking into account that for all n > 0,

[1P2nll = [[Q2nll = | Ronll = 1,

it follows that (C, Py, Q2, R2) is (u.w.p.t), hence (w.p.t). Again, by Example 5.5,
we obtain that (C, Py, Q2, R2) is not (s.p.t), hence it is neither (u.s.p.t).
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