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Abstract

In this paper we use a technique given by Ibrahim, Dragomir and Mortici,
in order to prove and enunciate several inequalities starting from some classical
inequalities.

We present an improvement of Nesbitt’s inequality and also a reverse of
Nesbitt’s inequality. Other important results which appear in the paper are
some generalizations of well-known inequalities obtained by convergent power
series with positive coefficients. !

1 Introduction

In [5], Ibrahim and Dragomir found some inequalities for power series via Buzano’s
result and some applications for several fundamental complex functions.

Ibrahim, Dragomir and Darus established in [6] some inequalities for power se-
ries with real coefficients by utilizing Young’s inequality for sequences of complex
numbers.

In [10], Mortici used the technique, by power series, for proving the well-known
Nesbitt’s inequality - + GLJFC + a5 2 %, a, b, ¢ > 0, which is equivalent to
inequality, ﬁ—l—%b—kl%c > %, a, b, c>0, wherea+b+c=1.

In demonstration, he used Jensen’s inequality for the convex function g(z) =
2™ and geometric series, 11 = 3.0° 12", |z| < 1. It is easy to see that & =
¥, am, fof < 1.

In Theorem 1 are presented two inequalities which are used in Corollary 2 for
an improvement of Nesbitt’s inequality. Also another reverse of Nesbit’s inequality
is given in Corollary 3.

!Mathematical Subject Classification (2008): 26D15
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6 L. CIURDARIU and N. MINCULETE

Other results which appear in this paper are some generalizations for convergent
power series with positive coefficients of complements of Cauchy’s inequality given
in [9] starting from technique introduced in [10] and [6]. These results were obtained
in Theorems 2, 3 and Theorem 4. By a similary technique we can also find a variant
of reverse inequality of Young for functions which are sums of power series with
positive coefficients in Proposition 2, using a result from [3].

2 Main results

Theorem 2.1 For anya>b>c¢>0 and a+ b+ c =1, there is the inequality

1
(1—c¢)3

1 a b c
2 2 2

_ 1\ < _
(a +b°+c 3)_1—a+1—b+1—c

<

N W

1 1
< m(a2+b2+c2—§). (1)

Proof. According to [4], if g : I — R is a twice differentiable function such that
there exist real constants v and T" so that 0 < v < g”(x) < T for any € I we find
the inequality

3 2 3 3 3 3 2
~y T
5 ij <9Cj - ZI%%) < Zpig(l"i) -9 (Zpﬂ%) < ) ij (xj - szxz) )
‘ i=1 i=1 j=1 i=1
where p; > 0 for all i € {1,2,3} and Y3, p; = 1.
Since a > b > ¢ > 0 and the function g(x) = 2™, n > 2, is convex and p; = py =
p3 = é, implies
0<y=g"(c) =nln—1)"2 < g"(x) <T = g (a) = n(n — 1)a"2,
Therefore we have the following inequality

_ n—2 2 n n n n
n(n—1)c Z <a_a—|—b—|—c) . +b"+c _<a+b—|—c) -
6 3 - 3 3 -

cyclic

— n—2 2
<n(n 1a (aia+b+c> '
- 6 3

cyclic
Because a, b, ¢ > 0 and a + b+ ¢ = 1, we deduce the inequality

n—2

nn= DI (o 1Y caparena (1) < 20 D0 g (1YY

cyclic cyclic
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Some inequalities for power series with positive coeflicients

By passing to power series we obtain

1 1 2 o0 - 00 . 00 . 00 . 00 1\ "
’Z( > n(n —1)c 2§n2::1a —i-nz::lb +n2::lc -3 1(3) <

n=

n=1

— |0 n 2 __ oo
- Zn:l ) and (1—-z)3 — Zn:l n

But, we know the power series 17—
1. Therefore, the above inequality becomes

Z(a—1>2< ¢ + b + ¢ —3<1Z<a—1)2
3) " 1-a 1-b 1-c¢c 2~ (1—a)® & 3]

cyclic

1
(1-¢?

which is equivalent to the inequality

1 9 .9 9 1) a b c
— b —— )<

(1—c)3<a+ RN I pri s ey S g

1 1
< ——(a®+02+ 2 - 7) :
S 0—ap (a + 0" +c 3
The below inequality represents an improvement of Nesbitt’s inequality.

Corollary 2.2 For any a > b > c > 0, there is the inequality

g(:i;;)g [(a—b)2+(b—c)2+(c—a)2} = bic+c—§b—a+a—ckb_;§
O b2t (b= ) + (= ). )

~3(b+¢)?

Proof. In Theorem 1 we assume, without loss of generality, that a+b+c¢ = 1. By
replacement in inequality (2), we deduce inequality (1). Therefore, the requirement
is true.

Another reverse inequality of Nesbitt’s inequality is the following:

Corollary 2.3 For any a > b > ¢ > 0, there is the inequality

a b c 3 a c a+c
0< ——-<3 -2 . 3
_b+c+a+c+a+b 2~ <b+c+a+b a+2b+c> (3)
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8 L. CIURDARIU and N. MINCULETE

Proof. We assume, without loss of generality, that a + b+ ¢ = 1. By replacement
in inequality (3), we deduce inequality

a b c 3 a c a—+c
0< — =<3 -2 .
_1—a+1—b+1—c 2 <1—a+1—c 2—a—c>

Simi¢ showed in [11], that if (z;)!"; € [a,b]", then

0< ipig(xi) -9 (ip“%) <g(a) +9(b) =29 <a;b) ’
iz1

i=1

where p; > 0 for all i € {1,...,n} to see that > i ; p; = 1.
Since a > b > ¢ > 0 and the function g(z) = z™ is convex, and p; = ps = p3 = %,
it follows the inequality

g VLS (IO oy (whe)

so, by passing to power series, we deduce

0< 3 a"+3 4> =33 (T> <3S a2y ( : )
n=1 n=1 n=1 n=1 n=1 n=1 n=1

which is equivalent to

O<a+b+c_g§3<a+c_2a+c>,

“"1—-a 1-b 1-c¢ l1-a 1-¢ 2—a—c

where a, b, c>0and a+ b+ c = 1.

We consider as in [6], an analytic function defined by the power series
oo
flz)= Z anz"
n=0

with real coefficients and convergent on the unit disk D(0, R), R > 0. Let fa(z) is
a new power series defined by > |a|, 2" where a,, = |an|sgn(a,) where sgn(z) is
the real signum function as in [6]. The power series fa(z) has the same radius of
convergence as the original power series f(z).

Also, in [3], in Corollary 2.2, (ii) the authors presented as an alternative reverse
inequality for Young’s inequality two inequalities. Using one of these inequalities we
can find the following inequality for functions which are sums of power series with
positive coefficients.

)
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Some inequalities for power series with positive coeflicients 9

Proposition 2.4 Let f(z) be an analytic function defined by the power series
Yo anz™ with real coefficients and convergent on the open disk D(0,R) C C, and

fa asin [6].
For |a|, |b| € (0,R) and X € [0,1], the following inequality holds:

(L =) f(lal) + Af (D] < (1 = A) fa(lal) + Afa([b]) <

lal

IESNTARY 2 / 2 o’
< Fa(lal M BP) + A1 - A) [log (M)} dfa(d) + d ) (d)).

where d = max{|al, |b|}.

Proof We can suppose without loss of generality that d = max{a,b} = a. Then
for every n € N* we see that d" = max{a",b"}. By replacing a with |a|”, b with |b|"
and d with d" in @' 0 < (1 — X)a + Ab < a'=2b* + A(1 — A) [log (2)]° d and then
multiplying by a, > 0 for every n € N* we get

an(1 = N)a" + a2 < [anl(1 ~ Nlal” +an  NbI" <
- "\
< laalla" V™ o+ a1 = 0 s (7)1

for every n € N*. Then by adding previous inequalities when n € {1,2,...,m} and
m € N* we obtain,

| Z an(l—XN)a" + Z apAb"| < Z(l = Nlan|la™ + Z Aan||b|™ <
n=1 n=1 n=1 n=1

m

Z [a| DB + A1 = ) { (l‘;")} Z|an|n2d"

When m tends to infinity we have

(a4 ALa ) = Satlal' =)+ 30 ) [ (11)] st

because 0 < |a| < R, 0 < [b| < R, 0 < |a|'**|p* < Rand 0 < d < R.
In this case S(z) is the sum of the convergent series 32 | a,n?2" for |z| € D(0, R)

and is zf)y(2) + 2% £/ (2). This series has the same convergence radius as series which
has the sum f(z).
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10 L. CIURDARIU and N. MINCULETE

Proposition 2.5 Let f : [0,00) — R is any increasing and concave function, and
z,y,2 € D0,R) C C* with 0 < |z| < |y| < |2|. If g(2) is an analytic function
defined by the power series Y o> | anz™ with real coefficients and is convergent on the
open disk D(0, R) C C and ga is as in [6] then the following inequalities hold:

ga(lzDf 1y + gallyD f(I2l) + gaf (=) f(l2]) =
> gallz) f(ly]) + ga(l2D f(|2]) + ga(ly) F(I2])

and
12lga (12D £ (Y1) + lylga ) £ (1)) + |zlga(lz]) f(|2]) >

> |elga(le)f(lyl) + 1219 (12D f1(2) + lylgaly)) £ (1=]),

if in addition, ga is a differentiable mapping on D(0, R).

Proof.
In [7], the author showed that

(2" —2")f(y) = (" —y") f(2) + (y" — 2") f(2),

where f : [0,00) — R is any increasing and concave function, 0 < z <y < z, and n
is a positive integer.
Multiplying by a,, > 0 last inequality forn = 1,2,... with 0 < |z| < |y| < |2| < R,

and then summing with respect to n from 1 to m, when m tends to infinity, we get

(g(12l) = g(l=zD)f(lyl) = (9(Iz]) = g(lyD)f (=]) + (9(lyl) — (=) f(I2]),
912D f(lyD) + g(yD) f (=) + g(=)) f(I2]) = gz f(yD) + g(12])f(z]) + g(ly]) f(I2]),
where g(z) = >0° ; apz™ and a, >0, (V) n € N*.

Now if we multiply the inequality given in [7] by na, > 0 for n = 1,2,... and
then summing with respect to n, we have

(1219 (12D =lelg (=D)f (1) = (1219 (12D—lylg (yD)f (2))+lg (yD)—l=lg (=) (=)

where g(z) = > 02 apx™ with a, > 0, (V) n € N*, g4 is a differentiable mapping
on D(0, R).
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Some inequalities for power series with positive coeflicients 11

3 Generalizations of several well-known inequalities

In the following we will give a generalization of a complement of Cauchy’s inequality
given in [2] and [9] by J. B. Diaz and F. T. Metcalf for power series with positive
coeflicients.

Theorem 3.1 Let f(z) be an analytic function defined by the power series Yy anz"
with real coefficients and convergent on the open disk D(0,R) C C, and fa as in

[6].
(i) If d,b are n-tuples which satisfy conditions 0 < m1 < |d;| < M; and 0 <
mo < |bj| < My, d;, b; € C, (i = 1,n) for some constants my, ma, M; and Mo

then we have,
M
§3b2+ZM(m22 IE
k=1

n n

Z (1bxl?) + Zf <m2 MQ\d |2> < ;fA <%‘dkbk|> Z (7|dkbk|>

when MQQ%—[; < R.

(i) Under previous conditions, if in addition f is a differentiable mapping on
D(0, R) we obtain,

m2M2 / m2M2
|Zb§f (%) +Z——d2 sy W <

n mo MQ mo Mg
Z [AFACS! Z**\ di| fA( |dk|2>

my
< Z mi‘dkbkuA <7|dkbk|) + Z 7|dkbk|fA <E|dkbk|) .

g=1"" - M

Proof. (i) Taking into account inequality,

Zb2 Zd2 < < mQ)debk,

see [9], inequality (7), where dj, is replaced by |dg|P, by is replaced by |bg|P, mq is
replaced by m{, My by M?Y, mg by mb and My by MY, p € N* and multiplying by
lap| the inequality before summing we obtain

Z%@%’%%Zﬂ)<
p=1 k=1

m oS

mQ MQ
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12 L. CIURDARIU and N. MINCULETE

m M P n
<>l (ZWP s My Zw |2p> <Z\ap| ( A”}%)Zmbm].
p=1 1 1 k=1

Using hypothesis 0 < m; < |d;| < M; and 0 < mo < |bi| < M (i = 1,n), when
M3 < R we notice that [by|?, T2 22|dy.|2, 22|dybg| and 522 |dyby| are in D(0, R)

> M1 mq 7 my
and then the power series being convergent, we obtain the 1nequahty from conclusion.

An improvement of last theorem, using Theorem 2 from [9], will be also presented
below:

n

Theorem 3.2 Let f(z) be an analytic function defined by the power series Y oo anz
with real coefficients and convergent on the open disk D(0, R) C C, and fa as in [6].
Let u,v be real numbers such that 0 < v <u <1, u+v =1 and w positive n-tuple
and d,b n-tuples of complex numbers such that 0 < m < % < M, and |dy|*M? <
R(k=1,...,n). Then

[ud wef(b7) +v Y wpf(Mmdy)| < ud wpfa(lbel?) + v Y wpfa(Mml|dg]?) <
k=1 k=1 k=1 k=1

<Y wifa(mldibe]) +u ) wg fa(M]dyby)).
k=1 k=1

Proof. Using the inequality,

n n n
U Z wkbi +uvMm Z wkd% < (vm + uM) Z wydgby,
k=1 k=1 k=1
see [9], inequality (8), where dj is replaced by |dg|P, b is replaced by |bg|P, m is
replaced by mP, M by MP, p € N* and multiplying by a, the inequality obtained
before summing we obtain

ni
Zap <uZwkbk|2p + v MPmP Zwk|dk|2p> < Zap { (vmP + uMP) Zwk|dkbk|p .

p=1 k=1 k=1 p=1 k=1

By hypothesis, m < 'ﬁfﬂ' < M, and |dx|*M? < R, (k = 1,n) we notice that

1,
|bi|? < R, Mml|dp|?> < R, m|dibg| < R and M|dipby| < R (k = 1,n) and thus
previous inequality becomes

w wpfa(lbr)+v Y wi fa(Mm|dil?) < vy wyfa(mldrbr|)+u Y wyfa(M|diby|),
k=1 k=1 k=1 k=1

when n; tends to infinity.
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Some inequalities for power series with positive coeflicients 13

Theorem 3.3 Let d and b be two n-tuples of complex numbers, p~'4+q¢ 1 =1, 0 <

m<M,0<m< ‘||| <M, (i=1,.,n), p; >0, i=1,..,n). If p > 1 then we
b;| P
have,

|zpk FOMA) — Fmd?)] + 3 pelF(mMPb!) — F(MmPH)]| <
k=1

Z [fa(M|di[P) — fa(mldiP)] + > prlfa(mMP|by|?) — fa(MmP|bg|?)] <
= P

Z [fa(MP|dibg|) — fa(mP|dibgl)],

where f(2) is the sum of the power series > 02 1 anz™ and f and fa are as in [6].

Proof. This time we will use the inequality (9) from Theorem 5, see [9] where dj,
will be replaced by |di|", bg by |bk|", m by m” and M by M", r € {1,2,...} and the
proof will be like before.

Remark 3.4 For example, under the conditions of previous theorems, these inequal-
ities can be stated for the functions like, e*, sinh(x), cosh(zx), 1 ln -

ey 1%2 In(1—x), z € (—1,0)U (0,1).

Remark 3.5 As in [6], there exist some inequalities for special functions such as
polylogarithm, hypergeometric, Bessel and modified Bessel functions for the first
kind. It is known that Lin(z), 2F1(a,b;c; 2), Jo(2) and I,(z) are power series with
real coefficients and convergent on the open disk D(0,1). Therefore, like in [6], we
can think to rewrite the inequalities given before under conditions from our theorems.
For example, if Lin(z) is the polylogarithm function, then we have

Lin(a'=0) < (1 = X Lin(a) + ALin(b) <

2
< Lin(a™ ) + A(1 = \) {log %} [dLi, () + dLi ()]

where d = max{a,b}, a,b € D(0,1), A € [0,1].

BUPT



14 L. CIURDARIU and N. MINCULETE

Remark 3.6 Let R be the converence radius of the power series Y o> anx™ with
positive coefficients, which has the sum f(x) on (—R, R).

(a) If a, b, ¢ € (—VR,VR) then there is the inequality

fa@®) + fa(0®) + fa(c?) = fa(ab) + fa(be) + fa(ca). (4)

(b) If 1, 2o, ..., € (—VR,VR) then there is the inequality

fa(@?)+ fa(@3) + ..+ fa(al) > fa(@im2) + fa(oas) + ..+ fa(@no12n) + fa(znz1).
(5)

Proof.
(a) If a,b,c € (—vR,VR), then taking into account the well-known inequality,
a® +b? + ¢ > ab + be + ca, which is true for all a, b, ¢ € R for every n € N we have,

a2n +b2n +02n > (ab)n + (bc)n + (ca)n

when a will be replaced by a™, b is replaced by " and c is replaced by ¢", and then
Z an(a®™ 4+ 0" 4 ) > Z an((ab)™ 4+ (be)™ + (ca)™).
n=1 n=1

When m tends to infinity we get the inequality from (a).

4 Applications

1. We know the following power series: log (ﬁ =3, %x”, for any |x| < 1.

Therefore, if we take the function f(x) = log (ﬁ) , then using inequality (4),
we obtain the following inequality:

(1 —ab)(1 —be)(1 — ca) > (1 —a?)(1 —b*)(1 — 2), (6)

for every a,b,c € (—1,1).
This inequality is equivalent to the inequality

a® 4+ b? + ¢ +abe(a+ b+ c¢) > ab+ be + ca + a®b? 4+ b2 + 2a?, (7)

for every a,b,c € (—1,1), which implies the following inequality:

1
a>+ b2+ >ab+be+ca+ §[a2(b — o)’ + 0% (c—a)* + P(a—b)?, (8)

BUPT



Some inequalities for power series with positive coeflicients 15

for every a,b,c € (—1,1).

Inequality (8) proved the inequality
2(b— )2 +b%(c — a)? + *(a — b)?

2 2 2 a
b >ab+b
a“+b°+c>ab+bc+ca+ atbt 0P , (9)
for every a,b,c > 0, which implies the following inequality
2 b— 2 b2 _ 2 2 —b 2
3(a2+b2+02)2(a+b+c)2+a( o) +b(e—a) +c(a ), (10)

(a+b+c)?

for any a,b,c > 0.

References

1]

2]

[9]

Callebaut, D. K., Generalization of the Cauchy-Schwarz inequality, J. Math.
Anal. Appl.,12 (1965), 491-494.

J. B. Diaz, F. T. Metcalf, Stronger form of a class of inequalities of a G. Pélya-G.
Szegd and V. L. Kantorovich, Bull. Amer. Math. Soc., 69 1963, 415-418.

S. Furuichi, N. Minculete, Alternative reverse inequalities for Young’s inequality,
Journal of Mathematical Inequalities, Vol. 5, Nr. 4 (2011), 595-600.

S. Furuichi, N. Minculete, C. Mitroi, Some inequalities on generalized entropies,
J. Inequal. Appl. 2012:226, 2012.

A. Ibrahim, S. S. Dragomir, Power series inequalities via Buzano’s result and ap-
plications, Integral Transforms and Special Functions, Vol. 22, No. 12, December
2011, 867-878.

A. Tbrahim, S. S. Dragomir, M. Darus, Power series inequalities via Young’s
inequality with applications, Journal of Inequalities and Applications, 2013,
2013:314.

W. Janous, Problem 1861, Crux Mathematicorum 7 (1993) 203.

Z., Kadelburg, D., Duki¢, D., Lukié, I., Matié¢, Inequalities of Karamata, Schur
and Muirhead and some applications, The Teaching of Mathematics, Vol. VIII,
1(2005), 31-45.

D. S. Mitrinovi¢, J. E. Pecari¢ and A. M. Fink, Classical and New Inequalities
in Analysis, Kluwer Academic Publishers, Dordrecht, 1992, 764 pp.

[10] C. Mortici, A Power Series Approach to Some Inequalities, The American Math-

ematical Monthly, Vol. 119, No. 2(February 2012), pp. 147-151.

BUPT



16 L. CIURDARIU and N. MINCULETE

[11] S. Simié, Jensen’s inequality and new entropy bounds, Appl. Math. Lett. 22
(2009), 1262-1265.

Loredana Ciurdariu — Department of Mathematics,
"Politehnica’ University of Timigoara,

P-ta Victoriei 2, 300 006, Timigoara, ROMANIA
E-mail: loredana.ciurdariu@upt.ro

Nicusor Minculete
Transilvania University of Bragov,
Street Iuliu Maniu 50, Bragov, 500091, ROMANIA

E-mail: minculeten@yahoo.com,

BUPT




 
 
    
   HistoryItem_V1
   TrimAndShift
        
     Range: all pages
     Trim: fix size 8.268 x 11.811 inches / 210.0 x 300.0 mm
     Shift: none
     Normalise (advanced option): 'improved'
      

        
     52
            
       D:20110218090125
       850.3937
       A4_mod
       Blank
       595.2756
          

     Tall
     1
     0
     Full
     939
     231
     None
     Right
     5.6693
     0.0000
            
                
         Both
         1
         AllDoc
         1
              

       CurrentAVDoc
          

     Uniform
     621.2126
     Left
      

        
     QITE_QuiteImposingPlus2
     Quite Imposing Plus 2.0d
     Quite Imposing Plus 2
     1
      

        
     42
     49
     48
     49
      

   1
  

    
   HistoryItem_V1
   InsertBlanks
        
     Where: before first page
     Number of pages: 2
     same as current
      

        
     2
     1
     4
     548
     351
            
       CurrentAVDoc
          

     SameAsCur
     AtStart
      

        
     QITE_QuiteImposingPlus2
     Quite Imposing Plus 2.0d
     Quite Imposing Plus 2
     1
      

   1
  

    
   HistoryItem_V1
   TrimAndShift
        
     Range: all pages
     Trim: none
     Shift: move down by 8.50 points
     Normalise (advanced option): 'improved'
      

        
     52
            
       D:20110218090125
       850.3937
       A4_mod
       Blank
       595.2756
          

     Tall
     1
     0
     Full
     939
     231
     Fixed
     Down
     8.5039
     0.0000
            
                
         Both
         1
         AllDoc
         1
              

       CurrentAVDoc
          

     None
     621.2126
     Left
      

        
     QITE_QuiteImposingPlus2
     Quite Imposing Plus 2.0d
     Quite Imposing Plus 2
     1
      

        
     13
     51
     50
     51
      

   1
  

    
   HistoryItem_V1
   InsertBlanks
        
     Where: after last page
     Number of pages: 2
     same as current
      

        
     2
     1
     4
     548
     351
    
            
       CurrentAVDoc
          

     SameAsCur
     AtEnd
      

        
     QITE_QuiteImposingPlus2
     Quite Imposing Plus 2.0d
     Quite Imposing Plus 2
     1
      

   1
  

 HistoryList_V1
 qi2base





