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Abstract

In the last years researches in fractional calculus was extended in many
areas. For further study of its applications in Machanical Area this paper
presents numerical methods for solving some differential fractional equations
using MATLAB. This work contains methods for fractional calculus computa-
tions like “Griinwald-Letnikov method” or “Podlubny’s matrix approach” and

examples using MATLAB for solving ordinary fractional differential equations.
1
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1 Introduction

In the past few years, fractional computation has become a field of study that
has been searched for, in the sense of applying to different branches of science [13]
such as:

e Fractals [2]

e Propagation of ultrasonic waves [8,21]
e The theory of viscoelasticity [22]

e Fluid Mechanics [12]

The concept of fractional computation appeared in 1965 and L’Hospital wrote
to Leibnitz asking him the meaning of the derivative % if n = % But if n were
fractional, irrational or complex?

Leibnitz replied:

'MSC (2010): 34A08; 35R11; 65K15
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Some concepts of fractional differential calculus using MATLAB 63

Ifn= % then
diz = zVdz : x (1.1)
and “a seeming paradox from which one day will draw very useful consequences”.
Thus, the name of fractional computation has become an improper term for inte-
gration and arbitrary differentials.
In 1812 Laplace defined the arbitrary fractional derivatives as they were pub-
lished in the writings of Lacroix’s 1819.
Starting from y = ™, m € Z4 Lacroix has developed the following n — th
derivative: p |
Y m! m—n
-4 > 1.2
dxm (m—n)!x = (12)
Using the Legendre symbol for factorial, Gamma Function, (see Remark 1.1)
will get:
d"” r 1
dy _ T+ e (1.3)
dz™ T(m—-n+1)
1

If y=x i n =5 we have:

1
&y _ 2V (1.4)
dx2 VT
Remark 1.1. Definition of the Gamma function
The most important function of fractional calculation is the Function I'(z) as it
is presented in [16]. It generalizes n! and allows number n to take different values
of whole numbers even complex.
Definition 1.2. The function I'(z) is defined by means of the integral:
o
I(z) = /e_ttz_l dt,
0
which converges to the right half of the Complex Re(z) > 0.

Indeed, we have

(e o]

[(z+iy) = /e_ttw_l'”y dt

0
oo

= /e_ttx_leiylog(t) dt (1.5)

0
= [ et feos(ylog(t) + isin(y (1)) dt.
0
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64 E. Vasilache

The expression in square brackets is bordered fo V t. Convergence to infinity is

given by t = 0 we have x = Re(z) > 1.
We use (1.3) to evaluate the fractional derivative of f(t) = €.
f(t)=¢" = — (series) (1.6)

k!
k=0

Applying (1.3) we obtain:
dv e tkfu
ﬁ”_ggf@—u+1)

where v > 0 and v € R (real number) Fractional derivative of exponential function
does not returns exponential function.

2 Definitions for fractional calculation

This section introduces the main definitions for fractional calculation applied
in the analysis.

Definition 2.1. Fuler (1730)

drx™
dz™
F'm+1)=mm-1...m—n+1)I'(m—-n+1)
d'z™  T'(m+1)

dx™ F(m—n+1)

d'Pz o 2 4
dzt/2 N m .

unde T'(z) = [e7'*~1 dt, Re(z) > 0.
0

=m(m—1)(m—2)...(m —n+ 1)z™"

m—n

Definition 2.2. J. B. J. Fourier (1820-1822) introduced:

fa) =5 7f<z> @z 7 cos(pz — pz) dp.

—00
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Some concepts of fractional differential calculus using MATLAB 65

The definition of fractional operation was obtained from the representation of
the integral f(x).
For n integer number, we have
& cospla — 2) = p" coslple — 2) + 2o
—cosp(r — 2 cos[p(x — z) + =nm
T COSP p" cos[p 5"7);

meaning

dm” =5 /f dz /p cos[p(m—z)—kng] dp.

Definition 2.3. N. H. Abel (1823-1826) introduced the definition of fractional

integrals:
S'mdn _ o
O/(x—n)a_w( -

In fact he has solved the whole for an arbitrary number o and not just for o = %

obtaining:
1

sm
S(.CIZ‘)_ / 1—t1 a

After which Abel expressed the resultmg solution with the help of the «. order:

1 dp(a)
rl—a) de—> °

S(z) =

Abel applied the fractional calculation in the solution of the integral equation
of the formulation the problem of finding the shape of the curve so that the time
of frictionless descent, sliding under the action of gravity independent of the point
starting. If the slip time is constantly known (7'), the equation becomes:

T

k= /(ac — )" Y2f()dt

0

This equation, except ﬁ, is the particular case of the defined integrability

represents the first fraction integral %

Vald™2 fde T P f ()
d'/2/dx'/?, we get
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66 E. Vasilache

Definition 2.4. J. Liouville (1823-1855):
1. In its first definition, according to the exponential representation of the func-
o0

= a™e* like

m ,aT
€

dx™

tion f(z) = 3. cpe®®, generalized the formula ¢
n—=

1/ In®
CnG
el Z

1I. The second type of definition was that of the fractional integral:

u 00
/@(m)d:c“— /<I> (z + )" da
0
p 17
/@( x“—/@aﬁ—aa“ Yda
IN0D) /

Substituting T = x + a i T = x — « in the formulas above, obtain:
[e.e]

' “—¥ 7 — )P e(r)dr
| wtorie = gy [ (=

T

/ " () dat = F(lu) / (z — 7)1 (r)dr.

—0o0

1II. The third definition, introduced the fractional derivative:

d‘F(z)  (=1)*
dzt  hM

(F(w)/fF(x +h) + %F(m +2h) — )

d“deELx) _ % <F(:1;)'MF(:II _ h) + MF(x — 2h) — )

Definition 2.5. G. F. B. Riemann (1847-1876):

Its definition for fractional integrals is:

T

D f(x) = F(l) / (2 — )" ()t + B (2)

C
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Some concepts of fractional differential calculus using MATLAB

Definition 2.6. N. Ya. Sonin (1869), A. V. Letnikov (1872), H. Laurent (1884),

N. Nekrasove (1888), K. Nishimoto (1987):
They considered the integral Cauchy formula

f(n) (Z) — n'/ f(t) dt

27i J, (t — z)ntl

and replace n cu v got

_ T+ / f&)

270 (t —z)pt1

D" f(z)

Definition 2.7. Definition Riemann-Liouvill:

The classic definition of fractional calculation is the one that shows the link between

the two previous definitions.

D810 = o () / O

(n—1<a<n)

Definition 2.8. Grinwald-Letnikove:
This is another definition that is sometimes useful.

(5]
WDEF(E) = lim h™ > 7 (=1)7 (7) f(t = jh)

J=0

Definition 2.9. M. Caputo (1967):
The second common definition is

Cperg_ L [ [P0
ath<t)_I‘(a—n)a/(t—T)a+1_”

(n—1<a<n)
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68 E. Vasilache

Definition 2.10. Oldham and Spanier (1974):

df(Bzr) _ ,,d"f(Bx)
dxd d(Bx)q

=p

Definition 2.11. K. S. Miller, B. Ross (1993):
They used a different operator D as

Df(t) = DD, D f(t), &= (a1,az,...,an)

where D% is definition of Riemann-Liouvill or Caputo.

3 Fractional derivatives for some special functions

1. Unit function: For f(z) = 1 we have

@

= —7, Yq.
ded  T(1-—gq)’ 1

2. The identical function: For f(x) = x we have

dix =

ded T(2—¢q)
3. The exponential function: f(z)=e" is

dqe:i:x k—q

T
dxd _kZ:(]F(k—q+1)'

4. The sinus function: If f(z) = sinz then

disin(z) . qm
Td sin (:U + ?) .

5. The cosinus function: If f(z) = cosz then

dicos(z) qm
o = cos (1:+ 5 )

BUPT



Some concepts of fractional differential calculus using MATLAB 69

6. Fractional derivatives ;D¢ according to Liouville for some func-
tions special

fl@)  Gaf(2)
e k%M k>0
sin(kz) k% sin(kz + 5 )
cos(kx) k* cos(kx + 5 )

erf(kx)  divergent

et B (T = A+ 55 —ka?)
— \/%a:vf(é —9nFi(1+9; %§ *k?932))
— 2Vkaal' (3 — $);1F1(3 + 55 5; —ka?)
—3k(1 - o®)2® T} — 91 (G + 935 —ka?))

p q
pFo({aski (0dika) ko [T oo™ T r e
i=1 j=1

pFo({a; + a}; {bj + a}; kx)

|| F ng;_ )‘$| F ,x <0

7. Several special functions and their fractional derivatives pD“
according to the Riemann definition

fx) G f(2)

ere sign(x)(sign(x)k)®
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ke (1 — ?E:g;kx))

. 2—a) ksign(z)|z| " “x a
sin(kz) 2273(1+a2g)11((1)7‘0l) 1Py (13— 5,2 - 8 —ika?)

k3szgn(x)|x\ o3

(2 2)(2 0‘)(2 3a+a?)l(1—«)
cos(kzx) sign(x)‘r(';_aa)

((e=1)(a=2)(a—3 >
+ 2K Fy(2;2 — 9,5 — 55 — k%))

~—
—
5
—~
“}—‘
—_
|
e)
w
|
oo
|
IR
B
no
8
no
SN—

erf(kz) — 271 sign(z)|z|
(0= 2B 13— 5,2 — &~ k%)

R (3,25 - 5,3 - 55 —k%?)
Fy({ai}i{b}ike)  sign(a)lal b ot Fysr (L, e 0,2 - )ik

+ ksign(2) 2] T o) 2-a)r(1-a) Hasz
=1 =

X P+1Fq+1({27 1+ ai}a {1 + bj? 3— O[}, ]{:ZC)

log(z)  Fomay(l = (1= a)(Hi—a +log(z))), >0

k T(1+k)

T F(l+k_asign(:1:)|x|_o‘azk

4 Method Grunwald-Letnikov

For the numerical calculation of the fractional derivatives we can use the rela-
tion:

k
(k—Lm/h) Dtkf )~ h Z () (th—j) =h~ qzc (tr—j) (4.1)

7=0

resulting from the Griinwald-Letnikov relation in Definition 2.8.
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Some concepts of fractional differential calculus using MATLAB 71

This approach is based on the fact that for most of the function classes, the def-
initions of Griinwald-Letnikov, Riemann-Liouvill and M. Caputo are equivalent if
f(a) =0.

Relationship for the explicit numerical approximation of the g—derivative in
the points kh,(k = 1,2,...) has the above given form (see 4.1) (Dor¢ak, 1994;
Podlubny, 1999), where:

—L, is memory lenght

—tr = kh

—h =the time at that step

—cg-q) (1 =0,1,....,k) = coefficient binomial.

To calculate them, we can use mathematical relations:

1+g¢
=1, 9= <1 -1t ) o (4.2)
Binomial coefficients c§-q> (j =0,1,.....k) can also be expressed factorial. By

factorial writing, Function Gamma allows us to generalize the binomial coefficients
for arguments that are not integers.

. . T 1 (i —
() TOED D=0
FG+1l(g-j+1) T(=gI'(G+1)
Obviously, for this simplification, the accuracy of the result is lost.
If f(t) < M, we can very easily set the estimated L,, (with accuracy ¢)
M 1
q
Lp,>——— ) . 4.4
(=) 4

This is called Power Series Expansion (PSE). Transfer function discreetly re-
sulting, the approximate fractional order operators can be expressed in the range
—z in the following way:

oDErG(z) = 21 _ (1> " psp {A-2"H)*} ~TFR,(:7"),  (45)

where:
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79 E. Vasilache

—T — reference;

—PSE{u} — The function results from the application of the PSE function u;
—Y(z) is converted ”Z” of the output sequence y(kT);

—F'(z) is converted ”Z” of the input sequence f(kT');

—n — the order of approximation;

—R — the n-polynom in variable z7% and k= 1,2, ....

Aplication 4.1. Let the order of fractional derivation « € [0,1] for the function
y = sin(t) with t € [0,2x]. The following code in MATLAB uses the command f
deriv () entered by Bayat (2007) and based on 4.1.

Input data:

clear all; close all;
h=0.01; t=0:h:2xpi;
y = sin(t);
order =0:0.1:1;
for i = 1: length (order)
yd(i,:) = fderiv(order(i),y, h);
end
[X, Y] = meshgrid (¢, order);
mesh (X, Y, yd)
xlabel (t'); ylabel ("\alpha’); zlabel ('y’)

Figure 1: Fractional derivative of function y = sin(t)
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Some concepts of fractional differential calculus using MATLAB 73

Figure 1 is a graphical derivative of the sinus function for fractional derivation
order 0 < a<1and 0 <t<2m.

Aplication 4.2. We can get a better approzrimation of the fractional derivative if
h of the first relation h is small enough so it can be demonstrated that the accuracy
of this methods is 0. The MATLAB code for the application function 4.1 and the
function €.

Input:

function dy =gdiff(y, z, gam)
h=(2) —2(1);dy(1) = 0y = y(:); 2 = z(2);
w=1;
for j = 2 Length(z), w(j) = w(j — 1)*(1 — (gam + 1)/(j — 1));
end
for i = 2 : length(z),dy(i) = w(l : ))*[y(i : —1: 1)]/h"gam;
end
by Matlab code
t =0:0.001: pi;y = sin(t); dy = gdiff(y, t,0.9); plot(t, dy)
=0:0.001: pi;y = sin(t); dy = gdiff(y, t,0.9); plot(t, dy);
hold on;
=0:0.001: pi;y = sin(t); dy = gdiff(y, t,0.1); plot(t, dy);
t =0:0.001: pi;y = sin(t); dy = gdiff(y, ¢, 0.5); plot(t, dy);

we get 0.1, 0.5 a 0.9 derivative of function sin(z) see the fig below:

1

0.8

0.6 -
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0.2

oF

-0.2r
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0B

R i I I I I
o 05 1 15 2 2.5 3 =[]

Figure 2: The 0.1,0.5,0.9 derivative of function sin(x)

BUPT



74 E. Vasilache

By Matlab:

t=10:0.001:5;y = exp(t); plot(t,y)

t=10:0.001:3;y = exp(t); plot(t,y)

hold on;

t=0:0.001:3;y = exp(t); dy = gdiff(y, t,0.3); plot(t, dy)
t=0:0.001:3;y = exp(t); dy = gdiff(y, t,0.5); plot(t, dy)
t=10:0.001:3;y = exp(t); dy = gdiff(y, t,0.7); plot(t, dy)

40

n B

5 B

Figure 3: The 0.3,0.5,0.7 derivative of function e*

It is observed in figurative representation how 0.3—a 0.5-a si 0.7 — a derivatives
of e are almost identical, which is similar to the classical derivation so (e*)" = e?
and e® a derivativetimes that is also maintained for o =fractional.

5 Differential fractional equations

The general fractional system can be described by means of the differential
equation fractional form:

an DI Y () +an_1 D" y(t) 4. 4+ao DY (t) = by DI u(t)+by—1 DY u(t)+..Abo DOul(t),
(5.1)
where D] = (D] express Griinwald-Letnikov, Riemann-Liouvill sau Caputo
derivatives fractional. The corresponding irrational transfer function has the form
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b, Bm 4 4+ pysPL 4 posgPo Bk

Gls) = s7m + ...+ b7t + bos :Q(s )’ (5.2)
apsm + ...+ a1s* 4+ ags®  P(s%%)

where ag(k = 0,...n), bp(k = 0,...m) are constants, and oy (k =0, ...n), Bx(k =

0,...m) are real or rational numbers of any kind and without limitation the gener-

ality may be arranged

Qp > Qp_1 > ... > g, Bm > Bm_1 > ... > Bo. (5.3)

In a particular case for systems of commensurable order, keep ai = ak, [ =
ak, (0 < a< 1), Vk € Z, and the transfer function has the following form:

M
> br(s)*

G(s) = Kog*=0 = KOQ(iz) (5.4)

With N > M, the function G(s) becomes its own rational function in complex
variables s* and what can be extended to form:
N
A;
G(s) = K|
=[St

=1

)

where \;(i = 1,2,..., N) are the roots of the pseudo polynomial or the polynomial
system. The analytical solution of the system can be expressed

N
A;
; SY + N\

an D y(t) + ... + a1 DM y(t) + ... + apDy0y(t) = 0, (5.6)

where ap(k = 0,1,...,n) are constant coefficients; ay(k = 0,1,2,...,n) are real
numbers.
Without restricting generality, we ca assume that oy, > a1 > ... > a9 > 0.

N
} =KoY  Ait*Eoo(-Nit"), (5.5)

i=1

y(t)=L7" {Ko

The analytical solution of 5.6 is given by the general formula in the form:

o0

R DEt D DI AU SR
an m‘ s N0,y g eeey i —2
m=0 ko+k1+...+kp_o=m
kQ>,eskpy_9>0
n=2 ;N\ ki a n=2
x <Z> Em(t, == 0m — a1, 0 + D (a1 — o)k + 1),
i—o \dn n j=0
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where (m, ko, k1, ..., kn—2) are multinomial coefficients.

It is the control function that modifies the system 5.6 in:

an D y(t) + ... + a1 D y(t) + ao D0y (t) = u(t). (5.7)
Through Laplace, we get the fractional transfer function:

B Y (s) B 1
Gls) = U(s)  aps® + ...+ a1s® + ags™’ (58)

Aplication 5.1. Given a fractional differential of the second order, with initial
zero conditions, a = 1.5,a = 2,b = 1, pasul = 0.001 calculation time 20sec. :

aDfy(t) + by(t) = 1. (5.9)

The solution can be obtained using Laplace’s transformation method, it can be
expressed:

1/a

Y(s) = ——— 1
(s) s(s*+b/a) (5.10)
and the general solution is as follows:
1 b 1 b
t) = ~&(t, —=; D= “t“Fy qur [ ——t). 11
YO = 2ot i+ )= L (-2 (5.11)

To get the solution in MATLAB, we can use the following commands:

clear all; close all;

a = 2;b=1;alpha = 1.5;

t=0:0.001: 20;

y = (1/a) * t.(alpha). * mlf(alpha, alpha + 1, ((—b/a) x t."(alpha)));
plot(t,y);

xlabel('Timelsec]’);

ylabel ("y(t)");
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1.4

y(L)

0.6f

0.4F

0 3 10 15 20

Figure 4: The equation solution
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