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Abstract - This paper presents an algorithmic
approach to degree reduction of interval Bézier
curves. The four fixed Kharitonov’s polynomi-
als (four fixed Bézier curves) associated with
the original interval Bézier curve are obtained.
The four fixed Kharitonov’s polynomials (four
fixed Bézier curves) associated with the approx-
imate interval Bézier curve are also found. The
algorithm is based on the matrix representa-
tions of the degree elevation and degree reduc-
tion processes. The computations are carried
out by minimizing the L, distance between
the four fixed Bézier curves P! of degree n
and the four fixed approximate Bézier curves
Qi degree m .

Keywords: computer graphics, signal and im-
age processing, CAGD, communication sys-
tems.

I. INTRODUCTION

Computer graphics is the art and science of com-
municating information using images that are gen-
erated and presented through computation. This
requires (a) the design and construction of models
that represent information in ways that support
the creation and viewing of images, (b) the design
of devices and techniques through which the per-
son may interact with the model or the view, (c)
the creation of techniques for rendering the model,
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and (d) the design of ways the images may be pre-
served. The goal of computer graphics is to engage
the persons visual centers alongside other cogni-
tive centers in understanding. The Bézier curve is
widely used in Image Processing, Computer Aided
Geometric Design (CAGD), Computer Graphics,
Pattern Recognition, Geometric Modeling, Com-
putational Geometry, Robotics, Computer Vision
and Scientific Visualization, and have many prop-
erties which are helpful for shape design. De-
veloping more convenient techniques for design-
ing and modifying Bézier curve is an important
problem, and is also an important research issue
in CAD/CAM and computer graphics technology
fields. When Bézier curves are created, we often
need to modify them to satisfy our design require-
ment. A lot of research [1-15] effort has gone into
curves and surfaces in the last 30 years because of
these reasons. Many sophisticated curve methods
are known today-some are specialized and others
are general purpose.

Degree reduction of polynomial curves and sur-
faces is a common process in CAGD. It consists
of approximating a polynomial by another one of
lower degree. This process is of great importance
in geometric modelling, such as data exchange,
data compression and data comparison. For ex-
ample, degree reduction is needed when data are
transferred from one modelling system to another
and these systems have different limitations on the
maximum degree of polynomials. Furthermore, it
can also be used to generate a piecewise continuous
lower degree approximation to a given curve or sur-
face so as to simplify some geometric or graphical
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algorithms like intersection calculation or render-
ing.

Degree reduction of Bézier curves is one of the
important problems in CAGD (Computer Aided
Geometric Design) or the approximation theory.
In general, degree reduction cannot be done ex-
actly, so that it invokes approximation problems.
Thus many papers dealing with the degree reduc-
tion have been published in the recent thirty years
[16], [17].

This paper is organized as follows. Section II
contains the interval Bézier curves, and section
IIT includes the basic results where as section IV
presents a numerical example, and the final section
offers conclusions.

II. INTERVAL BEZIER CURVES

An interval polynomial is a polynomial whose coef-
ficients are interval. We shall denote such polyno-
mials in the form PT(u) to distinguish them from
ordinary (single-valued) polynomials. In general
we express an interval polynomial of degree m in
the form:

n

Pl(u) = [a;,af 1B} (u),

k=0

for all uwel0,1]
(1)

in terms of the Bernstein polynomial basis:

B = () - 0o
(k=0,1,....n) 2)

on [0,1] . Usual interval arithmetic can be applied
to the interval polynomials [18].

We will define a vector-valued interval P! in the
most general terms as any compact set of points
(z,y) in two dimensions. The addition of such
sets is given by the Minkowski sum:

P{ + Py ={(z1+ 22,91 +y2)|(x1,51) € P{; (w2,y2) € P3 }

®3)
It is prudent to restrict our attention to the vector-
valued intervals that are just the tensor products
of scalar intervals:

Pl =[a=,at]x[b™,b"] =

{(@,y)lz € la”,a] and y € b7, b7]}  (4)

We occasionally use the not ([a~,a*t], [b=,b"]) in-
stead of ([a=,a™] x [b~,bT]) for P! . Such
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vector-valued intervals are rectangular regions in
the plane, and their addition a trivial matter:

Pi4+P] =[a"+c ,aT+cT|x b 4+d ", b +d "] (5)

where, P/ = [a=,a"] x [b=,b7] and P{ =
[¢c™,ct]x [d™,d"] . The extension of these ideas to
vector-valued intervals in spaces of higher dimen-
sion is straightforward. An interval Bézier curve is
written in the form:

P'(u) = [p . pf]1BE (w) (6)
k=0

where, [p~,pt] are interval control points (rect-
angular intervals of the form (4)). For each wu €
[0,1] , the value PT(u) of the interval Bézier
curve (6) is a vector interval that has the follow-
ing significance: For any fixed Bézier curve P(u)
whose control points satisfy py € [p,,p;] for
k=0,1,....,n we have P(u) € P!(u) . Like-
wise, the entire interval Bézier curve (6) defines a
region in the plane that contains all Bézier curves
whose control points satisfy px € [p,,p;] for
k=0,1,....,n.

III. THE BASIC RESULTS

Let {[p; ,p]]}", be a given set of interval control
points which defines the interval Bézier curve:

Pi(w) =Y [pi . pf1Bfw),  0<u<l (7)
i=0
of degree n where,
Bg:<i>(1—u)jkuk7 (k=0,1,....7)

(8)
The problem is to find another interval point set
{lg; a1}, defining the approximate interval
Bézier curve:

m

QnL(w) = la; 1B (u),

=0

0<u<1 (9)

of lower degree (m < n) so that the weighted
Lo-norm between between PI(u) and QI (u) is
a minimum.

The four fixed Kharitonov’s polynomials (four
fixed Bézier curves) [19] are:
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Py(u) = py +py u+p3u® +pgud +prut +p5u®+ -
=of +odu+alu?+ - +abun
Pi(u) =pg +pfutpiu® +pgu’ £ prut +pgud -
Ea0+a1u+a§u2+~~-+a%u"
Pi(u) = pf +pfu+py u? +pyud +pfut +pfud 4
Ea%—l—a‘i’u—f—a%?ﬂ—i—n-—i—aiu"
Pi(u) = pd +pyu+py u? +pgu® +piut +pgud+ -
Eanga‘llqua%uer---Jraﬁu”
(10)
The four fixed Kharitonov’s polynomials (four
fixed approximate Bézier curves) [19] associated

with the approximate interval Bézier curve are:

QL (w) = qy +ayu+ g u® 4+ gF ud + qput + g5 ub 4 -
= B + Biu+ Bu’ + -+ Bru™

Q2% (w) =gy +qfu+giu® +q5ud + qput +qiud 4+
= B2 4 BFu+ B3 + -+ BRum

Q3 (uw) = qf + qfu+ g5 u? + g5 0 + g ut + g ud + -
= B3 + BYu+ B3u® 4 - - + B, u™

Qt(w)=qf +au+ag;u?+qiud +qfut +qgud+ -
=68 + Biu+ Biu + - + Bhu™

(11)

The four fixed Bézier curves associated with the
original interval Bézier curve Pi(u) for (i =
1,2,3,4) of degree n can be expressed in terms
of the Bernstein and the Chebyshev polynomials:

Pi(u) =Y o!B}(u) =Y t;Ti(u)
j=0 k=0

(i=1,2,3,4) (12)

We consider the linear transformation of the
Chebyshev coefficients tg,t],...,t, into the Bern-

stein coeflicients ag, s, ..., a;, as follows:

k=0

(i=1,2,3,4) and

The transformation above can be expressed in the
following matrix form:

of = Mutt,  (i=1,2,3,4) (14)
where,
o' =loy o} o]
el d o
(i=1,2,3,4)
Then the elements of the matrix M,(j,k) for
E;)O]S J,k < n) are given in the following formula

min(j,k)
. 2 — 2))0k + 2) 1
J/ l=max(0,j+k—n)
K+ 2k n—=k
(15)
where,
So=0 if k=0
0 =1 otherwise

The elements of the Bernstein to Chebyshev trans-
formation matrix M, (j,k) for (0 < j,k < n)
are given in the following formula [20]:

1. 6j+1 n J
Mn (.77]{:)* 4n+j k’ %

25\ (2k+21\ (2n—2k-+2j—21
GH) G ) C i)
(i)
k+1

(16)
The weighted Lo-norm of the four fixed Bézier

curves P! for (i = 1,2,3,4) in the Bernstein
basis form is given by:

. 1 " ;B (u) |?
|| P,:L H?UZ/ |Zj—0 J j( )‘ du
0 \/4u—4u2
(i=1,2,3,4) (17)

(_1)j+l

The area under a Bernstein polynomial B} for

(k=0,1,...,n) degree n is given by:
! 1
By = 1
| Brem = — (18)

The product of Bernstein polynomials of degree
n and m is also Bernstein polynomial of degree
n + m and given by:

%%Wﬁm (19)
+k

B (u) B (u) =

Simplifying equation (12) using equations (13) and
(14) gives:

| Py Il2= (a')T Qua

(i=1,2,3,4) (20)
where,
D= —k+ DUG+E+3) () (n
Qn(]v k) = QF(QTL + 1) ('7> (k>
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(j,k=0,1,...,n) (21)

are the elements of the Gram matrix @, of the
Bernstein basis. The matrix @,, is real symmetric
matrix, as a consequence of the symmetry of the
combinatorial function. The matrix @, is also
a positive definite matrix, as a consequence of the
positivity of the left-hand side in the definition.
Thus @, is a real symmetric positive definite
matrix.

The weighted Lo-norm of the four fixed Bézier
and approximate Bézier curves P! and Q! for
(1=1,2,3,4) in the Bernstein basis form is given
by:

1 i i 2
i i Qm u)— Pn u
|- p = [l ZBI Dy,
0 VAau — 4u?
(i=1,2,3,4) (22)
Elevating the degree of Q! from m to n
using the matrix 7, , , where, r = n —m and
the (m+r+1) x (m+1) matrix T,,, has the
elements:

(%) G )

Tm,r(jvk) = W
J
(j=0,1,...om+7r) and (k=0,1,...,m)
gives:
Q= T (23)

Equation (22) rewrites the curves Qf, of degree
m as curves of degree n :

Qin(w) = Q1(w) = >~ 57" Bj' (u)
j=0
(1=1,2,3,4) (24)
and hence, the weighted Lo-norm is given by:
1 Qn—Fn l2=I1 @ —Py 115,

_ / | 3708 — a) By (u) 2
0

du
Vau — 4u?
(i=1,2,3,4) (25)

Invoking equation (21) into the last equation gives
the Lg-norm between the four fixed Bézier curves
Pi and QY for (i =1,2,3,4) in the following
formula:

| Qi — P} 1=l Qi — P} |[2= (AN Q. A’

(i=1,2,3,4) (26)

where,

Al =a' — Tm,rﬁi

g=6 B ... B
ol = [ozf) ofi .. ozil]T
(i=1,2,3,4)

Substituting A* =o' —T,,.8" in || QL — P! |3
and after some algebraic manipulation gives:

| Qu—="Pu [[w=

(@) Qua’ —2(8) T Qua’ + (89 T QT3
(i=1,2,3,4) (27)

The error, defined above is a function of the el-
ements of the vectors 3' for (i = 1,2,3,4) .
To find the minimum, we use the method of least
squares approximation to find the vectors Bi that
minimizes the formula in equation (23). This pro-
cess leads to the normal equations:

Tnj;,r QnTm,rBi = Tnj;,r Qnai
(i=1.2.3.4) (28)

Since TﬁrQnTm)T = Qn for (i =1,2,3,4)

and the matrix @Q,, is positive definite. Thus
TﬂanTm,r is invertible. Hence the normal equa-
tions are uniquely solvable and have the solutions:

3= QT Qo'
(i=1,2,3,4) (29)

The four fixed Bézier curves with fixed Bézier
points given in equation (25) are the best approx-
imation curves in the least-squares sense with re-
spect to the weighted Lo-norm.

The degree reduction with respect to the weighted
Lo-norm of the four fixed Bézier curves associ-
ated with the original interval Bézier curve P!
for (i = 1,2,3,4) can be done by first
transforming the Bernstein coefficients o =
[ ol al]t for (i = 1,2,3,4)
to the Chebyshev polynomials with coefficients
th=1ty t ti]T for (i =1,2,3,4)
using M, !, and then the polynomials expressed
in terms of Chebyshev polynomials are reduced to
the polynomials of degree n — 1 with coefficients
t(,l)i _ [t(()l)z tgl)z t;llzl]T )

Applying the process of degree reduction r times
to the four fixed Bézier curves Pi; for (i =
1,2,3,4) expressed in terms of the Chebyshev
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polynomials with respect to the weighted Lo-norm
, we get the polynomials of degree n —r with co-
efficients ¢ = [¢{V7 4T 4T

for (1=1,2,3,4).

The r degree reduction can be written in the
matrix form -7 =T, ' for (i =1,2,3,4)

where, the (n —r+1) X (n+1) matrix I, _, is
given by:

1 0 0 0 O 0

o1 ... 000 ... 0
L= |1 & o iioio i (30)

00 ... 100 ...0

00 ... 0010 ...0

Finally, the reduced four fixed Bézier curves ex-
pressed in terms of the Chebyshev polynomials are
converted to the Bernstein coefficients using M, .
This is summarized in the following theorem.

Theorem 1: The r times degree reduction ma-
trix R,,, of the four fixed Bézier curves associ-
ated with the original interval Bézier curve, and
the coefficients of the four fixed reduced Bézier
curves 3" = a7 for (i=1,2,3,4) can be calcu-
lated using the matrices M ', I, _, and M,,
as follows:

R = My Iy M "
B =al"i =R,
(i=1,2,3,4)

However, the r times degree reduction interval
error (EL)? of the original interval Bézier curve
with respect to the weighted Ls-norm is given in
the following theorem.

Theorem 2: The r times degree reduction in-
terval error (EL)? of the original interval Bézier
curve with respect to the weighted Ls-norm is
given by:

(1B, Ex])? = [min(E,,)*, max(E,, )’]

w?

(i=1,2,3,4)
where,
(BL,)? = ()T'F,
(i=1,2,3,4)
and

Frin,r = Qn[I - Tm,r(Tnj;rQnTm,r)ing;,rQn]

(Ei)? for (i = 1,2,3,4) are the r times de-
gree reduction errors of the four fixed Bézier curves
associated with the original interval Bézier curve
with respect to the weighted Ls-norm.

Finally, the new interval vertices of the new inter-
val polygon can be obtained as follows:

g5 - 7] = [min(B},), max(5;)]

ooon=r) and (i=1,2,3,4) (31)

IV. NUMERICAL EXAMPLE

Consider the interval Bézier curve defined by the
four interval control points:

[y pi] = ([0.6000,0.7500], [1.0000, 1.1000])

by, pi] = ([1.7500, 2.0000], [2.0000, 2.2500])

(b5, p3] = ([3.1000, 3.4000], [2.4500, 2.6000])

[p5 . p3] = ([2.3500, 2.5000], [0.8500, 1.0000])

It is required to reduce the degree of the interval
Bézier curve defined by them.

The new interval vertices {[g; ,q;]}?2_, of the
new interval polygon are obtained as explained in
section III:

g5 > a] = ([0.5047,0.6969], [0.9437, 1.0734])

lq7,q] = (]2.8250, 3.3125], [2.8125, 3.1750])

g5 . a] = ([2.4031,2.5953], [0.8766, 1.0562])

The interval error (EL)?
weighted Lo-norm is:

with respect to the

(IE;, EX])? = ([0.0006,0.0018], [0.0001, 0.0006])
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QI (u) is the approximate interval Bézier curve of
the given interval Bézier curve P (u) , so that the
weighted Lo-norm between between Pf(u) and
Q%(u) is a minimum.

Simulation results in Figure(1) shows the envelopes
of the original interval Bézier curve and the re-
duced interval Bézier curve, respectively.
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Fig.1:The original and reduced Bezier curve envelopes.

V. CONCLUSIONS

An algorithmic approach to degree reduction of
interval Bézier curves is presented in this pa-
per. The four fixed Kharitonov’s polynomials
(four fixed Bézier curves) associated with the orig-
inal interval Bézier curve are obtained. The four
fixed Kharitonov’s polynomials (four fixed Bézier
curves) associated with the approximate interval
Bézier curve are also found. The algorithm is based
on the matrix representations of the degree eleva-
tion and degree reduction processes. The compu-
tations are carried out by minimizing the Lo dis-
tance between the four fixed Bézier curves P! of
degree n and the four fixed approximate Bézier
curves @, of degree m .
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