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Abstract: This paper presents a contribution to improving 
startup performances of actuators based on deep bar 
induction motors (IM). To do this, modifications have been 
made at the rotor bars, through insertion of massive 
ferromagnetic pieces inside them. Two approaches have been 
performed (semi-analytical and numerical) to model these new 
proposed bars over a frequency range. A dynamic modelling 
has been carried out, which takes into account the influence of 
these pieces on different starting characteristics namely the 
electromagnetic torque, the stator current, the speed, and the 
machine startup time studied. 
 
Key words: IM, deep bar, massive ferromagnetic pieces, 
dynamic modelling. 
 
1. Introduction 

The IM actuators occupy the first place in the field of 
industrial applications and the development of 
mechanical power, they have become an almost 
exclusive alternative. For more than a century to date, 
research work has continued to increase, attempting to 
achieve a precise calculation of its parameters and to 
improve its performances [1, 2]. Among the most 
reported works in this axis, we distinguish the 
determination and taking into account the non-linear 
phenomena, which are manifested in the different 
operating conditions of the IM, changing thus the 
behavior of its parameters.  

However, the most flexible phenomena are the 
magnetic saturation effect, which affects the 
magnetization reactance [3-5]. The evolution of 
temperature, which affects the IM parameters, by 
changing the behavior of the materials and inducing 
energy losses [6-8]. Also the skin effect, which 
exponentially changes the rotor impedance. This latter 
has incited several authors to take a particular interest by 
exploiting it with the aim of improving the starting and / 
or braking performance of electromechanical actuators.  
This is explained by a large number of contributions 
attempting a direct approach to its modelling in rotor 
parameters calculation [9-15]. Techniques and algorithm 
approaches  have also been developed solely for the 
purpose of optimizing its consideration [16-19], others 
have exploited it in an indirect way by making changes 
in the rotor (bars shape, size and materials), in order to 
improve the IM starting preferences [20-24]. These 
research works previously quoted have largely 
collaborated in the improvement of the accuracy and the 

estimation of the non-linear phenomena, which are 
present in the various regimes of the motor. However, 
the ideal is to make improvement to its performances 
while reducing its energy consumption, this can be 
done by reducing its dimensions and/or its inrush 
current while maintaining its optimal performances. 
For this reason, this article attempted to satisfy this 
requirement by proposing a new original and more 
powerful structure of deep-bar, which has an 
improvement starting characteristics better than the 
bars currently designed and also with that of double 
cage. 

To justify this, three modified deep bar structures 
(massive ferromagnetic pieces were inserted inside 
them) are modelled by two approaches; a field 
calculation and the theory of circuit analysis. These 
latter allow a possibility to estimate the rotor 
impedance and the phenomena generated (the 
influence of these pieces and the skin effect) during 
the frequency variation. 

However, in order to well predict the transient 
behavior of these modified IM. A dynamic equations 
system, with variable parameters, has been presented 
which allow to take into consideration these 
phenomena. 
 

2. Theoretical study 
 The deep bars were introduced to improve the 
starting characteristics of induction motors, due to 
their height of slots, the skin effect phenomenon 
manifests itself very strongly ( for more than 13mm 
for copper and more than 19mm for aluminum 
conductors [1]) and significantly changes the rotor 
parameters. The current density flows through the 
bars with a non-homogeneous dissipation, when the 
frequency is high, the current tends to circulate on the 
periphery of the conductor, thus forming a skin 
surfaces. An increasing in resistance and a decreasing 
in the leakage reactance causing a low current call and 
a high starting torque (i.e. a reduced start-up time).      
  These actuators are less costly and simple to 
perform compared to those of double cages, however, 
this latter remains the configuration, which has better 
start-up characteristics. In order to approach its 
characteristics (in the case of a deep bar), this article 
proposes to design a deep bar that is more efficient 
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than a double cage without affecting its dimensions. 
This is achieved by means of insertion of the solid 
ferromagnetic pieces inside it.  
 To justify the approach followed, three modified IM 
bars [18] have been analyzed and compared to this of 
double cage (which presents better performances at the 
start-up). Figure (1) illustrates their respective 
dimensions. 

 

Fig. 1. Geometry dimensions of the bars forms studied 
 

  Where: h1=29.5mm, h2=0.7mm, h3=9.5mm, h4=4mm, 
h5=20.5mm, b1=5.7mm, b2=4mm, b3=7mm, b4=0.5mm and 
b5=1.5mm. The bars section is equal to 169 mm2 and the 
conductivity of the Aluminum (conductor) is equal to 
34,5.106 S.m-1 (at 300k) and that of the piece (steel) is 
equal to 5,9.106 S.m-1 (at 300k). 
        The main dimensions of the simulated motors are 
presented in the table 1 [18]. 
 

Table 1. Dimensions of the IM studied 

Phase, Pole 3Ph, 4Pole 

Output power 15kW 

Primary voltage 220 V, 50 Hz 

Stator diameter  272 mm 

Rotor diameter  184 mm 

Air gap 1 mm 

Stator and rotor slots number 48, 38 slots 

Core length 247 mm 

Nominal currant 29.2 A 

Rated speed 1455 rpm 

sX  1.754   

sR  0.302   

'
rX (without skin effect) 1.443   

'
rR (without skin effect) 0.298   

mX  39.21   

mR  3.622   

        
      These structures have been analyzed by the field 
calculation, using the numerical approach, which is 
presented below. 

3. Numerical method 
     Finite element modelling (FEM) is the most 
relevant means for the study of electromagnetic 
phenomena and their visualization. As a result, several 
software packages have been designed using FE 
analysis, which offers the possibility of performing 
complex calculations and approximating physical 
phenomena with large precision, as in the case of 
processing arbitrary form systems consisting of several 
different material regions [25]. 
      Furthermore, it is possible to take into account the 
geometrical deformation, the non-linearity of the 
materials and the skin effect in the rotor bars, using 
the FEM, as reported in the work in [12, 17, 19]. 
     However, a complete analysis of the IM requires a 
considerable time computation for a simple impedance 
calculation. Nevertheless, it is possible to carry out a 
single bar analysis in the case of a resolution of 
magneto-harmonic hypothesis to estimate these 
phenomena. To do this, the boundary conditions must 
be well defined in such a way to reproduce the 
conditions that the bars are subjected in a complete 
analysis of the IM, for that the following assumptions 
are applied: 

 The Neumann conditions 


















0

n

A




, are applied 

on the left and right sides of the bar, in order  to 

have the field lines perpendicular to the faces of 

the bars (to force the flux to cross the border with 

a 90o degree angle); 

  The Dirichlet conditions  0A


 are applied to 

the upper and lower sides, to force the flux to be 

parallel to the boundary [23]. 

  

3.1. Simulation results under FEMM 
      Encouraged by the various successes achieved so 
far, for the rotor impedance computation, by the finite 
element method [18], this latter has been applied, in 
the same concept, to arbitrary modified rotor bars 
shapes (Figure (1)), which lodged a massive ferro-
magnetic part in their interiors. The obtained results 
are illustrated in the figures (3 to 6): 

           
         (a) 50 Hz                (b) 20 Hz 
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        (c)  5 Hz  

Fig. 2. Current densities and field lines in double cage bar 

at different frequencies. 

      Figure (2) shows the simulation results for a double 
cage bar at different frequency values. According to (a) 
and (b)   (at f = 50 Hz) the upper part of the bar has a 
high current density compared to the lower one, which 
is almost zero. This induced an increasing of the bar 
resistance (the bar section is reduced). In the case of  (c) 
when the frequency decreases the current density is 
distributed uniformly over the entire cross section of the 
bar, the resistance in this case is low. 
 

            
         (a) 50 Hz   ( b) 20 Hz 

  
         (c)  5 Hz  

Fig. 3. Current densities and field lines in  rectangular bar 
with piece at different frequencies 

      Figure (3) shows a modified deep rectangular bar 
(which lodged a solid ferromagnetic piece inside). In the 

case of the high frequency (a) and (b), the field lines 
are delimited by this piece, they are focused on the 
upper part of this latter, which causes an accentuation 
of a non-uniform penetration of the current density. In 
addition, this forces the current to circulate on the 
conductor periphery, because of its high electrical 
resistivity, inducing a large resistance value (behaving 
like the upper double cage slot (Fig.2)). Elsewhere, 
the leakage inductance of the upper part is negligible 
(compared to the high value of the resistance). At low 
frequency values. I.e. in case of (c),  the piece 
becomes saturated and unnecessary, allowing the 
currents to flow through the entire section of the bar. 

         
       (a) 50 Hz             (b) 20 Hz 

          
          (c)  5 Hz  
Fig. 4. Current densities and field lines in modified oval 

bar at different frequencies. 

         
        (a) 50 Hz                 (b) 20 Hz 
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      (c)  5 Hz  

Fig. 5. Current densities and field lines in modified  
trapezoidal bar at different frequencies 

      Figures (4) and (5) illustrate modified oval and 
trapezoidal deep bars respectively. As in the previous 
case, this form has the same propagation shape of the 
field lines and the current density distribution. Despite 
the same piece layout as the previous bar (rectangular 
shape), the values obtained from the current density in 
this case, are less important. This is due to its geometric 
shape, which has a large section in the air gap direction. 
The bar resistance value will become less important in 
this case. 
 

        
        (a) 50 Hz                  (b) 20 Hz 

             

(c)  5 Hz  

              Fig. 6. Current densities and field lines in modified 
trapezoidal inverted bar at different frequencies 

 
From figure (6), the bar present a high value of the 

current density at the start (a) compared to others 
forms, one can see that, the bar shape has strongly 
influenced the rotor parameters. One can find such 
bars in the IM external rotor with great performances. 
      From these results, it can be seen that the 
geometrical deformation of the bars is taken into 
account and also the massive pieces inserted, which 
delimit the propagation of the current density and 
promote the manifestation of the skin effect 
phenomenon. This causes a decrease in the conduction 
section, which increase the bar resistance. 
Consequently, the IM performances will improved.    
Moreover, these bar’s forms have an advantage over 
that of the double cage 
    • From the electrical point of view; these contribute 
to the induction and conduction of the currents in the 
bars by means of its electrical conductivity; 
    • From the magnetic point of view; it favors the 
passage of the field lines, allowing an important 
number of them to pass, while delimiting it on the 
lower part of the bar, as observed in the figures (3-6). 
Characterized by a high electrical resistivity equal to 
13.10-8Ω.m (approximately 5 times greater than that of 
Aluminum), the equivalent resistance in this case is 
significant, which reduces the current demand and 
improves the torque at startup. 
   • The position and shape of the piece are selected in 
such a way as to obtain improvements in starting 
performance minimizing the deterioration of its 
nominal operating characteristics. The choice of the 
frequency value (which varies from 50 Hz to 0 Hz) is 
set to predict the rotor impedance values in the case of 
IM direct coupling to the electrical network. 
     To argue the followed approach another method of 
approximation, which allows the calculation of the 
non-uniform displacement of the current in the rotor 
bars is presented below. 
 

3.2. Semi-analytical method 
     The deep-bar decomposition as staircase (circuit 
analyses) offers the possibility to take into 
consideration the non-uniform current distribution 
(skin effect), during the frequency variation. This 
approach is introduced by Babb and Williams [9, 10], 
and Klingshirn and Jordan [11]. It is effective and can 
rival with FEM, in the case of bar impedance 
calculation [14, 15]. However, there are various 
configurations to interpret this bar fraction, the most 
used are those L, T or PI shaped. [13-16, 19]. 
According to [14] the last has a best configuration for 
a large frequency range.  
     A modeling with L-shaped configuration (Figure 
(7)), has been done for the modified bars of figure (1), 
following the same approach as [18]. 
     In the steady state, referring to the figure (7) the 
voltage equation in the kth sub-conductors is 
expressed as follows: 

    (1) 1 1k k k k k kE j R I R I      
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      Where: 
k  is the leakage flow circulating between 

the kth and (k +1)th sub-conductors.  

 
The flux density 

kB in the sub-conductor k depends on 

the current liaison   k (F.M.M) calculated from the 

bottom of the slot in the sub-conductor k. 
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 Where: kb  is the width of the slot to the position of 

the kth sub-conductor. 
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By substituting (2) into (4), we get: 

Then, we obtain: 0
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 The resistance and reactance of the elementary 
conductor k are:    

  If the value of the current 
1I  is not known, we 

impose an arbitrary value (for example 1A) and the rest 

of the currents will be resolved according to the 
following equations system (8) [2]. 

 

To consider the massive effect of the ferromagnetic 

piece, equation (7) is replaced by (9) at the position 

where this one is placed. To do this, an algorithm 

under MATLAB has been developed to take into 

account the effect and position of the massive 

ferromagnetic inserted piece. In our case, the number 

of sub-conductors is set to n = 200. 

 

With:   
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Where Ab : aluminum conductor width; fb : Width of 

the ferromagnetic massive piece; A : Resistivity of 

aluminum; f : Resistivity of steel.  

In our case, the value of the current 1I  is equal to 1A. 

This way, the total current of the bar is: 

     The calculation of the resistance 
beR and the 

leakage inductance 
beX of the bar taking into account 

the skin effect, is done using expressions below [2]:  

 

 
Fig.7. Trapeze bar in stair-shaped electrical circuit  
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: Conductibility dispersion 

coefficient of the slot taking into account the skin effect 
[26].  The coefficients rk  and xk  which allow taking into 

account the variations in the resistance and the leakage 
inductance, respectively, are given by the equations (13 
and 14):        
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hb

l
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without skin effect (i.e. uniform current distribution). 

While 


n

k

kq is the sum of the of the elementary 

conductors sections [26]. 
 
4.  Interpretation results 
     The two approaches outlined above, effectively 
describe the behavior of the resistance and leakage 
reactance, interpreted as two coefficients rk  and xk of 
each shaped bar studied. A comparative analysis has 
been made between the two methods, in order to estimate 
the relative error between them. The simulation results 
are illustrated below. 
      The evolution of rk  and xk  coefficients for a double 
cage bar are presented in figures (8, 9). 

    The figures (8, 9) show the evolution of the two 

coefficients rk  and xk versus slip in the case of a double 

cage bar. They exhibit an exponential important value. 

That is means the rotor parameters are clearly infected.   

The relative error is determined by equation (15): 

nn

ncnn

k

kk
errorlative


100%_Re                   (15) 

With nnk : ( rk or xk ) coefficient for numerical solution; 

nck : ( rk or xk ) for circuit analysis solution. 
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            Fig. 8. 

rk evolution of double cage bar versus slip  
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         Fig. 9. 

xk  evolution of double cage bar versus slip 
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             Fig. 10. Relative error in function of the slip 
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      From figure (10), the approach followed is argued by 

the fact that the maximum value of the relative error of 

the two methods does not exceed 1.22% this is valid for 

the both coefficients. 
      The evolution of rk  and xk  for a rectangular bar 
with piece are presented in figures (11, 12). 
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   Fig. 11.  
rk evolution of modified rectangular bar 

versus slip  
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   Fig. 12.  
xk evolution of modified rectangular bar 

versus slip 

      According to figures (10, 11) the two coefficients 

rk  and xk  evolve in the same way as those 

previously obtained.  However, a higher value of the 

rk  coefficient is noticed at    s =1, the bar resistance  

is multiplied by 4. 56. For rk  coefficient this one  is 

low in high slip value the reactance in this case is 

low. 

    From figure (13), the maximum relative error of  

the two methods remain at least constant about 

1.25%. 
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            Fig. 13. Relative error in function of the slip 

For the oval bar with piece, the evolution of two 

coefficients are presented in figures (14, 15). 
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    Fig. 14. 

rk evolution of modified oval bar versus  slip 
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    Fig. 15. 
xk  evolution of modified oval bar versus  slip 
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            Fig. 16. Relative error in function of the slip 

     According to figures (14, 15), in the case of modified 

oval bar, the rk  coefficient has small undergone a 

decrease compared to the latter one, this is explained by 

its large cross-section in the vicinity of the air gap. 

However, the
xk  coefficient varies insignificantly.      

    According to figure (16), the relative error has slightly 

increased its maximum value is in the neighborhood of 

1.2%. 

      For the trapezoidal bar with piece, the evolution of 

two coefficients are presented in figures (17, 18). 

      In the case of figure (17), there was a slight decrease 

in the rk  value, which is almost equal to that of double 

cage. From the figure (18), the coefficient xk varies in 

the same way as those previously seen with fixed values 

(at s = 1). 
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     Fig. 17. 

rk evolution of modified trapeze bar versus  slip 
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    Fig. 18. 

xk  evolution of modified trapeze bar versus  slip 
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Fig. 19. Relative error in function of the slip 

      According to figure (19), the maximum relative error 

is slightly increased (1.8%). However, it is still low 

value. 

      For the trapezoidal inverted bar with piece, the two 

coefficients are presented in figures (20, 21). 

     From the figures (20, 21), it can be seen that the in-

verted trapezoidal bar has a larger rk  coefficient value  

compared with the other shapes (in the case of  s = 1), 

this means that a large resistance value is reached, the 

latter has a low value at low slip (at nominal speed). In 

the case of xk coefficient, this one, is at its minimum 

value at startup, the leakage reactance is reduced, which 

limits the reactive current and thus improves the power 

factor.  

      From the results it can be seen that the calculation of 

the skin effect can be estimated by these two presented 

methods, this is justified by the modest maximal value of 

the relative error obtained (1.8%). 
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         Fig. 20. 

rk  evolution of modified trapeze inverted bar 

versus  slip 

0 0.2 0.4 0.6 0.8 1
0.5

0.55

0.6

0.65

0.7

0.75

0.8

0.85

0.9

0.95

1

Slip

k
x

 

 

Numerical

T.Circuit

 
         Fig. 21.  

xk  evolution of modified trapeze inverted bar 

versus  slip 
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         Fig. 22. Relative error in function of the slip 

 

     However, the two coefficients calculated above, 

which refer to the bar resistance and the leakage 

reactance, evolve tangibly, such a variation certainly 

cannot be neglected. For this purpose an 

approximation of these latter by the least squares 

method is performed, expressing a polynomial of  

order six,  which is a function of the slip, this one was 

introduced in a dynamic modeling of IM in order to 

include their behavior during the frequency variation. 

 

5.  Dynamic modelling 

     In order to predict the transient behavior of the IM 

a corrections have been made to the dynamic 

modelling including the rotor variation parameters 

(bar resistance and leakage reactance). A dynamic 

model is presented in the dq reference frame (Park 

transformation) expressed by equations (16-18): 
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       The stator and rotor flux are connected to current 

by the following equations (17).  
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''      (17) 

sR : Stator phase resistance ; sL : stator cyclic 

inductance ; M : Cyclic mutual inductance between 

the stator and the rotor ; '
bR and '

bl : Resistance and 

leakage inductance of the bar portion turned to stator 

respectively, traversed by a uniform current; '
fR and 

'
fl : Resistance and leakage inductance of the frontal 

part of the bar  turned to stator respectively.   

   The electromagnetic torque is given as a function of 

the stator flux and current by the following 

expression: 

 dsqsqsdse iipT   (18) 
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5.1. Simulation results  

    The electromechanical characteristics of the IM 

studied are presented below in the case of direct 

coupling to the electrical network, carrying out under 

MATLAB/Simulink environment. The results obtained 

are given in figures (23-26). 

0 0.2 0.4 0.6 0.8 1
-200

-100

0

100

200

300

400

500

Slip

T
e 

(N
.m

)

 

 
Trap inverted+piece

Rectangular+piece

Oval+piece

Double cage

Trapeze+piece

Rect without piece

Rect without skin effect & piece

 
        Fig. 23.  Torque evolution  in function of the slip 
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          Fig. 24. Torque’s curve  zoom versus slip 
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        Fig. 25.  Evolution of torque in function of the slip 
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         Fig. 26. Speed’s curve  zoom versus time 

 

5.2. Interpretation results  

     Figures (23, 26) illustrate the electromechanical 

characteristics of motors with the different rotor bars 

previously seen. Referring to the curves without skin 

effect, we can note that the IM develops a low starting 

torque and takes a long time to start.      However, in 

the case where the skin effect is taken into account, 

the characteristics of IM are significantly improved, 

the developed starting torque is almost multiplied by 

2 and the startup time is reduced by 3.5 seconds. It 

means that the classical modelling of the IM does not 

give precise results. 

     In the case of the various motors with presence of 

these ferromagnetic pieces, a powerful improvement 

in the starting performance and the IM dynamics is 

obtained. In the case of the rectangular bar with piece, 

the starting torque is improved by 100 N.m compared 

with that without the piece (with the green color). 

This one even exceeding the double cage IM 

performances.  

     In addition, for motors with trapezoidal bar, which 

generally found in the case of small/medium power 

(does not require a high starting torque) can now 

compete with those of double cage motors, according 

to the results obtained the performances of the two 

motors are the same.  They even can replace them 

because their dimensions are lower than those of 

double cage. 

     Note: In our case the inertia is equal to J = 2 kg.m2 

 in order to have better visualization for the speed 

evolution. 

 

 6. Conclusion 

     A series of deep bars motor, with the same power, 

have been modified in order to improve their 

performances. This is done by placing massive 

ferromagnetic pieces inside the rotor bars, to increase 

their resistances. Moreover, the role of those pieces is 
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to delimit the induced currents displacement above 

them. Consequently, the bar section is reduced and its 

resistance increased. Those latter also contribute to 

inducing currents because of their electrical 

conductivity. 

     However, its dimensions and shape are chosen such 

as to find compromises between IM startup and nominal 

operation. 

     However, the two used approaches, which take into 

account the influence of these ferromagnetic pieces and 

the skin effect, offer a good accuracy, this is justified by 

the maximum value of the relative error, which does not 

exceeds 1.8% for all bar forms analyzed. 

    Moreover, the transient performances of the motors 

studied (with pieces) exceed widely (in the case of the 

same power) those of the double cage motors (at 

starting). In addition, a reduction in the dimensions of 

these actuators is achieved compared to the latters, thus 

offering a reduction in the cost and the possibility of 

increasing their applications. 
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