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IMTRUDUOEHE

bpeclelletl el dlveraelar donenil de activitete au faat.alnt 
01 ver fl pemenent aanfrunta^l ou ecua^ll aperatarialo (?x a a , 
F t X —a Y , X,Y apa^ll^do a diveraitato da tipuri, care ae cer 

rezelvato.
In general, nu eate poaiail da a deternina explicit eolutia 

ecue^iei (Fx - a) aau, dacA aa poate, forma el explicit^ eate attt 
de conplicatA tncit ea eate loutlllaaoilA pi din aceat motiv cau- 
tAn a aolu^ie aprcximatlvA.

In cadrul epraxlmArii aolu^illor oouelriilDr, atcdlul metode- 
lor iterative ocupA un lao important.

In preaenta lucraro, ae aoordeezA rezalvarea ecaa^iilar ope- 
ratariele nellniare tn ape^ii finit dimenalonale aau apa^ii Hiloert 
reale, ocuefli care provin din diacretlzarea unor eoua^ll dlferon- 

^ialo nellniare, tn end apeciel a ecua^iilor an diferonte cafeapun- 
zAtaara prehlomelar la limitA allaoale pentru ooua^il diferen^iale 
alah nellniare, aau cvaalllniaro, pradlemel Dirichlet pentra ecae- 
^ii eliptloe alee nellniare. btnt prezentate netedo nenerice ite­
rative praprli aan geaeralizAri ale unar netade iterative cunoscu- 
te, inploaentate pe oalculatar.

Praolena la linitA ollaaalA pentra eauatii dlferen^iale alao 
nellniare preoue el aetada aa diferan^e pentra rezalvarea numeric^ 
a ei an feat conalderate de P.Henricl [17], M.Leea , M.heller 

^22j, J.Douglas [loj, ^eoanaM ei altii. M.Leea (27^ a dat a 
toorenA do oxiaton^A oi onioltato ci a oatinut condign ainpla do 
convergenfA pontru netodelo on diferenfo. aozultatolo lui M.Leea 

01 M.H.bchnltz ^20j relative la rezalvarea nonerlaA a proolemel la 

linitA oilacalo pentru ecna^il diferenHale oveaillniare prln neto- 

do ou diferen^o finite au fact ao^iaute pe oaza generalizArll prin- 
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cipiului de punot fix Leray - boheudor pentru operatori A-coo- 
pacti. toorio dezvoltatA de W.V.Potryshyn ^4?7. b.Aaniel Eia7 . 

In Capitolul 1 outorul oonatruleate o te^rlo de tlpul h.Loea re- 
lacIva la rezolverea prooleoei Dirichlet pentru ecuatii cu derl- 
vate particle ollptlce alee neliniare prin wotoda on difereate 
finite ataadard (in cinci puacte) AoeaatA proolomA a feat 
considerate de L.dera^bJ. NvLevlnaon [^2^7. b.V.Barter 42 . 43 , 

J.Douglas [loj . L.dora, intr-o lucraro ounoaoutA f&7 a ardeet 

cA aolatill* oouotillor cu difereote finite atandard cooverg la 

solutia proolemei continue In oonditii suficiont de largi prin- 

cipele conditio filed (1.13) . Aceote rozultato an feat gonora- 
lizate do actor [557* Intr-o oorio do luordri [437. &47. b.V.Par- 

tor a atudiat notodele on difereote finite atandard ?1 on dife- 

ronto finite corootato pentro ohtlneroa cool aolutii ^azinalo" 
(in cazul ^n care problema edaito sal oulto aolutii)* Mentions* 

de aaemenee rezultatele lui J.Douglas [lo7 aaupra wetodoi diree- 

tiilor alteroante pentru eouatiilo co diforente finite atandard. 
Conditio principalA iwpuad de J-Douglaa conditio (1.14) . oal 
slabd decit conditio oeruta do L.doro eeto utilizotd pi tn atu- 

diul noatru co $1 conditio prinoipolA.
In Cepltolul 2 ae atudiaaA convergonto locelA a unor ootode 

iterative pentru ecuetii nelinioro in apotii finit dinensionole 
aau in apetil Riloert roole. b-ou conaiderat ecuatii de foroa 
(1.4) care provin din diacretlzaroo unor ecuetii diforentiole ne- 
linlare (proeleme cu oonditii la lioitA) see do fornd mai gonera­
id (1.11). Astfel, ao genoralizoozd o notodA itoratlvd diroctA 

claaloa [^5^ pentru ecuetii de forwa (1.11). ao otudiazd o 
voriantA a motodei dlroctiilor alternanto pentru oozul neliniar
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considerate do Kollog ^23j pi so gonoralizeazA f$2j o motodA de 

tip gradient considerate do Alteon In cazuri particulare
so obCin anole metode iterative cunoaoute.in general co condiCii 
do convergence mai slaoe, ceoa co oorospunde co faptul oB condl- 
Ciilo oonaiderate aslgura nunai o convergence locale.

MenCionAm ce probloma rozolverii numerice a ecueCiilor dlfe- 
renClale neliniare, tn nod special a ecoaCiilor cu diferenCe co- 
reapunzAtoore proolemolor la limitA de tip eliptic alab neliniare 
a foot considerate do numeropi autori. Aatfel Aera ortega pi 
Rocboff f39j iar mai recent Gorge! ^14^ an conalderat metoda Qausa- 
i^eldol neliniare (metoua i^oR cu parametrul de relegate 1). ^ou- 
glas (loj pl Gunn [15J eu atudiat metoda direcCiilor alternance a 

lui Peacomon - Rochford ^44] pentru ocueCii eliptice neliniare iar 
^corocogatko pi Mamunyo L61J au conalderat o motodA spoclaie de 

aprozlmaCii auccoaivo. Intrucit ecueCiilo cu diferenCe aint in ge­
neral lacunaro (sparsity) deriveta Prdohot fiind o matrice rarA, 
metodolo oumerlco atudiate tn Capttolul 2 ae referA la ecuaCii oo- 
liniaro do ooost tip. Motodole de calcul ou matrice rare pentru a 
fi oficiente trobuie aA beneflciezo de proporCia mare de elemento 
nule din eoeato motrioo, ceea co creeozA neoesitateo conaidorerll 
unor tehnici apeololo de memoraro, programare pi anallzA numerlcA. 
o oorince oeenCialA tn programaroa matrioolor rare oooatA to memo- 
rareo pi eveeutareo operoCiilor numerloo numal co elemeote nenule 
olo matrioei, do o aalvo momorlo pi timp do calcul.

MenCionAm cA tohnlcilo do prolucrore a matrioolor rare de sari 
dlmeoslunl roprozintA uo dcmoniu de oercetaro relativ oou (prlmele 
oonibrince pi lucrAri de alotosA consocrote aceatul suoieot dateazA 
din aoll 1969-1971) pi cA impootul matrioolor roro aaupre aoftware- 
lul do opllcasli pi chiar aaupre tehnologlilor tn tohnlca de calcul 
onto considorooll.
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In Capitolul 3 <1 tazei atnt prezeotate tehnici spacizle da 
raalizare a prograeelor calculator pentru cetodele numarice pre- 
zentate tn Capitolul 2. azpleattnd prepriotataa de lacunaritate 

a eouetiilor cu diferen^e, tn vederea ob^iwterii unor prograue per 
forwente L58j. Progrewele aatfel ob^lnute pot fi cetalogate tn- 

tr-o bibliotocA sursA. In ultiaul paragraf al Capitelalni 3 aa 
aplicat oercetArile noestre la rezolvarea unor prcblawe conorete 
din electroenergeticH E$oJ *

In tbtelitatea lor cele trei oapitole roalizeazA o tratare 
coKpletAaauoieotuloi de la fandamentAri teoretice ptnd la pro- 
cedee naaerice $i prograaa calculator.
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C1PIT0HJL 1

1CUATH CO JIFaMWTK CORA&JWZlTt-AR*
PROaidHdM! Id LIMIT* ULIWIAME

la oaoat capital ao coaaldord ocaoClila cm diforoa^a coraa- 
paaadtaara maar praalaao la Halt* aallalara t prablaaa la Halt* 
Cllaaald pontra ocaa^ll dlferoadalo alaa aallalara ci cvoalliai- 
ara cl proalcaa ^irladlat paatra aaaa$ll allptlca alaa aallalara. 
Raaafilla cu alfataa^a caaaldorato ropraalatd araaplo tlpica ao 
acoa^ll aallalara lacaaara. la tart alat prazaa ata remit* tala 
lai M.Laaa [27]M.Laaa ci M.H.&chalta f28] ralatlwa la aalatcata 

Cl aalaltotoa aola^iiloa acaa^lllat ca difaraa^o raapoctiva pra- 
cw ci aaala ptoalaaa legato da eoavorgoot* ao Infill or praoleaelor 
diacrote la aalafiila praoleaolar coatlaaa. Da aaaaaaaa, ia para- 
graful 1.3 aa oooatralooto a toarlo da tlpul d.Leea rolatlwd la re 

aolworoo probleaoi Dlrieblot pootru acaa^ii ca dorivata par^iala 
aliptica alaa aallalara prla aatoda oa dlfaraa^a flaita atandard.

1.1. FROaLOU L* LIMITI 1HDGAM PKWTHJ MCU1TII DIFdRi!WPIA ^
bldW WMtlAR*.

Praclaaa la limit* ailaaaM paatra acaa^tl difaraa^lala alaa
aallalara proem* *1 aotada ca dlforoato paatra raaolvarae aomerlc* 
a al aa faat coaaidaraca da P.Haarici [17j* a.Laaa [^27]. M.Mller 
[22], J.Daaglaa ^la]. d altll. M.Looa [27] a dot 0
taarcad da aalatasd gl aalcltota ci a aa^laat condign almpla do 
coawargaa** paatra aotodolo 00 diraraaCo, raaultato pa aara la voa 
prozaata ia oooat paragraf.

1.1.1. 'Ototil al aatiaai iptrodaatlvo. Pia a aa iatrag
oroltrar cl a * (a + I)"*, ^al^laoo diacratd * {^j * 3*^3 - 

a a^l....^a 1^ o oca aaal cloitloaao aalforad iachiod o lator-

ooluiul I -[a,l] ; a - d - )o,lj wo fl dlvlztmooo aaiforod
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doachlod * actiniae Interval. Vm net* co x„ ndflnea faoc^il- 
lor reale r definite pe ? aetfel tnott r(o) = z(l) * e. Ante 
clar ci ool^inea X^ lozeatratd co opera ^1 lie de adunare el to- 

nnltirc on eealeri onienolto eete no opa^ia llniar de dioonalano 
a. Deed deflnio pe noma i)rj^ nerjr(t)) (nonitd ncrea uni 

fomd aao ncrea ace) atonoi dovine an specie daneoh real a- 
dioenalooal. Nal^ioea faoo^lller retie r definite pe d fdrd 
cendUlile z(o) * r(l) - o, otruoturatd tn ecelee wed, constitu­
te on apeflu donech co o 2 dlnonalnni ; van note eoeat apa^ia

*n+2 *
ca^&ht Valid. Ven ideotifiea ape Hal ca apapial reel o- 

dlnenaiooal jR*. deed r CX^ atancl a vo fl consideret an vec­

tor coloand avtnd ccopooantale Wj * x(tj), j - 1, ..^n. Von ati- 

lize, dapd caz^ temlnologla anal epapla de funopil aaa a apapia-

lai .
Deed aeC(I) el u(o) - a(l) w o, reatricpla lai a la ?

o von note do aaeoonea co a t aooaatd dad Id aoooifioafio a lai 
a na va proveoa tn general aonigaltd^i ; do ononpla. prin !)a^ 
vow infelego noma anlfomd a reatrioflol lai a la d. Montio- 
ndn od noma (anlfomd) a epatiolai C( I) o vm note co .

Vie ; ven note, pentm orioe t 4 n e 1,
t

- d r(tj)y(tj).

AO cede od <r,y definooto an prodaa interior pe epaxial 
X„. Noma lodaad do aoeat prodaa o vm note on H +N* . deal 
)tz]]^ = ponce verifloo on aearinfd od

Flo A t an operator dofinlt de
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Aa(t) * h"2[x(t+h)- 2o(t) *(t-h)J, t^d ,

Ci Aa(o) w Ax(l) m o. Sc ctio cA A eate un operotor llniar cu
aotriooa (nototA da oaoaeneo cu A)

(1.1)

SA obaervAa cA, dacA u&X!^(I), Au conatltue dlferen^a divizotA^ 

da ordinul dot a functioi u tn report cu paaul h. DupA cua ae 
Ctie aceaatA diferen^A eptOTiwaezA, tn otmnita condign derlvata 

da ordinal dot a funcfloi u tn penctele dlviziunli d ; aceat 
fapt aata aaan^ial pantru aprowiaarea aolu^iilor problewelor la 
lialtA oilocala (llnlore aau nellniare).

defineac da aaeaanaa operatorii dlferan^A al pa 
apa^iul X^^g cu volori tn J^g cu ajucorul rcla^illoa

* h"i{x(t+h)- 

D_w(t) - a(t-h)],

pantru erica t&d oi D*x(l) w -a(l), D_a(e) * a(o). Matricila
aooator oparatori atnt $

D*x at rapraaintA difaran^ala divizata do ordinul tntti 
("la droapta" ci roapoctlv "la attngo") ala func^iai a in re­
port cu paaul h. DacA notAu A^- D^D_ otunci ^^n^ —^n 
reatrlaHa lul I* I* coincide cu A.

cperotorcl - A fiind ainetric ci pozltiv doflnit. ae poote
def ini pe apetiul noma dot A de
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Ante evident oA

h!t^ * -4A*x,x>. - -<^.x,x -<^.<*>.^1 *

Utllizind eceeatA rolatio ee poete arAta (M.Leoa ^2?J. Iona 2) oA

pentra orioo x^X, even

i U.S, .

1.1.2. Problena la UnitA bilocalA alab oellniarA. Vow conai 
dore arnbtoorea prooleeA la linitA bilocalA elab neliniarA

a" * f(t,a) , t6 [o.l]
(1.2)

a(o) -cC , o(l) *

ande aint douA nonore reele date ior f eate o fane tie
real* definite pe & = ^(t.a)^e t 1, -co 4 a 4 + co j . SA eb- 

aervbn cA linitele .4 , ae pot conaldora Intotdeaana ogalo oa 

zero ; in adovAr. deed a onto o aolatle a proclenoi (1.2) $1 

dacA notAn g(t.v) * f(t,v ), node y(t) * /*t + << (1-t) .
atanci v - a - y eace 0 aolatle a proolenol

v" * g(t,v) 
v(o) * v(l) A o.

Invera, orice aolatio v 0 aooatel probleoo gonereazA o eolatio 

a A v + y 0 probloooi (1.2).
In continaere von conaldora problooo (1.2) in cere llnitelo

aint again co zero.
OBSEP^ATIR. Dio punctal do vedero oalcalalal nanerlc no

este intotdeaana atil aA IcAn 0 $ de eroopla. oalc*lal
lai a (pe o noltiwe diecretA) otoMi cind ae ceneooto v neco- 
eitA an clcla in plua in progronelo do oolcal.

JmAtooroa teorenA datA do M.Looa ^27j oonatitae anal din 

rezultatole princlpale asapro eziatentol ?1 anieltAtli aolatiol 
proolenei (1.2) *
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TSOMMA 1,1. Proaapanea cd f ar* derivate portiale de ori- 

co ordin to report co a oontinoe at cd

(1.3) inf f* * - ?

amnci orooleoa la llnitd bilooald (1.2) die_o_gola^Hji51gd.

Acoaatd teoreod gooeralizeazd on rozaltat prezentat do P.Henrici 
[17 J ceca proaapane cd f^ cate continad ci aatiaface rela^ia 

o &f^(t,a)& L pe b pontro o aoacitd conacantd L. Do roaar- 
cat frptol cd ooodiHa (1.3) proaopona cd eate adrginitd no- 
aai It at toga.

1.1.3. Dcoatti co dlferaato finite coroaporz&toaro proolo- 
oei (1.2). Sd proaoponen cd proeleaa (1.2) adaite o aolutie a 

3*(I). Aplietnd fOracle lai Taylor, ae obtino

Ac(t) - o"(t) a^\y ). o < y < 1.

Tinted coot cd a^^ oate wArginit! pa I, aven a" A Ac, aat­

fel tnctt in local ocaatiei a" * f(t,a) van conaidera ecoe^ia 
Ao * f(t,a). Io cod obiooait aolc^ia aooacei ocaatii eate apro- 
piatd de aolo^ia ocoa^iei ini^ialo der rozolvarea oi no este io 

general nai ainpld. 4J0 cocoa vow cdate o aolaHo a a aceatei 
ecaa^ii in apa^ial 1^ ci van naai probloaa aatfel ob^inatd pro­
blem diacrotd coroapaoadtoare proolaaei cootinae (1.2). used no- 
t*nt - (f tt]*a(ti)J....tf^tp.a(t*)J)* ecaa^ia diaoretd ao 
poate aerie auo foma

aodo A are foroa (1.1). *ato clar cd (1.4) cooatitao on aiatea 

nelinior de a ocoa^ii co o necanoacato, coopoocotolo lai z , 
n(tj), j * l,...,n. Too naai eoeat aiatea ocoatiile ca diferonte 
fioito ataodard coroepanadtoaro prooloooi la lizltd oiloeale (1.2)

Aoapra oooo^iilor (1.4) 00 pan amStoarola troi preblooo t
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1) Existent* Vi unicitotea aolatiai aiateaului ;
2) Convergent* eolutiiler aiatoaelor da feme (1.4), lotr-un 

anunit aona, 1* aoluti* prooleaei (1.2), etunci cind n —oo ;
3) Rozolvaroa !!uaeriod e aiateuului (1.4).
Hentionda cd, avtnd tn vedere feme porticulard e ocuatiil*T

(1.4),  ae pot construi proceduri apecialo de calcul tn vederea 
utilizdrii unai calculator electronic care ad oaiguro un conaun 

redua de aenorie §i de tinp unitate centroid. Aceaatd pro&lead va 
fi tratatd tn cepitolelo 2 ei 3 ale prezontei lucrdri.

preaupunea acum cd u6C^(I) ai *3 oonaiderdn tn dezvol- 

toroo tn eerie JWylor a functiei o temonii ptnd 1* ordinal 6 

incluaiv. no obtina

Au(t )* u"(t)^ u^\t) e u^\ ^) , o <. 1.

Tinted coot cd

rozultd
Au(t) e f^t,u(t)]^ Af^t,u(t)] e

A$ader Au f(t,u)+(h^/12)Af(t,u) el fozultd imediat umdtoaraa 

diacretizara pentru proolena (1,2) t

4<-a ootinut din nou un siatoa liniar do n ecuatii cu n necu- 
noacute care diferd do (1.4) prin partea noliniard. Von nuni acoat 
aistoo ocuatiile cu difereote finite corectato coreapunadtoaro pro 
Clenoi la linitd Oilocald (1.2).

1.1.4. Convergent*. Von note on 5^(1) nultineo functiilat
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ml* continue p* I 91 aatfol tacit o(o) ° u(l) * o. DacA c 

6C<,(I) 91 aAX^ vca tntelege prin c - a dlferenta dintre 
roatrictia lai a 1* d *1 a. Fla acorn [a"^ un 91f astfel 

tacit a* 6 I„* Fa* apun* cd 9irul [a^j converge la U6C*(I) 
dacA !{ a"- ? o , a—* oo.

TCorla lol d.Loea roforltoere la rozolveree nonerlcd a pro-
Oleoel (1.2) prin notode co diferente arc la oaad uradtoarea lead 

(loaa 6, [27]) *
LENA 1.1. Preaopunee cd f aatiaface rela^ia (1.3) si cd 

hf* oat* aatfcl iaett
^^^[j-(h^/12)] .

Deed h 91 a^y€^ aatiaface rolatiile

da * f(t.a)* q^(t)^
Ay - f(t,y)+ q^(t).

pontru t*d. atunci Ha-yM^ &r2d„[iq^- qgii , undo

2* * ______ 21_______
^[l-^lg)^?

Pa MM aceatol Lamo ae poato ohtine undtorul rozultat (^27]. 

tooreoolo 2 91 3) aaupra convergent*! aolutlllor ocuatiilor cu dl 
fcront* finite atandard la aolutl* problem*! (1.2) :

TEORjdA 1.2. acMBpuB9B_gd f oatlaface rolatlo (1.3) al cd 

h S h^. Atone! oMQtlllo ow diforontc flaite atandard (1.4) m 
$ VW ted a°6i,< IM " Mt* colutia arooleaol (1.2)

MM&i

bd ooaorvda cd din acoaatd tooroad rotultd cd deed n—*oo 

otuDci h—t* ai [{a - a"!^^—o, adied 9irul de aolutii ale 

octMtiil** co dlforonto finite atandard converge la aoluti* pro-
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Relotiv la ecaa^ille cm diferente finite corectate an om- 

ne ( [27] . teoremele 5 51 6)

Ti.osj*iM 1.3. tec* f aatiafaae re la tie (1.3) atunai ecue- 
tiile ca difereote corectate (1.5) aa e aelatie aalo* x"&X^ 

Matra h auficlent de ale jar eiral de eolatil ala aceatr 

ecaatli converge la aolatta prooleaej (1.2).

1.2. PRL-dl^MA LA LDilTl dlLDOAI* PbNIRU ECUATII 

DIF^R^^IIAL^ CVASniWIAM.

la aeeet peragraf von presents rezaltetele lai M.Laaa al 
M.H.Lchultz [28j relative la rezolveroa numeric* a proolenei la 
Halt* oilocale pentru ecue^ii dlferea^iale cvealllniare prin 

aetode ca difarcane finite. Aceate rezaltete aa fact oo^inate 

pe naze generaliz*rli principialai de panct fix Leroy - ^header 
pentru opera tori A - compact, teorie dozvoltat* de W.V.Petrya- 
hya [47], -n.Kaaiel [18], M.Leoa ?i M.H.bchultz [26J .

1.2.1. Motiuai iatroductive. Vaa ante ca C^(I) epaxial 11 

alar al faactiilor reele a, coatlaaa diforentiooile pe I *[o*l] 
$1 aatiel indt a(o) = u(l) * 0. Rec* pe C^(I) daflalm noma 

^a^^maxju(t)i +w*x[u'(t)!
I I

atancl C^(I) davine an spatin Aaaaoh real. Be apo^iel voa 

considera noma

ande D_ ante operatoral dlferen^A deflnlt la 1^1.1. bpa^ial 
Xg Tnzestrat ca aceeat* nom* dovine de eseweoee Wn apa^ia Ba­
nach real n-dimensional.

Pentra fiocare def lain an pperator * X^—^C^(T)

(x—*u - ^n(*)) d"P& can ameaz* <
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este po-

(noic)

(reapec-

1) daca c t a* atonci a = ^(r)

llnooal (aoic) de grad cel malt trel aatfel incit

"'j.l) '

2) deed t ^Lo,t^*] , atone! a * este polinosul 
de grad eel aalt del cartel toctr

ii(o) o , o'(t^) * D_T(r^)
a(t^)* n(t^)^

bd eOaervda cd pe fiecere interval 1 j o 
tiv pe ^o,t^), fooc^ia a6C^(I) earn ooreapaode eleneotclai 

v 6 eate definite de an poliooe de interpolate Hermite de ordi­
nal trel (reapectiv de ordinal del).

Le poate erdta ed 'f eate ao operator liniar $i cd existd 
o eonataotd c^ . indepeodentd de n, aatfel toctt

(1.6) , Vjrei*.

1.2.2. Prooleoa la llaltd oilocald ovaallloiard al ecwatii 
co dlforonte finite atandard. Conaiderda aradtoarea prooleod la 
llnitd Ollocald cveailiniard.

(1.7) a" c f(t,a,a') , t ^[o.l]
a(o) = a(l) = o

ando f oate o functie reais dofinitd pe L =^(t,a,a')to t4
1. -co 4 a, a' < + oo}. aacd prooapaoea cd proolemo (1.7) ore 

o aolaplo a^C^(I) iar f aro dorivatd portiald tn report ca 

o' oArgioltd, atuool
Ao(t) - ffc.a(t),D,o(t)]+ r , t^d,

ando D*o(t) w^a(t^h)-a(t-h)J/2h iar r aatlafoca (rj 4 c^h^ 

pootra o cottatantd Cg iodopendontd do o, A$edor AoTtf(t,a,D^a) 
01 deed notda
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(1.8)

razultd diacretlsaree (1.4) pentru pronlena (1.7). Ce ei tn en­
nui ulna neliniar* ecuatille (1.4) cu det de (1.8) 1* now nn- 
ai ecus Hile cu diferaote atendard coreapunsdtoare pronlenei la 
llnitd oilocale cvaallinlare (1.7).

Ven preaupune cd f eata da doe* oil continue dlferentiaoi 

Id pa & ; erica aolutle a problems! (1.7) eata in aeesc caz da 

eland pa fo.lj. Aauprn functiel f ae mat in pun ormdton- 

rele coodltii
Deed u este o aolutle a problemei (1.7) ntunci

f,(t.u,e) m 7 o , ei
(1.9)

{f(t,u.u')j u* ), pantru !u)^k^ , 

unde k^ * a** max^f(t,o,o)^ iar C eate o faec^ie pozitivA ei 

continud pe ^o.ao) astfel tnett

be poate aratn cd in aceate oondltli ju(t)j k^ ei 
]u'(t)j & kg unde kg eate o cnnatuntA care depiade numai de 

ki.
Putem eoaz enunta urmdtaerea tooreud aaupra problomol (1.7) 

31 a metoual cu dlferente finite pentru rezolvaree nunerloA a 

el (M.Leea ?i H.H.bChultz ^28J , teorena 7) !
TEORijiA 1.4. Dead f eate o functie de deed ori contlnuu 

diferen^iaPllA pe S el aatlsfeee condl^llle (1.9) atunci pro- 
Clena la limitA (1.7) are cel pu^ln o aolu^le u . ecua^llle cu 
diferente standard coreapunsAtoare an o aolutie x" pantru n

1 *1 1 fa?auflcient de mare el exlatA un aubcir *1
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DeeA tn plus f (t.z,*') > o atonoi se poate arAta cA aolu- 
^io o a proolomei (1.7) aate ooioA pi cA pirul j conver­
ge la a tn topologla spa^iului C^(I). Aproximarea oo^inutA cu 

ajutorul aolu^iei x* a proolemei diacrete, pe multiaea d, eate 
da ordinal h^.

be poate oo^ino de aaemenea on rezultat aimilar co cel din 

tooroma 1.2 pentra co Ml alao noliniar. Dooerece pirul polinoame- 
lor do iotorpolaro Kernite coroopuoaAtoaro unei func^ii, reapec- 
tlv derive tele lor, converge uniform la functia conaideratA, ree- 
pectiv JU, deriveto ei, aa poato arAta cA Jj^u - oil—to, n—too. 

Tinind oont pi do rolotio (1.6) raaeltA

ceoa co tnaeanoA cA pirul do aolutii x° al ocua^iilor co dife- 

ren^o finite converge la aolu^ia pro&loeoi (1.7).

1.2.3. Cea particular. conaidorAm prooleoe cvaaillniarA 
porticularA de forma

o' * e(u)u + f(t,e)
(l.lo)

u(o) * u(l) * o ,
unde a pi f atnt fuoc^ii reole definite roapoctiv pe (-00 ,
+ 00) pi { (t,u))o 4= t 4 1, -00 4 u 4 + 00 ) . DocA notSe a(z).
- ^ag[a(z^),...,a(Xg)J oeoa^iilo 00 diforoo^e atandard ad pot 
aerie oeO forma

fl - o(z)Jz -<%>z * o,

unde A pi eu aemnifica^illo din parogroful 1.1. ijocA notSm
A(x) - Ayj- e(x), aceato ecoa^ii devin

buo eoeaatA formA eeoetillo on diferon^e oreziotA anomite avaotajo 
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din puoctul de vedero al algorituolui de calcul noaerio (porogra- 

fole 2.2, 2.3, 2*5).

1.5. PROBLEMA DIRICHUT PENTRU ECUATII ELIPTICE
bLAd NsLINIARE

In aceat paragraf von construi o tootle de tipel M.Leoa re­
lative la rozolvaroa prooleaei Dirichlot pentra ecuatii oa deriva- 
te portiale eliptioe alao nelioiaro prio aetodo cu difereote fini­
te atandard (in clnci punoto). AooeatA probleuA a font consideratA 

de L.dora [6] , N.Levinson [29 j, b.V.Farter [42j,[43j, J.Douglas 

[lo], L.dora, iotr-o lucraro cunoscetA [bj a arAtat cA solutiile 

ocuatillor cu difereote finite atandard convorg la aolufia proolo­

ne! continue in onditii suflciont do largi prioclpola conditio 
fiind (1.13) ; aceate rozultato vor fi generalizate [55J tn capi- 
tolul do fatA. Intr-o serie de lucrArl [42],{43j, ^.V.Parter a 

studlat netodelo co difereote finite atandard ei cu difareata fi­
nite corectoto pentru obtinerea unel aolutii "aarluelo" (in cazol 
in care problem adnite eel suite aolutii)- MontionSa do eaeaenea 
rozultatelo lul J.Douglas [loj aaupro aetodel direetiilor alterna­
te pentru ecuatille cu difereote finite standard ; eonditia prin- 
cipalA inpusA de J.Douglaa conditio (1.14) , mai slaoA docit con­
ditio corutA de L.dors, va fi utilizatA $1 in atudiul noatru ea si 
conditio prlncipalA.

1.3.1. Notatii si ootluoi introductive. Fie D*[(t,a), o<
< t, a < 1 j patratul unitoto din T frontiora lui D el 

J = Dt/P . von note cu G^(D) aoltinoa fuoctlilor roole u, de 

n ori cootinuu diforontiobilo pe D pi aatfel incit a tp s o. 
Pentru almplificareo acriorii un punct oarocoro (t,a)e D vo fl 

notat P.

Von considers urs5toerea proolooA Dirichlet pentru ocoatii
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on darivata parti* 1* oliptiaa also naliniaro (pa acurt proolewa 

Diriahlat allptloA alad naliniarA)

unde f eats o functie reais defioitA pe S = ^(t,s.u)[o 4 t. 
a^-1, - oo u + co Jr . D?cA f satisface anunite ccoditii de 

eats pozitlvA, ttstazira" (da oxemplu^42j) iar

atuoci proolaaa (1.12) ara solatia unicA. Jo aaamanea ecuetiile cu
difaranto finite standard au aolutii uoice iar $4.rul aolutiller
aceator oouatii converge la solatia prooloeal (1.12). J.Douglas 
tie] a atuciat aetoda diroctiilor alternate pontru rezolvjrea nu- 
aarleA a acuatiilor co diforonta finite, impunind aonditia nai ala- 
OA
(1.14) f<.(P,")2,-7>-2y2 . (P,d)^S.

Fla a oa introg arditrar pi A - (a a I)"*. Ca pi ia cezol uni- 

diaanaional, aoltlmaa diacrarA d * 4j = jh ,
i.j * o,l,...,a + 1 j o voa naai rataaua upiforaA inchiaA a pat^a-

* l,...,a j 

d-d pi 
contina
* 2)2 puoc­

ta din aaalapi patrat. Voa nota cu ooltlmaa functiiLor reals
jc daiiolta pa d aatfel incit Jt(F) w o, / d- ca r func-

^1
fill* a fArA aoaaotA caoditia. Hruoturate ca pi io paragraful

tolui onitate
uoiforuA daachiaA a lui D. Voa nota

pooota

vor fl apatii Haaach raala finlt dimaoaionala (cu
dlBaoaiuni). Ca pl in oapol uBidiwonaional.voa 

identifies spatial X* cu apatiol real a-dlaenaianal tR*. Jo ala-
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went x din X^ ceaaiderat ca vector ooloand dia Kt* va avea

ooaponentele * x(t^.a^). i.J * l*...^t wade oeavenia ca

primal indieo care ae modified ad fie i, adicd a c (x^^....
., ^Y,...,XY^,....a^)rioeea^i obaervetio eate valabila pi pen 

tru Deed u&C„(D), reatrictia lai u la T ovom note 

de aaebenea ca a.
Fie x,y X^ { voa note, pentru orice k ^o, ^a 1, 

be vedo cd ^x.y deflBepte an produ^ interior pe spatial 
X^. Norma induaa da scent produa o vom note cu j, < . i^e poate 

verifies cu upurintd cd

(1.15) !! x x !!, a K*.

1.3.2. Diferente finite. Fie A t Ip —Xp operatorul de-

finit de

- 4x(t,a)J , (t,a)6d .

Ax(t,a) co , (t.a) f .

^e poate veriflca cd A ecto liniar pi cd netrLess lui A, de 
dimenaiuni n x n (n = este conatituitd dip blocuri de di­
mension! a x a pi are forms

/3I u\ /-41 t.\
fl.'. \ ] 1 ' ' . ]

(1.16) A c h"2f * . * i, unde '
! ' . ' I J t ' . - 1

\o Id/ \o 1-^/

lor I sate estricea unitata e x a diaensioneld.
Deed u6 G^^) ae poate ardto cd 2^ " pe d Lrela 

tie (1.17). reletie pe base edreia as obtin ecMtiile eu diferen
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5* finite standard coresponadtoare proolemei (1.12) .
Voa conaldera de aaeaeoea operatorii diferent* de ordinal in

til tn report cu t, D* , t 

.. .!^ . X^—> X,^.

Operator!! atnt defini^i de

91 reepectlv tn raport

r(t.a)= h*^[r(t+h,s)-x(t,e)J, pe d - {(l.Sj).j = o,...,m+l^

T(l.s)= -h*^T(l,a) , a ^{Sj, j = o,...,m+l^,

D

x(t,a)= h*^[x(t,s)- x(t-h,s)J pe d - ^(o,Sj).j = o,...,m+lj

^e poate verifioa o$or cd aint linieri $i cd

dlmensionllo lui C fiind (m+2)i(m+2).
Operatorii so deflneac tn mod analog $i ancme

3f(t,a)^ h*^[x(t,8^h)-a(c,a)] pe d- j(t^,l), i = o,...,m:lj

x(t.1 *h a(t 1) . t ^t. 1 — n****^ci+l

a(t.a)^ h t^a)*x(ta^b)J . pe d^ ^(t^.o)^ 1 o^.**.m^l

d2.a(t,o)* h*^(t,o) . t 6{ti . 1 * o,....a^l) .

D* $1 aint de aaemenea llniarl al 

ando I eate matrices aoitate (a+2)jr(a+2) dimensional*.
Voa note poate arato c* onto con

atituitd din Olocari de dimension! (m+2)r(m+2) $i cd are forma
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Bi $i Bg avind dimensiunile (m + 2)x(m + 2). Restricts lui 
A^ la coincide cu A.

Vom introduce acum pe spaniel 1^ norma -^Ax,x^
Tinind cont ca -A este simetrioA $i pozitiv definite ([4oJ sau

se poate ar ata ca intr-adevAr )) *!^ satiaface condi^iile
unei norme (pentru inegalitatea i!k + y^ IfxM* ^^y^ se utili-
zeaza inegalitatea lui Schwarz generalizatA).

t T a A ToA ooservam ca, deoarece = -(D_) ^i 1*^ * -(D_) ,

avem pentru orice x <rX^ <

H*l^ = ' < ^1.. = ' < *H*-* =

= , ...t /
LBMA 1.2. DecA atunci 2^2 ffxj^ *
Demonstratie. Fie k, dot intregi eatfel incit 1 k,
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Da aid zezultA
m+1

"*Kg °

Jtilizind inegalicatea lui achwazz $i faptul ca
m+1
22 a = i,
i=i

se
obdna m+1 m+1

m+1 m+1.^1/2,1/2)^ ^,l/2^1/2(^)^

. + < pS, , D^i > 1^,

Tinted cont cA pantzu orice a,b pozitivi even a^2 + 
f2(a + b)i/2, zezultA cA

4 VT > + ^ D^x.D^x ?J = ^2^!^

$i lama eats demonatratA.

1.3.3. Adaatii cu difezaata finite a^atdazd. ^A pzeaupunem 

cA pzoolama (1.12) aza o aolutia a da patru ozi continue dife- 
zan^iabilA pa D. Atonci aza loo ([11], teozaaa 2o.8)

(1.17) Au(P)- u(P) . t-B) + a^(t.^)] .

unda t - h t + h, a - h < + h. La alci zezultA cA
A a Au, aatfel iucit in locul ecuatid 4u = f(P,u) din pzo-
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bleaa (1.12) vow considers ocuatia Ao *= f(P,u). Von determine 

o soluble a ei in , rezultind astfel probleaa la linitA dis­

crete,
Ai * f(P,x) , P<=d

(1-18) , f
*hr * °-

DacA notSm, ca $i in cazul unidimensional, ^x (f^Y,x(P^)J, 

o.tl- 

nee urm&torul sistem de ecuaCii neliniare

(1.19) Ax - ^>x o ,

cu A dat de (1.16), sistem care constituie ecuaCiile cu dife- 

renCe finite standard corespunzatoare proolemei (1.12) *
In continuare von analiza existence $i uaicitatea unei so- 

luCii z° a ecua^iilor (1.19) $1 convergence sirului la 

solatia problemei (1.12), in analogic cu teoria lui M.Lees [27j 

pentru problema la limit& bilocalA slab neliniarA. Ipoteza fun- 
damentalA pe care o vow face esto cA f satisface condiCia (1.14) 

considerate de J.Douglas (loj pentru studiul metodei direcCiilor 

elternate, conditio analoagA cu (1.3) pentru cazul unidimensio- 
nal.

Von da tn preelabil douA leme pregAtitoare.
LENA 1.3. Presupunem ca f satisface conditia (1.14) si 

fie hp astfel incit
<2^^[i - (h^/i2)y^] .

DacA h < h„ x,y(Xg verificA relatiile

Ax f(?,x) + Qi^P), 
Ay . f(P,y) + qgCP), 

pentru orice Ptd, ^tuncj ]]x - y^ & ande

--.
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Danonatratla eat* tntro total aneloagA co d*nonatr*tie laoei C 
die [27]* binguro d*oa*Dir* core apar* cote acoaa cS caa nei aied 

veloare propria a natricel A datA do (1.16) octo * 
8h*^sin^(yh/2) (M sac Lie]) ^3 loc de 4h*^sin^( 77*^2) 

?1 pain umara lizitele let aint
2?*^^1 - (h2/12)y^ 2^.

Din aoeaatd lend result* inadiat urodtorul corolar ;
C0RCI4R. Pood f aatiaface (1.14), vroolana uiactatd (1.18)

MO eolutio UO1G&.
LniiA 1.4. Pec^ f aatiafac* conditio (1.14) X eate p 

aolntle a ecuetiej (1.13) atunci

(I.20) j[ Jcf^ (2 (2 f2)*\ttf Jf .
0

node * f(P,o).
lononatratie. Prine inegalitate reeultd direct din lean 1.2.

Pentru deaonatrarea celei do a doua inegalitdi, apllcAn lena 1.3
in core q^(P) - o oi leda yep. in acaat car q^(^)^ -f(P,o)= 

- -fo aatfel locit *

TBtRAMl 1.5. Deed f aetlafaoo condltia (1.14) atunci ecac- 
tiilo co difereote finite (1.18) aau. oohlvaleot. (1.19) M 9 
aolHtlo ooied 3t"e I..

HVMtMtH- n^tdo^ 

r(P,a) . .
0

Paotro fiecare conaiderda om&toaree problewd la licit'!
dlacrotd

Ay = V(P,jt)y + f*(P) ,
(1.21) .

xlt-- *-
Yon ardta ed (1.21) are o aolatio enied.

P6 d

In aceat coop conaidetAa
arndtoorolo prooleno diacreto cu valori initial*
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Ay^ * (F.z)y^ +
y^(t<^) * y^(o,a) * o ,
y^(t,h) o , y^(l^a) " o ,

Ay^ " !7*(P^x)y^ , ^ = 1. a ,

yY^(^*o) " o , Fin^'*^ = o
yY^(t.h) *<X-*j < y^^I*s) = o

anus * 1 pontru t * j 91 * o peotro t 4 j. Eate
clar cA aceate proHeee au aolutii uaice care ae pot doteraina 

printr-ua proeoa de calcul recuraiv. Fio y^ ei reapectiv y^ 

aolutiile aceator prooleme $1 fie
a

(1.22) z(t,a) = y^(t.a) - 22^ o^r^(t.s) , (t,a)&d.

tsA oOservSa cA a aattaface (1.21) (fArA cotMiitia z^e o) ^i 
cA z(o,a) = o, z(l,a) * o, z(t,o) = o. Vom dacaralM acua coo- 
atantelo c^ aatfel incit z(t,l) o atuoci zi^. * o, adicA 
z va fi o soluble a prccleael (1.21). Dio 1.22 $1 dio aonditia 

z(t,l) = o, rezultA peotru c^ uraAtorul aictaa liniar

c^y^(t^.l)^...^ %y^(t^,l) * yi^n'D*

^teraloaotul acaatul alatea oata difarit do zero. Intr-odevAr 

dacA acoat doteraioant ar fi zero, atonal ar eriato conataotele 
c^,...,c^ * oo toate nule, aatfel iooit 

c^yYY(t.l) +...+ c^y^(t.l) - o.

Pte atuoci - c^y^^ ^...+ c°y^ ; eate ol<ir cB verifloA 

probleaa la lieitA
e U"(F,x)ZY

'lif*
Pe de altH parte, dacA c^ 4 o, atuoci z^tt.h) = c^ 4 o $i
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aceaatd problem^ ca oai adzite aolu^ie onicd, to contrazicere cu 

corolarul lead 1.3.
Prin oroere, prableoa (1.21) odaite solatia (1.22) cu conatan 

tola c^ determinate da (1.23) al conform corolaruld auintit, 
aceaatd aolutie eaca unicd.

Tlaacum r^(2^?)*^k^f^^ al Sw^x{ijx^^r^d X^. 

Definim oparatorul T t E —a pric Tx = y undo y ante ao-
lutta problamei (1.21). Conf ora lamei 1.4 jjTy^ r $i
dad T eplicd afere S tn ea fnsdd.

Ed arStdm cd T este un operator continue. Fla x^.x^ S $1 
y^.yg volorilo coreapunzdtoere ala lui T , deci

Ay^ - T (T,x^)y^ f.(P),

* t7*(P.Tg)y2 + f.(P).

uacd ootdo y * 7^ * 7g ?1 acting

Da aici razultd 

= U*(^*x^)y^ -V(r,Xg)y- =

" cr(P.XY)y

aao
hy!i^ * (C(P*Xi)y,y)+(iIy2,y).

. 1
Cum - V^.x^) ?i it y )i y Tbtlixm

A$a dor

CA,(1-

^i pria umaro, Sinind coot de loaa 1.2 de (1.15) rezultd
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, i 1-1/2,] 4 (2 V2)"1)y^ ^(2 f2)*^H^j)yg]t.S (2 f2)'^h k.r<H]fg

Fie tew* f ? o aroltrar ; intraait f- ante continoA, ealstd
o aatfel tacit, dacd ])a^ - ZgH^of* atancl

)t 2 C2 6 h^k.r)"*,

pontra orlce y & E*,1J * i^rin nrware j]H]^ 2f2^h^(k^r)*^

ql tt yJ)^ S , adlci 1 cate an operator continaa pe <& ca ve- 

lorl in a. Cooforw tooreeel lai drewdor I ere un ponct fla 
a** 6 L.

Pe de eltA perte eate o aela^ie a lai (1.18) iatradt 

C*(p,y*)n" * f(^*,r°) ?i tiniod coat da corolarol loeel (1.3),

i" este unlcA. Teorena eate deol dewooatratl.
TEOREMA 1.6. Deed f natlaiaoe cot^dltia (1.14), ** ecto 

aolntle ocuatillor on dlferoote (1.19) n eate o celetle a 
problemel (1.12), ataoci

p
)l T°- (a rsrV- .ii^ 4 ^".11, .

onde - a ^( ? ^,a)+ a ^(c, t + h,a-h < a h.
t * e

lieaooctratle. Eate aaflolent aa demoaatrdQ inegalltatea a done
Tlnind cent do (1.17), even

h2An * 4 s + f(P,n) + -^-

Can Aa" f(P,r°), loegalitatee cerotH roeoltA tmedlat din loan
1.3 in care = (h2/i2)M^ lar e.e
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CAPITOUTL 2.

COWVEHGaNTA LOCALS A JNLR EETODB ITERATIVE

In aoeat capital an stadiazA convergence localA a unor meto- 
do Iterative pontru ecoa^ii noliniare in apa$tl finit dimensione- 
lo aaa tn ape sit Hiloert roale. ^-eu considerat ecaa^ii de forma 

(1.4) care provln din discretizcrea unor ecua$ii diforen^iale ne- 
liniaro (proolemo ca conditii la limitA) ecu de fomA mat genera­
ls (1.11). Aatfel, ae goneralizeazA [51] o metodA iterative direo- 
tA clasicA [5] pontro ecua^ii de forma (1.11), ae studiazA [57] o 
variantA a metodei diroc^iilor alternate pentru nazal neliniar 

conaidoratA de Kellog [23] ?i ae gooeralizeazA [52] o metodA de 

tip gradient conaidoratA de Altman [lj,[2j . Tn oazuri particula- 
re se oo^in unele cetode iterative cunoscute, ij general ca condi- 
tti de corvergentA wai alabe, coea oe coreopunde cu faptul oA con- 
di^tile cooaidorate aaigurA noeoi a convergentA loealA.

Mentions nA proolema rezolvArii nunerioe a ecuo^iilor core 
provin din disoretizorea anor ocus^ii diferec^iole nelinicre, in 
nod special a ecuu^iilor ea difcren^o oorespunzAtoere prcolemelor 
la lieitA de tip eliptic ciao oeliniare a font consideratA ae ou- 
aeroni autori- Aatfel, dera [6], Ortega ^i Rockoff [35] ier mei 
recent Gergei [la] an oonsiderat vetoes Gauss - leidel oelinlarA 
(aotoda &eR - bucceeaivo over Relaxation - cu parematra do rolaxa- 
re 1). Jouglaa [lo] ni ^uoo [15] au utuaiat zetoda direcHilor al­
ternate a lui Foecetan - dtachferd [44] pentru eoaotil oliptice ne- 
liniore iar ^coroeegattce ni dewunye [61] au oonoidorat o setodA 
apecialA de aproxina^ii ooocosivo.

2.1. IFTRCDUCEM
Tn aoeat paregref iotroductiv vom prezeota unele lews simple 

do analizA pe opotfli danaoh st deuA toorome de convorgen^A locelA.
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Do oaooenea voa prociM no^lonaa de operator aonotoa pl vow pt* 

nene a tooreao de aurjootlvitoto * lei Mlaty.

2.1.1. Lone prollalaore. Fl* B un apotlu Baoooh real, L(3) 
ape^lul Baaach al operatorllor llniarl $1 nSrgiai^i de la B la 

3 61 A un operator (aellalar) doflnit pe B cu valor! Io L(B).
IBKA 2.1. Preauounew c& A oate diferertlotil Frdchet io 

i° B al f io y ua eleweot arBltror din 3. A^pc^, ppprato^l
T ; B —3 defiait de Tx * A(x)y eato dlferentlaoll Frdchoi 
la i°-

Deaoastretie. 3ezultd iaedlat die dlferen^laallitotoo Fr^ohet 
a epetatotalJl A in x^ pi dio faptul cd operatorul A^t 3—?B 
deflnit do A^h = A'(x*)hy eate linlar.

Io coatinuare voa nota dorlvata Fx^chet a operatorulei T 
la puoctal x** cu [A(x)yj , deci

LXMA 2.2. ^ca opoxatotii A ! 3—>L(3) jg^ ? ; 3—>3 aint 
diferontioalll Freshet ia x°, ^jupcl opeMtorgl T < B—>3 40- 

fiolt de Tx * A(x)Fx eato de eaooaaea dlferentlaoil Fr^chet in

Deaooatratle. Decareee operator!1 A.F $1 A(.)Fx^ aiat di- 

ferontiaBill Prdchet !a x^, aven
MFx - Fx°- F'(x")(x - x")ij < €j)x - x*")i ,

!) ^(x)- A(x^)- A'(x^)(x - X°)))^ ))x - x"i!
)) A(x)?x"-A(x^)Fx^[A(x)Fx^.(x - x^)H ^)x - x")!.

undo note un aun&r poaltiv dot lor x opertiae unei afore oen- 
trotd In x°. Din prircle doud relatll rezultA

))rx - Fx^i)^(&^itF'(x^)!))))x - X^/ ,
))A(x)- A(x°))ji(i.+ )]A'(x")ji)))x - X°H .
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Printr-on oalcul siupln ae enfin*

Tn - Tx^- T'(x*)(x - x*)^ +
+ ( ! + jjF'(x")D( ^A'(x"Mx - x^J^jx - x^^ . 

ut^o T'(x^) Mtn dot de (2.1).
Observe tie. Formula (2.1) generalizeaz* foreula oinecuncscu- 

t* de dorivaro a anal produo.

2.1.2. Cooverrents local*. Dae* x*6 B ?i r esto un nun^r 
reel pozltiv, von note cu b(x°.r) discul descaia centrat io x° 
5i de ran* r , &(x^.r) = [x^B, ))x - x^^<L r j prio B(x°.r) 
notdm discul inchis de asenonea centred in x° $i de razd r. 

Fie JC d o aul^ime deecbia* §1 T t c: d —s d un operator 
oeliniar. Voe consider* in continuaro sirul [x*^j d d deficit 

de procosul itorativ
(2.2) = Tx*^.

D&PWTTIA 2.1. Vow spuno cd x^ D cate un punct de atrac- 
fio pentru itera^ie (2.?) dacA exist* wo cisc ^(x*tr)cz. D ast- 
fel incit peotru ocice x*\ c(x*.r) $irul generat de
(2.2) a& aper^iou lai D n*. H —^cc.

Deed x* esto ur punct de atrac^le pectru itera^ie (2.2) 
von apune cd slml jx ) cenvergo local la x^ aae cd netoda 
aaigurd o convergen^A locald. In opllce^ii concrete convergent* 
UDUi pir genarat do o wetodd local convergentd ce anlgurd prin 
alegerca convt-naoiH t iteretlel InHiale.

Von note co ^(x^).H^(x^), Q si reap^ctiv R - factorii 
do convergentd coroapunadtori oirului ]x*^J !^oj. 4JuaA d^L(d) 

von note co y (A) raze spectral* a operatorului a. Jrndtoaree 
toorcB* datd de oatrowaki [41J constituio o conditio auficientd 
do convergent* looel* *

TaoMMA 2.1. Fie 2 t Dd 3 —^d on operator oelinlor oi
D on punct fix al lui T. Preaopunow c* T eato difereatla-
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Ml Frdchot tn x* qi cd J^^T'(x*)] dtnnoi x* tat*
punct de otrac^io pantru itero^ie (2.2) *1 {x^J 4

Condltia tr 1, greu da werifioet tn eazuri concrete, at 
poato tnlopui cu condlti* )]T'(x*) <1, ^intnd cant nd pentra
erica normd J?[l'(x*)j - j]T^(x*))L In cazul unui ape^iu danach 

ftntt diBensionel, deed c e etunci converEonta eata liniard 

mei exact, q ?i r-ordinele de oonvergantd atnt ana).

2.1.3. Oceretoxi cvasimeexpanalvi

hhFI^ITH 2.2. Ton apune o5 operatorul ? ; DC J—>3 eata 

cvesi-neexpanaiv pe D tn report co X* D deed

(2.3) Hlx-x"N<llx-x*f/, Vx^D.

De ooicoi T se conaidord cveai-neexpanaiv in rapoxt ca aal- 

^imea punctelor fixe ele lui T tn 3 ; de a sentence tn (2.3) ine- 

jalitatea atrietd este uneori inlocaitd cu aeanul . Io conti- 

nuare von conaidera proprletatee de ovasineexponaivftato tn re­
port cu un element x*6 D (tn geMral punct fix el lui T) $i 
nu vcm Mi wen^ioM punctul re la civ le care T este cveai-neex- 
persfv.

Ld observEc cd deed x* este punctul fix al lui T $i (2.3) 

ere loc, atunci x* eate punct fix unic pentra T in D.
In cazul unui spavin de dieenaiana finitd tR* are lee urad- 

toarea propriatete da convergontd lecald pentra eperateri ovaal- 
neexpanaivi :

lAdi 2.3. Fj^ D p aaltiae deachiad din (R*. x*6 D si fie 
T * D - {x*^ —an operator centinsu ne u - {x*{ . Brasupa- 

Mm cd. I este cvasi-neepanalv po R * S(x*,r) - {x*j . unde 
^(x*,r)<z D. 4tunci x^ = I*^x°—& x*. k —&co, V x^^ S.

Demopatrecie. Tinind cant de (2.3) rezultd )) x^^- x*^
< )!x^- x*)j , v t:6M, aatiel tnett ^irul {x^j rihttao tn 8 qi 

H x*)i ^4t, k —> oo. presupunea cd a > o. Fie atunci {x
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k. w

on aoboir oonworgont al lai z z Y—a y*kj—non. Presopunoa 
4 z*. Rvidont y^ - z*H- o Vi di* contincitetea lol T ro-

Mltd

Daci

ooaa oa octo o oontrazicoro. Pentrn y^ - z* awea 

lia)[z - Z* H m o

Vi prin urnare
H-H." - Y*« . ..

Laaa aata deaonatratd.
Aooaatd lead oonatitoio o goneraliaare a uno! rozultat al lot 

Tticoai [63 J rolatiw la conworgeo^a looald a notarial z " 
w f(z*). f fiind a fonc^io roeld definitd pa on Interval (a,a), 

ino a forad pa^in aodificatd laaa 2.3 apara ia [45 J pi aata utili- 

aatd pontro deaonatraroe convergon^oi onor pirori da eprozimatii 
auccoaive in apa^ii natrica. In afata condi^iei da ovaai-eoezpen- 
aivitato [conaiderotd in raport co wolMneo ponatalor fiza P(T^J 

oa oat inpuna pi conditia ca ad aziata on oobpir ) z , al loi 
[z*j aotfal inoit d[z , P(T)J—a, kj—ao onda ptin 

d[z aa in^aloga dlatanta da la ponotol z la nol^inaa
P(T). Nan^ioodo cd oanditia oa T ad fia continou pa D aa poc­
ta inlacoi co oondltia oai aland co F(T) ad flo a noHioo tnchi-

Ptapriatataa da ovaai-naozpanaivitata a foat otilizatd in oai 
oolto locrdri , pontro atadiol coovergontai oner oc­
tode itoratiao. da ozoaplo in ^31J ao atotd cd fooc^iila da itera- 

fia din aatoda lai Hawton pl ain ootoda gradiontaloi, oint ovaai- 
noazpanaiTO, oonworgon^a acaatot natoda remitted pa aoeaotd Oaod. 
In oa al fooc^iilor roalo.&topleoan [63j a ardtot cd conditio no- 
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coaarA Vi aofieientA ce viral (a J goaarat dm w - f(z ) mA 
fie convergent oato ce aA firn ovaai—neexponaivA pa aa onooit 

interval (a** - f , ** + g ).

2.1.4. Operatori aoaotoni. Ho H aa apatio Hilaort real 
(prodoa acalor ^?i norwA U *!) vl fia T t H—F H aa ope­

rator noliniar.
USFIWTTIA 2.3. Vaa apaaa oA aperataral T mate atrlat memo­

ton pa H dacA oriatA o conatentA e > o aatfel tacit

(2.4) <Ty-Ir.y-r> & c]y - , 3 z.ysH.

DacA c " a I ao nnaevto aoaotoa.
DacA T oate diferenCiooil PrAchot in pi T'(x) cate

pozitiv deficit atoaci T eate atrlct aeaotoa pe o aaaaitA aferA 

contratA ia a.
Relativ la aperatorii aoaotoni, aoaCionAa oraAtoarea toeraaA 

do aurjoctivitate a lui Minty ^34 J pa care a voa atiliaa tn oeati- 

noare La enaliaa caavorgonMi aaai voriaata a aotadai API peatra 

coaul aoliniar t

TBOMMA 2.2. JBMi T ?oa^tgM H M "
MPK1 T MM WAJMm

No^icaoa da aoaotonia ta aaaaal dofiaitici 2.3. a feat iatro- 
daaA da Miaty ^34^ ia cadrul oai gaaaral al epa^iilor KilOort aan- 

plera (produaol acalar din atiago rala^ioi (2.4) aa ialcoaiapta 

in cazal epatiilor coaplere, co partea raalA). Ttarena 2.2 ropra- 
zintH anol din razoltatale do baaA die teoria oparatorilar eono- 
toni. Nan^ionAa cA teoria operetorilor oonotoni joecA an rol deo- 
seoit in atadiol ecea^iiler nelinia^e, atit in co prinoote oria- 
ten^a aolo^illor ocoa^iilor cit pi convergence eoar eotodo itore- 
tive M.E66J.M .
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2.2. KE10JA iraRATIILOb alMPId PsNTRJ 4CJATII FtRMA

In aceat paragraf aa atudiazA convergence localA a anal va- 
riante a metodei iteraCiilor aimpla pentru ecuatii cu diferente 
finite coroapunzAtcoro proolamelor la limits eilocale neliniare. 
Qa aplica^ia aa oo^lna o motodA itorativA pentru ocuatiile cu dl- 
feronCo coreapunzAtoara uoai prooleae la limitA oilocalA slab ne- 
liniarA, tn care numArul da iteratii nu depinde da wnmArul da 
puoeta al diviziunii intervalului.

2.2.1. Alzeritmul da calcul si analiaa conver^entei. in ^5^ 
kaata atudietA netoda iteratiilor aimpla Az * a pentru re- 

zolvarea oumerioA a ecuatiilor au diferente da forwa (1.4) corea- 
punzAtoare unai preblewe la limitA bileoalA alab nelinlarA de for­
ma (1.2). AceaatA meSodA genereazA un sir convergent jx*^^ dacA 

funa^ia f eate Upaehitz - oontiouA si dacA conataata Lipschitz
L aatiafaoe relatia L < 8. tA obaervdm cA fiecara paa de itere- 

tie comportA rezolvarea unui alatem liniar cu matrice A si cu 
colaaoa tarmeniler lioeri ^x*. ceca ce reprezintA ur velum auo- 

atan^ial de calcule. In cazuri particulare, de exeaplu dacA A 
cate laounerA pentru erica X6!R*. diagonalA aao bloc diagonalA, 

am pet eailiaa algorltmi apeciali de atecare tn memoria internA 
Si da prelucrere [48],[25j Si voluaul de aalcul devine rezonabil.

Fie A an apa^ia Banach. A t A—?L(B) ci < A—?A , 
opera tori noliniari. Vom conaidara eceatia
(2.5) A(z)z - o
Si urwAtoarea aetodA iterativA {^49],[51J

pa care a ven nami metoda itera^lilor aimpla. &A obaervAa cA 
acaaatA motodA generalizaazA metoda aaintltA ci oA couportA de
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aaananaa rezolvaraa anti acaa^li llnlara la flacara paa.
TEOREMA 2.3. Praaapanan cA pparatarll A pl atnt L1P- 

achlta cont Inal pa A (LU al raanactiv
Llpachlta) al cA ooaratoral a (a) ara Invara wAr^lnit paotra 
otic* Praaapunw da aaaaanaa a* f(A(x)*^M&^. . ^^^3, 

tx&l al cA onataatala A*

(2.7) < 1.

Atanci acaatla (2.5) U* o aoJ,a^a WP19* A Lu. AAfMtAA 
(2.6) gapaMf'^-M {.^] S53WAHAM 1A

Danonatratia. Fla T t 3—>6 daflnlt da Tx * A(x)*^^x. 

Aidant, T aate daflnlt pantra orlca x 3 iar Itara^ia (2.6) 

aata idantlcA an x * Tx . Avatt
!) Tx - Ty ]j^]{A(x)*^^x - A(x)"i^yM + tlA(x)"l^>y -A(y)*^y^ ' 

^HA(x)^)) )^x -^y!l+H^y(] h(x)*^ - A(y)*^M 

4 .LI^Hx - y!k ^A(x)*^!i[A(x)-A'(y)]A(y)^^ 

^. (<< ) !! a - y H .

Prln urwara T aata a contraatla pl taorawa rezaltA din prlnai- 
plul eantraa^lal.t

U3&&RVAflA. Jn cazaltat alallat aa poate angina pl daeA aon- 
dltiila din taoraaA aa loa naaal pa a anaaitA mal$ina D din 3. 
In aaaat eaz aata naeaaer aA aa InpanA ananita eandi^ll aapllnan- 
tara, da axaapla aa T(D) aA fia inclaaA in D aaa ca acaatia
(2.5) aA aloA a aolutie.

Baorama cara awaaaA aata in aaan^A a variants a taoraaai 

2.3.
moREHA 2.4. Praaapanaw cA aparatoril A pl pip^ 41fp- 

rantiaalli PrAchat pa B 81 cA A(x) gra_invara ^ArgjnAs pa^ta 
orica x& B. PacA in nlaa 0 A(x)*^
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ttuncl ooMtio (2.5) M* 0 ^0^1^ l^t.ttenrMt
(2.6) gonereazd un sir {x*j COOTOMenX La x*.

Doaonetratio. Voa aplioa foraala (2-1) pentru a calculi deri- 
vata operatorulai T deficit ca aoi ana.

bd ootda cu A*^ oporotoral deficit de A*^x = A(x)*^ §i 
ad ardtda cd A*^ cate diferoofiaoil Frdchet pe A. Fie A t d-^ 

—*> L(d) an operator deficit pentra orice x% A de &h =
. -1 . . -1

* A(x ) A*(x )h A(x ) . be cede od oporotoral X eate linier $1 

oirgiait. Avea
H A-^x - A'**" - X(x - x") 1)
S)]l(x)*^- A(x^)*\ A(x)-*l'(x*)(x - x^)A(z^)*^ll + 

)][A(x)'*- A(x^)*^A'(x')(x - x")A(^)'^ll 

1H!M*)'*[*(*) - A(X^)- A'(x*)(x - x'^Kx*)"!*] 

+ [[ *(x)'^ - A(x")'^ ]t A'(x*))l )]x - x°^A(x°)-*Jl 

i: ( e^jjl'(x")jj 11 A(x)'i - A(x°)*^l )j)x - x'U .

. . -1 ,
Deoereee A(x) -—>A(x ) deed x^—^x rezaltd cd eperatorul
X eete dezivata Frdchet a lul A*^.

Acaw confaza forwalei de derivwre (2.1) rezaltd

T'(x) -[A(z)*^z^ + A(x)*^^'(x) 

eatfel locit )j T'(x)ll^ 5 < 1. X z6d ti ^ictod cont do fozaula
1

do aedio. avoa

T oate o eoatxao^la ai aooxaaa 2.4 tozultd die prlnoiptal eoatrac 
tiei."

OdMZVATU. Booraao 2.4 aa eato ca oowolot ol toezoaol 2.3.
Do oxoapla, deed d *d iaz A(x) * 2 ,<px * x otuaci tooto oon— 

dl^lilo toorcaoi 2.4 clot tadoplialto dor na oate o func^lo 

adrginltd. Do ooeaooea, coodHia (2.6) na lapllcd odrglniroo dori-
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vatelot Frdchet a aperatotilct A 
ttoultatea Llpechttz a ecpatora.

pt din cate a* rezalta con-

2.2.2. A plica tie la rozolvree ocnetttlor ca dtferaate co- 
teapnnz*toate proolenelet la limit* niece lo cvaatlinlate. Coa- 
aidetin praoleua La llntt* (L.le) *1 eccatitle co dlfareata co- 
teapenzAtoate (1.14). Vac aerie aeeate ecaatit aup o fete* pettn 
nodlficat* pt ancee etc puce 4(a) * *i * h^dg(z), code A^ * 

* -h^A pi A^(x) a Dtag^a(x^)....,e(Xg)J , A filed aatticea^ 
(1.1). Da aaeaanea von note ^x a h^^f(tY^XY),....f(t^,Xg)J . 

cotloea aatfel a ecuetie aelinter* de fatwa (2.$) pe aa apatiu 

flnit dlmonaional penttu rozolvarea circle van apllca itetatla
(2.6).  Von utilize in ]R* notna J] * )) defizit* de []x])e wax ) x.

lwl,...,o^ 
unde Xi aint conponentele lui x lat in apetiul L(JR°) norna 

epetetotial* cereapunzAtoere. Vow face ipoteze cd functitle a 

?i f aetisfac utwAteetele eendltil '
^a(u)^ 4 M. . a a gp , 
)a(e) - a(T)^ - v! , V u,v iR ,

(2.9) , .
jf(t,a)l , W t.*6B ,
}f(t.e) - f(t.v)) I^[a - vl, a t,c,V€)R .

pi von pteaupene c* conatantele 1^ eatiafac ta­
latitle

(2.1e)
M, 4 a ,

in eeeate ipoteze ven at*ta c* toate eendltiile teotenei 2.3
aint aotlafAcute.

dec* eetHn on e^j

L243

Ponttu ainplicitate van pteaepane c* a eate an nan*t par.
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de pe linla 1 eate

2

Kaalnnl lai 6^ ae ob^lna pent re i * D + 1/2 , aatfel tacit

Pa de alt! parte, norwa aatrioel h^Ag(n) eate wdrginitd da 1A* 

91 prin umare deed M* < 8 atunoi eatrieea A(w) - a h^Ag(r) 
eate inveraePild 9! ^(n + l)^/(8 -M^). Deci conatanta 

°< din teoreea 2.3 eate * (n + l)^/(8 - M^).

Aeon tinted cent de (2.9) even

M A(x)- d(y)^e nanja(^)- a(y^)j & h^tix - y ,

Prin urnare, oelelalte canatante din teoreaa 2.3 aint ,
1^- h^t^. Inegelitatea (2.7) aa reduce la (2.I0). In

aceat nod, toate cnndltiile teeraeei 2.3 aint aatiafdoute, ecuatia 
(1.1a) arc aelutle naiad a* iar eirul generat de (2.6)
cearverge la a*.

CAZ PARTICULAR. Deed a(n) * a pentrn erice U6!R, atnnci
M* * * 0 iar (2.1e) ee reduce la cenditia cunoaoutd 8

L51.
08LERVATH. 1. ^e vede near cd canditie (^-4?) eate independen 

td de n. Aeeaata tnaeannd cd ccndrnl de iterav^^ aeplnde nuaai de 
preei?ia on care derie ad ea^iaen eelu^ia r*. In cenfcrultete cu 
teatele nenerice efectnate (a ae vedee paragrafnl 3.1), nnmdrul de 
itera^ii ae iacadreaad tn lieitele evaluate dnpd rela^ia (2^0, rd 
ninind cenatant ciod n erevte.

2. In MMri partioulare, cnnditiile de oenvergenfd ale ite- 
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ratiel (2.6) pot mA flo tadopllaito tn tlap cm ceedi^lllo de coa- 
vergonpA ale itera^iol staple (Ajt**l * s*^) ca mint aotlafAcuto 

De ozoapla tn cecal eceoflllor ca dlforoaVo ooroopoaaAtoore pro- 
Plewei la llwltA a"- a ala a + 1 * e, a(e) * a(l) - a. condlpl- 

ile de coavorgoofA ale iteraploi (2.6) aiat satiefAcate (avow 
.I^-M^-l, L^-e pl tf/(e - M^)^ I^M^/(8 - N*)2 - 1/494 1) 

la tlap oe coaditiile de coavergeat^ ale iterotiel alaple ae slat 
setisfAoote (!n acest oes f(t,a) * a ala a - 1 pl f ca eate
Lipschitz conticaA la report ca a).

3. Thorez* 2.3 pl apllca^le de la aceat paoet ae gAaeac la

Lsi3 .
Gn resultst alaller rolatlv la ecaa^llla ca diforea^o (1.11) 

so poato octino apllclnd teorewa 2.4. Vos proaupuae cA a pl f 

slat wArgiaito pl cA ae derlvote partials la report os a oArgi- 
nito ; vow acta acoato marglal co M* , pl reapectlv 
Vow presapaao do aseaeaea cA < 6 pl oA

Ge pl aal aaa, A(s) este o watriee InvoraahilA peatrw arise w&JA 
pl jjd(s)*^ji (a o l)2/(8 - M^) pl latraett A pi siwt evi­

dent dlforoo^la611e Prfchet pe H*. rdetae de verifleat rela^la 

(2.8).
Deoorece jj h^A^Ag(a)j( h^(a o 1)^/8 - M*/8 < 1, rosaltA

op

Flo a" an elewent arbltrer din S* pi fio y* w Avow
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3M ^(.)*7°j',= Jl.,[u'"\^).-(^)^.....k.^(^).-(z,)y^

aatfel tnett
My*)]*; a*^'^ .

aXy^a; M;
(8 - M,)^ ' (8 - M,)^

Prlo umare, ^Intnd eont cA )t , od^inee

8 - (8 - M,)^

aatfel tacit (2.8) eate verificatA avtnd tn vedero (2.11).
OdedRVATI*. JecA a st f aint mArgtnlte ci cu derlvate 

por^iela uArglnite tn report cu u , reaultA cA coodiflile (2.9) 
atnt cat inf Acute cu ^1 m , evident, dacA A* <; 8

(2.11) are loo, etunci cate aatiafAcutA el relatia (2.1o) aat- 

tel tacit acaat ultim reuultat cate un ccrolar al reaultetulul 
precedent.

2.3. KaTCm DIMCriIIDR ALTARNATA

In aeeet parayraf aa atudlaaA o variantA a netodei direc^i- 

ller alternate pentru eeuafii neliniare ^57],varlentA eare pAa- 
treaeA aonnite avantaje de caleal de la eena^llle cu dlferenfe co- 
reepunaAteare pronleeeler la Halt A nilecele alee nellnlara. Toata 

cMsideratiile Ain aceat paragraf an feat fAcute tn ape^ii ftnit 
dtnenalonale dar ale aa pot tranapuoe fArA nodifioArt tn apa^il 
Hllaort reala.
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2.3.1* Introdacara. Mateda dirac^iiler altarneta e foot eoo- 

aidaretl ta Maul lioiar du D.Peooaeao al H.Rachferd pi apli- 

catl pentru rozolvarea oueericl a aouaHilar cu difareope eoraa- 
panzitoere proolenel^r la licit! da sip allptia aau poraloHc. 
R.iCallogg [23] a eztina aceaatl netodl pentru canal neliniar. Ra- 
aaltatala aala la-a apllcat pentru renolvaroa ecuatioi propeglrii 

radiatiller (aoaatia clldurii) ca conditli la Haiti aaliatara da 

tipul btefan doltaaan [^4*] .
Mated* directillor altaraata ccoportl razolvaraa a dual ala- 

tama da acuafii aaliaiara la fiecare paa da itaratia. Ia partlca- 
lar, tn cezal ecuatlilor aa diferente coreapunzltoere prooleuelor 

la Haiti bilocale elan aaliaiara priaal alataa aata liaiar ca aa- 

trica tridiagonall iar al doilaa revine La rezolvaraa anar ecuatll 
cu cite o eingurl aacanoecatl fiacara. Evident, pantra probleee 
La Haiti oolinlara da feral general! acaata avaotaja aa aa pla- 
traazl.

Io acaat paragraf aa praaapaoc 0 variant! a aatodai direct!* 
ilor altarnata ^57^] paotra acaaHi naliniara da 0 forwl partica- 
larl, variantl tn cara priaal aiataa aata tntotdaaana linlar.pla- 
trtnda-aa aatfal anal din avaotajala aatodai da la canal alao na- 
liDiar.

Fia aradtoaraa acaa^la nallniarl
(2.12) A(z)x x * 0 ,
anda tar

—atnt oparatori aalinlari* Kotoda dirocHilar alternate
pentru (2.12) datl io ^23] ae avaa fersa

(2.13)
rr^^ . - az" .

rz^^ +<5z*+* - rz"^ - a(^^^)z^^

anda r aata on nuolr pozitiv. Aobalo ocaa^ii (2.13) aint
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nolinlare $1 deci etit iteretie intermediary ^^1/2 ite-

re^ie urmAtoara x^^ ee ootin prin rezolvorea unor aiateme ne- 

liniaro.
Veriente pe core o propunem rozoltd din 2.13 inlocuind voloa- 

roo lui A in punctul „„ valoorea lui A in punctul x^,

aotfel incit (2.13) dovine

(2.14)

Aotfel prime ooua^ie onto intotdeonno on elate* liniar cu aotri- 
coo rl A(x^).

2.3.2. Lome nrolimlnore. Fie < .^.> oi !t . H produaul aca- 
lar obionuit si reapectiv noroo euclidiand pe apetial )B**. Vom 

proaupuno cl A(x) onto o aatrico aemipozltiv deflnitS pentrn 
orice x((R*. Atunci rl + A(x) ecto pozitiv dofinitA §i prime 

ecuatie (2.14) are aolu^ie unlcb in report cu De aaetne-
nao, deed eato un operator continue $1 monotcn atunci rl + 
onto continue el atrict moooton si conform cu teoromo de aurjec- 
tivitate a lui Ainty (teoromo 2.2)< o dome ooua^io (2.14) ore de 
oaomeneo oolu^io unied io report co x**l. Prin urmore, rolatiile 

(2.14) doflnoac in mod unlc slrul ^x^^ pentre orice veloero inl- 

^iald x% tR*.
I^*A 2.4. T < [R**—? [R* ecto continue ci atrict memos on 

HPM1 T*^ Mim ci oote LiMcbito continen.

Domonatrotio. dxiatooto lot T*^ octo ioodiotd. Pio o,v6 

6^*. axietd x.ynR* aotfel ineft Tx = u, Ty * v, adiod T*^o * 

* x , w y. Din monotonia atrict* o lui T rozult*

oatfol incit onto Upochitz continou cu oonotanto Lipeobitz
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Pi* 6 an operator continue si aenasoo si fl* r a* oawAr 
rial peaitiv. Atanci exiatA aparataral (rl + A)"* si fi* T* * 

* (rl - A)(rl + d)*^. JrwAtoarea lawA detA da Aellagg L23j eeta 

eaan^dalA pentra apallaa oonvergao^ai aatadei dires^iiler alser- 

oata in oazal nalinlar precaw si a variantai prapaae.
HXA 2.5. igg& a ae^e ooctioaa si wenasan etanai !* am 

oeexpanaiv.
Mai exact

atuncl

unde

))*r " *i -?!*!
SA presapaaaw nA <A(x)a.a > M a^ pentra arioa x,c6JR*

Si fia 6 * A(x) ; atanci pentra sties xtJB* operataral

eate deflnit si avea

.. -.. ,2 ,)l.
'^1 - 71"

< * 71 >

posts vedaa asar cA

5--^ < ,
a a *2 + jjA(a)j]2 2t^

JacA pzaaapaaaa aoaa cA , 6 z€[R* , ataaci

Si pentta a aaficiaai de ware. 1 si ease a eaa-
tractie pe a".

MMA 2.6. &A wraaanaaw eA A(a) ea e a wetriee aaaltia de- 
finitA ai oA ji A(a)j] , * x<jH* dUEAt . AMMi

BUPT



Anooottotlo. Avoa

^][(tI-A(a))(rI^A(y))^-(tI-A(y))(f^A(y))^  ̂

<j] tl-d(o)!^ (rI^(3f))*^-<Tl^(y))*^/! + 
+K<tI+A(y))"lM(l A(*)-A(y)^ .

Tinted cont oA [jr*^A(y)/i- 1 romltA cA
<

Do 03*00000, ptlntr-cn oolcol oioplo ob^loow
00

rrio utaoto

2.3.3. Analloo oonvorxoptoi. btodlol coovorgon$oi aotodol 
(2.14) oro lo OozA idoilo din [23], fArd toad co doaoootroMilo 

din Iconic* aalntltA *A *o pootA ttonopuoo to mod ooool 1* co ml 
nootr*.

Ho y" - (tl , (n A)io (2-14)

toodtA

Yo* ptooopono cA ocoo^i* (2.12) oro o ooln^io ci ft*
*^-(rI *(Tl + A(o*))z*. Doooroco A(**)o* - -^>z* to-
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TEOREMA 2.5. PrtMrWMW 06 eenatis (2.12) are c solWtH 
€^R* ci ed A, setisfac otwdtoarele cooditii

11 wetrioea A(x) este pezltiv deftnttd, < A(x)u,w 

S x,0€!R".
2)!tA(x)!)4/3 , Vx6!B",
11^(x)-A(y)ff^.L!]x-y^ . Vx.ytfR",

41 este coptl^MM si monatcn.
5) conscencelc El L vetlficA Lnexalitatoa

2 > L ![ x* M .
Atuncl penttc r snficlent ds ware. iteratia (2.14) 

ait 441c jx J sate converge la x^.

Dawonatratie. axiaton^a si wnicitatea siMl^i f***t
analizate la punct^l 2.3.2. RZaioe a& arAtAa convetgen^a situlni

A*io leaele 2.5. 2.6 $i din eenditia 3) tezultA

T t _ T t*A)[ + ))T t*f-T -
- " A(x^) A(**) '' A(x^) A(x*)

Din conditia 4) tezultd cH rl y eace oeniinan si strict nanoton 
cu constants r iat din lama 2.4 rszultA od (rl ^^)*^ eats Lip­

schitz coatintM cn constants 1/r. Tinfnd cant da ecaat fapt si de
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bt set!* ca conatonto + 2Hx*H(r ^^3)/(r-^)^, Mode 

eate det de (2.15). Von inpune condlkio 1 pi etunci
pirul 
lentd

y S converge la X^ ; dor acoaetd oondikie eate echiva- 
$

ca
(4 - 2L1,*3)r^ * '1'^ * *2* * *3 > o.

unde e^.e^.a^, deplnd de -A ,/%,L, . Pantru r auficient
de mete, aooaatd conditio eate oottafdeutd intraett 2^ 
conform ca ipeteza 5). "rin araare <^4 1 41 deoi y^—x^ 
k—> co. loan deoarece x*^ * (rl + ^)*iy* 91 (rl + eate 

un operator oontinna rezultA cd x*—> (rl + = x* .d

2.4. MaTODd DH TIP QBAJMNT

In eceat paregraf ao atudlozd convergent unor met ode de tip 

gradient utillalnd in nod aiatonetic cooceptul de operator cveai- 
neoxponeiv (definitta ?.2). re aeea&td oez& ae demonstreazd eon- 

vorgont local* a unci notode do tip gradient generalizotA [^52j 
pi co oofln lo particuler unole razultate cunoacute [1J,^12J,L16^J.
Monkioodn cd rezultotal principal din eceat paregraf (teorona 2.6) 
oonatituie genarelizaroa teorowei 2 dlo [32j.

2.4.1. Introducero. In luoraroe (31J, utiliziod cooceptul do 

operator eveei-nooxpenatv, a-oo obtinot conditii de convergent 
locald o netodei lui Newton pi a notedei grodientolui pentru ecua- 
ti neliniare pe epatii finit diwenaionele. Oooditlilo ob^inute 
tn acoat cod pentru noted* lot Newton atnw aaeoAndtoare co oele 
din tooronelo bine ounoaoute de ooovorgon^d global^ ole lui Kan- 
torovicl [19].^21] ; pentru notode gradiontului coodi^iilo ooki­
nete atnt de aoelapi tip.

Von oonaidoro in acoat porogrof ecuatii de force ?x = o , 
undo F < ^CDR*—? oate un operator oelirlar (pe apa^lile
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vw consider* normolo oeolidiono ior D onto o wmltime 

deachia* din !R*). DopA com oo ptio [^4o] motoda gzadieneolei era 

forma
- x^ -^(x**)* Fx^ , t

undo roproaintd "loogtnoe peadoi" (otoop lenght). Din pcnot 

do vedoro goonotrio ocean* meted* rovino In deplaaAri oocceaive 
po diroctl* gradiootdni fonc^lonoloi f t )R°—HR, fx wjFxU^ co

poool - 0,1,...
Io colo oo ermoez* von conaidora iteratia mai general*

(2.16) I*** - x*-]?'(**$)"%'(x*)*A(x*)Fx* , * - o,l,...

unde J) t ,B*—) T.QR*) eate on operator neliniar, iterotie pe care 
o vom nusi motoda gredieotolol generoliaat*. Dup* own ae ptle,ma- 
toda grodiootoloi are convergent* liniarA ; alegtod tn mod convc- 
ooOil operatorul A ae pot ootine motode eu erdin de convergeotd 
ocperior. De exeaplu, dac5 ae 18 A(r) * {^'(x)F*(T)^J !j?*(r)ji^ 

atcnei (2.16) coincide co netodo lai Newton care are, depd com oe 

$tlo, convergentA patretied.

2.4.2. dnelino converKontei. Ten demonatre mai intii o lend 
aimplA do tipol form dolor do medio din anolira n-dinonalooalA.

L31A 2.7. Fie D o meltiwo doachiad dl^ {R* Ft D—*B* 

on ooerotor diferontia&il Frtches oe D. Atuogl 

(2.17) Py - Fx * [?'(x)e</(x,y)J(y - x), x,y&D, 

$1 o^(x,y)—^o, y—*x.

Domoaatratie. Plocdm do la identitatea evident^

T&0R4KA 2.6. Fie F t DC]R*—*(R* an onerator nelinlor ai
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x* D a solatia a ecoatioi Fx - a. Preauaones cd F aste dife- 
rontiobil Frdehot so B - S(x*,r)cz 0. oalloetio G , D-^L(^") 
dofloitd da G(x) * F*(x)^ aata oootiMK so S el watrioea F'(x) 

aata da xanxol a, G xg-B. A t D - ^x*j —LQR*) as oaerotcx
MOtiwu coxa sati-faoe rale tie

(2.ia) ]{ A(x) - iH < 1 , X X t - {x*J .

Atuooi X* aata peoc^ de atreotle pentru iteratia (2.16).
Peoonotxotie. Deooroce F'(x) aata de raag n rezjltd cS 

^F*(x)i! o pe b. Pie atioci opetasorol T ; b - ^x*J—de- 

finit de
Tx - x - ^'(x^-a F'(x)^A(x)Fx,

Tinind oast do (2.17) avow
Tx-x* e x-x*-j!F'(x)^^P'(x)^(x)^?'(x)^c/(x,x*)J(x-x*) * 

*[l -MF'(x)i!*^F'(x)*A(x)P'(x) - 
- H F'(x){*^F'(x)^A(x) of(x,x*)J(x-X^).

Peatru pxoscuxtoreo sorierli vox acta P'(x)-?', A(x)= A, </(x,y*)= 
me/*. OBtiOOS
(2.19) ){Tx-x*)!i (Hz-!tF'^(F'^AF'LffF'^^^/J^ .

Fie s6tR*. J[s(!- 1. Axes
[ s-])F'l!"2(F')*AFsJ]2^1-2Hy'li-2< P's,AF'x^^F^*<j,AF's^ .

- l-HF*r^(j)P's^ -ij(A-I)F's^) 

l-d-(A-I^)^P^ ^fy'e^.
Tiniod east de (2.IB) tosaltd

)[ s-)!F'H^(F')^y'.^< i-ti-?*)'!?'#-^?'*^.

tA ooaoxvdo el U F'(x)ll , X x^6^(x*,r)c: el deoi^F'(x)?"^

oootxox F'(x) ou or avow raagel a). Ptis uroaro
(2.2o) )] I-j]y'^(F')^F'j[moax

, -z .it/:
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61 ad oboervla ol ^F'(x)ii *1 ded ^F'(z)^*^^^ .

6 * 66. Dia (2.18) recall cl ]j A(x)^ < 1^ ^2, V a 6 6 - * 6*
aotla /S.[l-(l-2^^i^^]^- Coafora lead 2.7. </(*,**)-** 

—o. a —*z* at deci putea dotoraiao e eoaotoatl r^ aatfol

taett d

HF'i!'^]jltmcTi!4 1-^ . ^xG^x*.^).

yiatad coat ecu* d de (2.2o) ovoa

aatfol tacit din rola^ia (2.19) rezaltd
[[ Tx-X*j! 4.j)x-x*^ , 3 a66(z*.tg), 

adicl T eate evoai-neoxpaadv pe ^(x^.rg)* jx*j al ae aplid

leaa 2.3.'
Qdb^RVATDi. Deed opera total A 

x*. ooodHia (2.18) aa poate ialocd 

eate deflait d continoa la

la contiaaare oca aplica tooreao 2.6 pentru a ootlne coodi^ii do 

coavorgoad locals poatra uaolo aetodo itarativ ouaoacato.

2.4.3. Metoda Kradientulai. Deed tn (2.16) Iola 1=** I octi 
noa aetodo grodioatcld ca *jjF'(a^))i*^, adlcl
(2.21) . x* -))F'(x*)!r2*'(x*)*Fxt.

Conditio (2.18) eate evident aatisfdcatd d din tooteao (2.6) re- 
eulti

OUHOLARJI- 1. F^o F t DC)R*!—)R* aa operator aeliniar d 

x*6 D o aolatle a ecuatid &t * o. Pteaupeaea cl F eate dife- 
MatiaCll Ftlchet pe S(x^,t)crD &i cd/aotticea) F'tx) eato 

alrdoitl no ^(z*,r) d-de_f*M a. AMd Mto puaot do 

ottoctlo pontrd itexolHo (2.21).
Metoda gradientului a toat conalderatS printre prlnii de
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H.Cur*y [a] prewat de M.Vaiaoer* K.Altaan LlJ.fzL
M.Haahod ^36j. baa forwa (2.21) pi peatra cazul particular a 1, 
oeoeatA aotodd a feat coaoideratd da M.Altaan fl].f2]. Da aaeaenea 

watoda gradlontulni a foot eonaideratd ta L41],f3o] pentru caaal 
a w ob^lntnda-ae condign de convergontd aaoataotiol nai tari. 
Aatfel ee cere ca F sd fie diferentlabil Prdchet pe o eferd 
6(x*,r) pi ad aatiafacd uradtoarolo conditll *

1) Mtricea F'(x) ad fie iovoraabild el ii F'(i)ii"i& 3 .

V x^5(**.r).
2) !) F'(x)- F'(y) il & - yH , T a.y^S(a*.r),

3) ^W/L<2.

&<ua o formd aaeadadtoore, dat ou condi^ii de aaeoeoea ual tari 
cozolorul 1 apero la lucrarea j^3o] .

2.4.4. dotoda Heaton - araaleot oeeoiaetd. Flo din aoe F ; De: 
CHR*^—*]H* an operator nolinlar. < 1 * l*...,a coeponoatele 

lai F at dorlvotolo Frdohot ale cooponeatolor, deci f^ *
* (o^f^/ Jzi***** <?f^/ unde jtj ; j w l,...,n aint ccwpo-

nentolo unui oleaeat Vow proaupuno cd 4 o. 1 -
* 1,...^ , x 6D. Lada acua pe A dia teoroea 2.6 do force

Mr) -^j]F'(x)J^ R(x)*^

cade

lor oato on nonAr poaitlv. oajlnoa aru&toaroa eotodd iteretlvd, 
naaitd eotoda Hevtoa - gradieat eowaiaetd fl6j .

*** - x^-^F'(x")^(x^)-^F(x^).

Jlniod coat cd
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results

astfel tacit condHia (2.18) este satiafScetd pe b

deed

Din teoreoa 2.6 ob^loew
CP?!OLA^Jr 2. Fie F t DcZ)R*—* )R* na operator oelinidr. *

i * l,...,w aonponentele Ijj F pi 3*6 D o solutle a ecnatiei 
Fx * o. Preeupunen cd F este dlforentiabll Frdchet pe L = 
= ^(x*,r)c D al cd&atrlcoa) F'(x) gate t&rglcltA w L 31 de 

rang n ; oroounoneo de eseeenee ed ))f^(x)][ do pe S, 1 * 1...
..." $1 c* satisface (2.22). atnnci x* este tmect de wrrectle 

pentru wotoda Newton - gradient cowblMt*
tceastd motodd a foot conalderotd de H.Hart ?i T.Motakin^l6j. 

Corolarel 2 eete identic cn teoreaa centroid din lucroreo aaintitd 
(teoreee 5.1) pentru cazul neliniar co excep^le Unite! Mperloare 

pentra A care le (16 J eate datd de l/( filed
valorlle propril ale watrieei F'(x*)^F'(x*).

(2.23)

2.4.5. lietoda let Frldoao. <&& lade aoua pe do fame

<&e vede cd, in acost coz, dacd F es:e dlfarentieoil Frdchet pe
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A * 6(z*,*)c: 1), atanai A ease an operator diagonal definlt pe
S - * Motoda grodiontnlui gonerolizatd (2.16) va avea foraa

bd vorifiodn condUla (2.18). Aven

aatfel ineit (2.18) oato aatiafdeetd deed

SA proaupunoa cd F'(r) oate aArginitA pe b , )]F'(r))) .

Von lapaoo oooditia
(2.25) Jk'h)* T . . .61.'

91 voa core ca < ^A eaciafaeS relrtla 2. In acaat
caa A dot do (2.23) aatiaiaco relapia (2.18). oaaervda de 
aaeaanoa cd to uondHia (2.2$) aatricoa F'(r) are raagul a.
Pa ooaa tooreaol 2.6 oo^iooa urmdtorul rezultot aaupra wetodoi
(2.24) !

C020LA-.J3. ?io ? * D p**—. ta* un ooeratot nolinjar s;j

D o aola^io a oeuatiei Fa - e. Pzoaupunea ad F aato dlfo-
rentianll Frdchet on s - S(v*.r)c D al e3(watziooo) P'(a) ost^
nAwainitA na s()tF'(a)fi^ ^^Wz6b) al aaoiaTaca rolatia
(2.25).  Proauoaoea do aeeeooea cd conatantelo Ai a veri­
fied rolatio AMM1 w* eata oanet de atractlo
paatra itorotio (2.2A).

Moteda 2.24 a feat oooaiderotd de V.Fridaoa P***-
tra rozelveroo oooa^iilor (linloro coo aolioloro) in apotli EH-
bert roalo. Foerra earul ncliniar coodi^iilo dt eonvergen^d st=t 
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asanAnAtoare ca cele din oorolaral 3. SA oOsorvAn cA (2*24) co­
incide ca notode gradientalui coaaidorotA la panotal 2.4.1 tn ca- 
re penal are valeorea )! Fi*JT F'(x^)^ Fx^^ . la lucraroo 

aointitA V.Frldnaa a dados aceaatA volosro din ooadi^is do aintel- 
zare a functionalei ]]x*- F'(x^)Fx^^ dapA paronotral . fA- 
ciDca-ao apoi aproxinarea F'(x^)(x^- x*) ^Fx^ .

2.4.6. Qoaervotie eaunra netodei gradientului xeoerolizotA 

cu ordio superior de converxontA. DupA coo ao vAzut (paoctal 2.4.1) 
operetorul A so poate elege aatfel tnett netoda gradientulai ge- 

nereliMtA aA coincide cu notode lai Wowton. SA luAa doci n - a 

$1 -1
A(x) - ]) F'(x)it^(F'(x)^) F'(x)*\

Iteratla (2.16) aa redaoe tn eceat caz la netnda canoaoutA a lot
Newt o".

Van presupuna cS

code r este un otmAr tool pozitiw $1 fie ztp". ffz)* 1. Iveta
][z - )!F'(x)^(F'(x)'*')'^F'(x)-^z^

A l-2HF'(x)H2<s,(F'(x)"l)*F'(x)^ +!{F'(x)^<F'(x)*^^F(x)J^

* l-;}F'(x)Jj^MF'(x)*^(2-^'(x)^KF'(x)*^^).

DacA net presupuncn cA F*(x) osto o natxice iavoMCOilA pentru 
orice xtb(x*,r), ataaci ){F'(x)y,yF*(x)*^sH stnt marginito in­

ferior (flo gl conatantele pozitivo reapeotlve) el pain 

uruare
)) I-tf?'(x)^(r*(x)^)^F(x)*^^ 1-^ ^(2-?2)<

rola^ie care oonatltaie oosdl^la (2.18) din teorona 2.8. WozaltA 

de eici cA x* ecto punct de atrac^ie pentru ootodo lai Wowton. 
Der aoeat rezultat eate tn sou practie neinteroaaot, tntruett ae
Stio oA notode lai Newton oate local convergentA cu aingurolo con-
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dipll 1 ad fie diforentiaoil Fr*chat in punctul a* la:

no tr loon f'(jt*) ad fie neaingulor*.

2p u daTQj! ITaRATIVl &FHCIALA PcNTRJ aCJAfU
co ^ RKA (1.11)

In [33j,f?oj,f32j s-a atuJiat o netoc* itarotiva apaeiald
pantru rezolv^iec ecut^iilor nslinijr^ for=e ^1.11) retea!
caro prezint* ecuaito aventoje da progronare (paragroful 3.4).
In aoaat parcgrtf so genaializoard f$4j unele rezultate din f33?, 

f3o].f32j prln al!birea cooditiilor da convorgoot*. In particular, 
aa abtlne aetoda linillor parJielo. da aaaaanea cu conditii da 

ooovargen^* nai alabo.

2.5.1. Al^oritnol da colcul ci analiaa convar^ntai. eon-
aidera aauatli da foma (1.11), daci de form

(2.26) A(^)r + = o ,

unde A t Dcp"—I^n") „i aint operatori
noliniari. Von preaupuoo cd oouotia (2.26) are o aolutie **€ D 
Cl von conaldera urattorel procaa Iteratlv peatre aproriaaroa so­
latia!
(2.27) Jf**i ' a* -<AA(r*)T^A(a*)r* ,

filed o cooatantd realA poaitivd.
og^RVAni. 1. fa eaenpd aoaaatd netodi eate a variant! a we-

todel gradlentulul pantru acuwtii de feme ^2.26). tncd A ci y 
alnt oparatori oooatanti (2.27) coincide ou natoda gradientclui 
pantru eoootii liniare, consioarat^ do ounatosl outori [4<Q,[5bJ,

-
2. Matodo iterative (2.2^) a foct ceraidorat! In lucrdrile 

L33j,f3o].E32j unde 0^0 dot oonditii do convorgentH local! lar

to eacori portleulare a-oa oopinut uoele reaultata canoaouta.
V"o oonaidara pa opatinl noma euclidian*.
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TECMKA 2.7. C& enetatOtii A alg!. d^- 
rantiedill Frdchet tn wnctul x*. eolatle a ecnetiel (2.26) il 

c& eattiaea A(x*) ante neaingalatd, Preannanew de eaeaenea $* 

aata indenlinlta arwAtoctee cpndltle
1*(2.28) !h(x*) ltll[A(x)x'J^^^(x^)fl<l

61 ca A(x*)f] .

Atunci x* aate naoct de attactie centre Itetetla (2.27).

Deaonatratie. Fie T ) jR^—>]R* deficit de

Jtllizind leaa 2.2 avex
(2.29) T'(x*)= I-^A(x^)^*(T*)^[i(x)y*J^ + ^)'(**)) .

Deoarace {[A(x*)^^ 1 od^inea pentra mxice y6-^°,Hy^t* 1 

t T'(,*)ylF -Uy- y^&

. A'(x*)jy, l(y*)y^ *

—1 —2 *1-1.4 ())A(x*)" !!'*- tt[A(x)jf*]^ + ^'(Jf*)^ .

IlDltxi cent de coudi^le (2.28) zezeltA eA !)T*(x*)){ <1 aoe- 
vergen^c locala a aatedel xeatltd din taereaa 2.1.

Ld^M^RVATlg. In genexal Hl'(x*)H^ a 91 natoda (2.27) axe 

naaal ocnvax^antAllnlara. jceet fapt poate prcvoca in aaxarl pat 
ticnlete createrea aubataoHalA a volnnaiui de :lcp calcelatet.
chiar deed aa lucreaaA excluaiv in aenorla intexnA (paragrafel
3.4).

Futem da $1 uxndto^rea vrriantA a raoranel 2.7 <
HiOIt^Ki 2.8. Fie (p ca in teoreea 2.7. In legal rela- 

tiei (2.28) von gonaldere ca este eatiafdcctA relatia
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(2.to) yt4R*.

Do pocoonoo, nroaopoeoa o* aottaCoao ro!att!lo

(p.n'- ,
js 4 - ^''<^11 [- * < ^'J^, * $'' -='? '

AHUN1 z* ooKQ rtinct do otzocMo paotrw naMHa (2.2?).

^oaonatzotlo. UtiHaiod czpAoala (2.29) o dorivotci T'(z*), 
patoa actta

j) r (z*)y!^ l-^]&(z*)y^-2^< ^(z*)y. [d(z)^]^ ^'(o*)^ y > 

*- .(n*)y, p^(z)z^j^ 3)'(z")J

Acua, Rioted coot da (?.3o),(?.)l) rocjltH
1 -^d[*(w')'^ll -

pt oa oplloA dla non toorcao 2.1.
< PbBTVATK. Taocaoalo 2.*^ at 2.$ atot rT+aentat* to ^3oJ paa- 

tro oaaa! oaai apapto Hilom roal do diaanatoaa fieltd ^1 oa aon- 
dipit da coavaattoa^A oai toti. Aatfal aa coro ca oparatotli A 

aA Xia dlfaroafiaoiil Fadcaoa pa o woaaitd afar* coattatA tn 
a* pi oa dativatolo aaaatoa opoaotori aa fto adratalao.

2.5.2. AfSW IKMUZ BFKf^AAA oaza taarowal 2.A aa poa- 
aa ou^^aa o taocaaE cL-avn^oo^A tocal* pcntru aoTOda itottloa 
pataiala.

^ta ? t 40 oporutof oelinto: ?1 y* a aola^la
a omitpid * o. lOncni a putaa ipHoa tootcoa ?.b ooB acrta 
aaoaaAA oaaa^lo aao fowwa & (Fn-w) - o aofiot tactw A(z)- I 
pi $ w - Fw-w. uooataoo i'(a) - F'(z)-I, coodi^to (2.3o) davtaa
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(2.33) < ?'(**)y*y> !)yt* ^y^!3*a

tat eeaditiila iaptta* lai (2.31) ae radue la

(2.33) 1 .

IteMtla (2.27) w oTt* fame a^ * a*^ -^Fx** . iteratia 

ouaoaouti MO noaele de xecnca lioillor perclele.
Pe MM tawrenal 2.B ae oo^lae *

^a*A 2.9. 29BW?. St aata an CMratoz AMMtntia-

911 Pr^cMt tn a*. M.ldH* 1 IPMKyl 31-3A
y'(w*) MM EPtltlT (MiPit* aa^PMMatd 1 [relot t*
(2.22)]. AiMHl x* .P^TWB.Mf PtFtMf itBWMf

-.4 Ft* ex a MB Mil* oezi Lv care aotlafMe

IflatiUB (2.?3).
ua-a^.2 *UI. A. In cotel n e 1 ootoda liniller poralela are 

!c^lGM&tMroa interpret^re t Ltera^io uredtoare x ae ea^iao in­
tersect lad axe ^x ou o peraleH la a direct!* fixB (-A ). d*a3 
prin punctul de eoordoaare (*\f(a*)) (ffgwxa aMiarawB).

Mte olar c3 tn aceat car eirul {* j MMrat da neieda llntllar 

paralelo converge oacd f eat* a fuMfi* canriawB atriaB oreeod- 
taar* tntr-a vaelnttcta a anlntiwl x* Bi deci ^4 1. Oonditia 

(2.32) obtltMtK pentru coovergaota watedai To oaaal o dtnaaaiaee 
iapllcl woootooia eparatorulet ? Torr-a aaolndtate a pwMBWlai 
x*. ^rtn jrwara teoreea 2.9 feprastrnd a Maarel^aar* natwM a 

li^ttlor powlaia de la oeaal ooi-dtaeBBteaal.
3. ?eore*a 2.9 eate preMntetS to ^?a] an eenditta oat eara 

ea P ad aiod derlwta Prdehet adrgiaitd pe a afar* cent retd to
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3. Metoda linitlor paralele * foot coBsideretA de Bumero$i 
enter! to apa^ii fioit dicenaiOBole aan in apatll Hiloert [&7]w

2.5.3. Aplicatie la ocnatifle on diferente coreapcnzAtaaro 

problemci DiricUot elinice aloe neltnisre. ConeiderBe problama 
Dirichlet ellpticA alab oellniarA (1.12) $1 ecuatille cu difarea- 
to atendard (1.19). Von aerie aceate ecoa^ii sao o foraA pu^ia ao 
difiaatA inaaHindu-le cu -h* ; oo^inem aatfel

node aate o tdtrice aloe trluia^o&alA de liaenaiuni n 1 n 
(n = a*?) de fcr&a

iar i a eato Mt de

Fentra rozolToroe ncaerioA a aiateaalni aplioAm metode itera 

tivA (2.27). Yea praaupaBe eA funofia f ere derivetA partlalA 

to report ca a pe [a.l] x (o*l] *1 cA
}:fE(t.o,n)) 6^3 , ?(t,a,u) e[*,l] x [o,l] x(R.

In aoeat oot eate clar oA oate dlforoo^iabil PrAehet pe X_

Pa de altA parte ^intnd cont cH valorilo r?orrtt ala aatrlcel a
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do unde resnlt*

Ptin sraare, dec* poaea condltlc ^5 < 2^2, atonci pentro a 

aaflclent de mare <1 ?1 conditio (?.2B) din
teerews 2.7 este eetlsf&out*. S* wet obaervAe cd deeereee () A)f <

4 S constants A se prate loa 1/64 (tn acest oas Aw 1/64 4 
}(Att*2). gent $i de teoreea 1.5 obttnec

crpOTAWtyr, 1. Prewpooee e& f ere derlvatB nsrtlol* la re­
port co n pg ^".1] x (o.lj xF sl.cg

I f^(t.s.u) I 4 2?r^ . [o,l] x [)*,1] xjE.

pen^ n *uficien!_de were, ^ccatia Ax + x w o a^e 

go^^je uata? pare este oncct de sweetie nest:* Ito e

x^^ - x*^ — 64*^A(Ax^ + x*^).

03^nVA7IR. ^pA c<m toealt* air testele naoerice efectsato 

(paragrafnl 3.4) rata de convergent* a aeestei notodo de ealoul 
este scdzot*. bar rceat rezultet ere e aooHit* leportant* de prin­
ciple* feorenele 1.5 31 1.6 aeigor* exiatonte al unloitetea cola-
tiilor ecuatlllor co dlferesto standerd al respecttv eonvergestta 

eceacero la eelntl^ rrobleeel continoo (1.12) dec* fp ^7/— 
- 2 " ; prtn nmare, eate interesent ad dlapoeee ?i do a wet^d*
Bweeric* do eolcul care st esigere obtl^oree solottilnr eowotil- 
lor co diferonto tn ecoloaoi conditii* Ketoda oooeidorat* act la- 
face tn nerte seeat dezideret, conditi* principal* cere ae cere 
pentru convergent* (]f„i 4 2?*^) flind do acooaoi notcr* co

conditio principal* din teorewolo 1.5 el 1.6.
Go roaultot aieilar ae pooto obtiM si prin spllcaroa eeto- 

del linillor paralole. Voa eerie ecnotiile co diforento see foraa
Ax x * o, ando A are lores (1.16) dar co aosa sohieoat iar
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/ tat* deficit tn 1.3*3- Cea net tied veloare preprie e Lui a 
eate * &h*^sin^ 2%^^. u —& o. Luaa Fx * Ax a

* #x pi coed proaupanoa oi ^a * eetinew

(2^^ -?)Jly^.

Coeditia (2.32) aa redace la 2?^- >1 eau < 2/^^ -1. Din

toorema 2-9 rtzultB
CO^ i2. ^reaunaoaa c3 f tr^ derlvntS partiold tp report

M a no [p.l] x (p.ljxn at 3
f^(t,s.o) > -2^^ + 1, S(t.a,u)& [o,l] x [o.ljxta.

Atuncl. pentru n Muficiert co tcro. ocuotia ^x + ^x = o arc 
aolatie pnioS x* €tR** care eate rupct Ae etractlo pentru aetoda 
lloiilor porelelo

aezulcoto e^a&aAtoare ae po^ anupte ai pantry ecuettilo on 
dlfOAMt* 0MeM4P3dt<Mre proolwrej la Iham ull^-Le jl^o oeli- 
nlare (1.2).

2.6. doTujl LUI ?2DaiAM
;'intnd cent do eficion^a deoaebitA a netodci lui Fridman pan- 

trn reaolvarea ecuatiilor oelinioro (peregrrfal 3.3) voc prozen;^ 

in cole oe urwoor^ o analitd aoporotH a convorgeatei cc&atel auto- 
de tn apatif finit dirten^inocle [^3j,^6j. oondi^iile do convorgen- 

ofet aobateetiol 231 jlJde Joclt cole Jin corolitul 3 (punctul 
2.4.5). 33'i desSt eels dtc L12].

2.6.1. Introncarp. Atpd uno a-o eel preciaot, net ado lui 
Frtdnae (2.24) eate o aecoud da tip gradient In caro lunglmoa po- 
aului oate ^4^ eeeoatd veloore ae notice
printr-o ononitA aproxiearo a volorii oere oinlTireozd furetio-
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Meted* lai Fridman se paste online ci pe oalea oroAtoore ' 
Pojccis de Is aetoda lot Newton x^*l * x^* F'(x^) ^Fx^ bi 

detersinSs itora^ia onnAtoore x^^ rosolvtnd sistenwl linior 

?'(x*)s - F'(x^)x^- Fx^.
P'(x^) = A, j - P*(x^)x^- ?x^. "os resolve acest aia-

tew cd vetoda freratlve la slt'!an ^1J

!!z\s2^o)r

vo^veige C'i ^ingura condict A aa fie neaingulorA. &o- 
w k+1occ-tui siatem z eats toun*i itere^ia ureatoore x * 

TtiL^jctt z*(aau x^^l e^te apropiat de x^ vow lee s'* * x^ 

bi von lea In prooeael itorativ da sal ana o singcrA itexs^le, 
da:1 vor face anroxiwarsa x* ^foctutnd celc slele so obfi-

sdic6 toctaal aetoda Ini Ftidmsn (2.24).
bd ooaervaw os in easel n * 1 aoeastA aetodA coincide co 

wetoda lei Newton.
2.6.2. Analiza oowvex^ontoi. Ven dooooatxo wai intii o lowA 

ojotAtaere. Ca pi in porografol precedent vow considers corns on 
clidlanA pe ^pa^iul !R**.

LM4A 2.8. Praapppps!?. ^A F onto un ooerotor diferontiooll 
FrAchet pe o sferA deschinA 8 * 8(x*.r) si oA ernAtosrolo con- 

ditii aint indoplinite
1) )]F'n-F'(v)^Kj[n-v^ , Ww,v&6.
2) exist* F'(x)"i gi^F'(x)*^]I^B , Vx6S,

3^ rxa < 1.
Atcnci
(2.15) 2^y-x. P'(x)^(Fy-Fx)^^[[Fy-Fxjl^ , Vx.y€-6.
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PeaOMtratle. Tintnd coat do oopditis 1) putea aplica foraula
de wedie cunoacutd

)] Fy - Fx - F'(x)(y - x), l!fy - xQ^, V x.y&s.

Deed ootdo Fy - Fx - F'(x)(y - x) H(x,y) pl atilieda aceeatd 

rola^ie pl condltlilo 2),3) oo^inea pentra orice x,y6&

Ape dor
2 y - *,F'(z)T(Fy - Fx) -jfpy - Pxjp -

- 2^F'(x)(y-x).F'(x)(y-x)^ H(x,y)>-]F'(x)(y-x)+ R(x.y)l)^ .

-Il?'(x)(y-.)^ -][R(x,y)j[^ > o.w

OAMRVATII. 1. Loan rdatne voladlld in apa^ii Hiloorc realo 
on aingaro wodifiearo oe tn conditio 2) ad proaupuoea cd operato- 
rul F'(x) are inxoraadrginit pentra orice X6&.

2. Deed peatru an x°6 6 oxiatd o vecindtate V c. a a lui 
x* oetfal inett y&V, y 4 x*=$ Fy 4 Fx° etunci din continuita- 
taa lei F pl e lai F* rozultd cd y - x, F'(x^)^(Fy - Fx));o 

pe a eouaitd aferd centratd tn x° pi pantru x 4 y. Aceesta tn-
A ?aoaond cd operatoral F*(x ) F eate aoaotoa. u aatfel de aitua- 

tio apere co noturnId deed oe pine 
coooidoratd oe o notodd a linlllor 
F'(x^)F.

In particular, deed x* octo

oont ctL aotoda (2<54) poate fl 
poralolo aplicatd operatorului

aola^lo o ocaotiol Fx - o pl
luda y " x*. relaxin (2.35) dovine

(2.36) 2 < ' * X*.F'(x)^Fx > H FxlF.

WMKA 2.1a. Prooopuneo od tooto cooditlilo din lone 2.8 
atnt ae lafdoMe al ed x* cote aelutlo a ocaetlei Fx o 
AMMUlnl {*H dMorat <jp (2.M) POBVOMO la a*.
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Dowonatratio. Vow ardta cA oporatoral T t 6 

doflolt do

^veo
eate cvaalneoxpooalv po b - j a*

Tinned oont do (2*36) rozeltd

Prin arware T oate cyaal-noeaponalv ?1 doci puteo apllca Iowa 

2.3.
OB&ERVATII. 1. Condi^illo loooi 2.B atnt aaoo^nHtoaro co oole 

din tooreoa lot Kantorovici j^2oj.

2. Ooodltfillo de coovergon^B to cozul nostro atot wai alabe 
declt cole impcao do Fridwon [^12j.
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CAPITOL JL 3.

ATIXWTMI DK CADCUL ST PROGRAM! FORTRAM

Tn eoeat capital se onelizeaz* algoritaii da caloul corea- 
panz*tori cetodolor nccerioo prazantate tn cepitolul 2 ?i so dan 
achecole loglca $1 progracelo FORTRAM coroapunz&toare. Rxoaplelo 
ouaerico conalderata aint ecaa^ii co diforen^e coroapanzAtoare 
unor problono la licit* nellnlaro concrete (ecua^ii diferon^lale 
ordinere aeu ca derivate par^iale) aelectato astfel tacit a* ae 
pun* in evident* partlcalaritA^llo aetodolor ounerice apllcate. 
In zadactaraa achacelor loglca a-au foloalt alcoolurilo coDven- 
tlonala ooioDUito [64],[35j oi a-aa dat ezplicatii ca carocter 

general.

3.1. MdTODA ITdRATIIlDR bIMPIM

Io aooet pazogzof ao oonaider* acua^la (2.$) at aotoda Ita- 
ratlv* (2.6) (netoda itoratiilor aimpla), pootzo oazo ao pzoalo- 
td on pzograo PORTRAW general, bzoaplul tratat la panctal 3.1.3 

reprozlntZ ooaa^illo oo dlferen^e cozaapunzdtoazo anal pzobleme 
la licit* oilocal* alab noliolaz* de force (l.lo).

3.1.1. AlKoritcol de oalcol. Motoda iterative (2.6),

aocpozt* oa rozolaaro pzincipald, rozolworoa anol aiatec llnlaz 
cu cotricoa A(c^) ci tezconll lioazl la fleoazo paa de

Itera^lo. Algozitcal do oolcul aa poote conoopo pentru ocua^li 
neliniazo do forco (2.5) oazooaze aou pentru ooua^ii partlculare 

da ozocpla pontzu ocaa^ll oa dlforonto cozoaponadtoaro oner pro- 
olece la llcH6 coliniaro. IP oazul general aate neoeaar* 0 pro- 

coder* pentra rozolvoroa alatoaolor linlaro oorocare aaa atllize 
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roe auoprogrooolor eoroaponzAtooro din Oiblietoca ootenaticA 

(RabuL, PBEbOL, etc., io cazul eietoeulul FALII) ; in oozuri 
particularo ae pot utilize procoduri apociale tn acopel reduce- 
rii conaunului de tinp $1 de nenorie.

Von trato in continuer* cazul general gi cazul ecua^lilor 

cu diferente coreapunzAtoaro unai probloao la linitA oilocale 
alab noliniare.

Cazul Keoeral. Principalele etapa do oolcul aint t
Atapa 1. a* atriouie lui a valoaroa z^ ; prin a not Ao 

Here tie curentA (z*^) ier z° aa cito$to dintr-un ficier de 

lot rare aau ae genereazA cu inetructia DAM ;
atapo 2. t* celculeazA natricea A $1 tornenul liner A 

utilizind valoaroa a (iteratia curentA) ;
Atapa 3. be calculeazA iteratia umAtoare y prin roaolva- 

rea aiatemului liniar Ay - d ;

dtapa 4. be conparA itora^ia actualA a cu itorafia urnA- 
toare y ; daoA Hz - y0 - a proceaul do calcul no oprogte ; 
in coz contrer ae inlocuio?te z cu y ?i ae continuA etapa a 
doua.

Oezul ocuatillor cu diferonto (1,4). Too toeulti ocua^iile 
(1.4) cu -h^ aatfel incit obtioon

code matricea A eato datA do (1.1), ozceptind foctorul -b^ *i
* -b2(f(ti,Zi),...,f(tn,Zi,))T. Intrucit eatricea A*^ so 

poate deteraina ozplicit von acrio proceaul itorativ
(2.6) auo forna
(3.1) Z^I. A-^z^.

aste cler cA io aceet caz calculul ae ainplificA auoatan^ial, re 

zolvarea unui aiaton liniar la fiecare pea de iterapio inloouin- 

du-ae cu operatic nai ainplA do inwultiro a unei natrici cu un 
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vector. ^A Ml ooaervdm eA Introclt valMtee nooorlcA a unoi ele- 
aont a lai A*^ deplete ocmel de cel dol indlcl el oleaaotolei. 
eate aaflcleot a* goaezAa aaoooaiv ctte e lisle e settle*! A*^.

coco oe petwite eo^ineree aoccoalvA a. elaaoatelow prcd^auluf 
e*^a^. te evltA actual atocarea aatrlcol at oa coneua mare 

dm aaaawio.
Pwineipalala atopa de calcul atat t 
Atapa 1. co atriOaio lai a velooraa Initial! x^t 

atapa 2. ca calcolaazA iteratla oraAtoare y prin inmol^iraa 
matrloel A*1 oa ^x , y w A*^^x ;

dtopa 3. He coaperA ItetaWio carontA x ca itera^la ormAtoa- 
to y ; deed ffx - yi^ o, prooeaul do oolcal ae opro^to ; tn caz 
contrax ae talocuioeta x co y *1 aa oontlnuA oa otapa a dooa.

In caMl ocaatlllor ou dlloren^e (1.11) prloclpalela etape 
do caloal aint cole pxoaaotate la cazal general.

3.1.2. coboao loulca al Mogreae FtRiRaN.
^aul aacoral, iiozolvaroa aiataaalal lioter ae reallzeazA co

on aooprograa ptapxla non it co trol paxaaecrl foamali
a,a,N, roproaonttad roapeotlv aatrlooa cooflclonUlar. colnona ter 

noallar lloori el dlaaaalanea aiataaulol. caaprogromul utillzeazA 
procodaro ooieauitd do oliaiaaro 3weaa t dopA apel aaoprograaul 
fur al zee aA adagio tn zone d. In oaaal in care datermloentul ata- 

tamoloi note more (ocoeatA aitoo^la oata taatatA co a oonotaatA
APb a oanpnearaaalai), oaloalol aata opwit oi oa edlteazA an ae-

sA oa aaopra^raaal eC
M - dlaenalaaaa olataaolol ;
a a aatrlcea olatwalal de dlaenaluna N a A —A(x*) ; 
A w ooloeoa toraeollor lloerl (Kxl)^— d -^(x^) ;
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HP w l./(N + 1)2 ;
X * iteratio earentd —- x^.

Ptocedute ITblM doaatia motoda itotetlilor aimplo, patted ft ato 

oatd intr-o oioliotood amtad. la aaaat oaa atillaatotalul tt revi- 

oa doat aarcina da-a apala aaaaatd aaatatlmd, ptaeiaind itera^io 
initials a. dlmonaiunea aiatamalui (N), preciaia da aaloul (dP6) 
nuaAtul maxim da itotetii LX ptoosm pl matriooa A,8 ptin aeo- 
tutina XC. IT6IM va fmtniaa un oad ptln oare ntillaatoral va pu- 

taa deduce modal ta care a-4a doafdpmtat calcalolo $
. 0 bCLJTIB WORMAU

KOD . 2 DBPfLIRRA WOMAROLUT DE ITHRATn.

DopC cclcLlal fioodrei iteratii aa imprimd nwadrnl caront al 
itoratiai pi componentele iteratiei enronto ; nmmdrml da itarapil 
este lialtat da LX.

bchaaa logiod aata datd ia figure ).l lar prograwal FORTRAW 

cotaapuaadtor eate praaeatat io coatloaara.
Blocml 1. IniMalizarea pa aero a ladicolal itataplilor X 

pl a codalai da functionate al progtamului, prociaarea poaalai do 

dlacrotizaro H ;
dlocul 2. TipArirea indiooloi itoMtiilor pi a cowponentolor 

itaratiei curonto X ;
dlooul 3. Goneraroa aetriooi A pi a coloonoi tecnenllar li- 

boti d atiliatnd itotatia auroatd x , prin auorutina EC ;
dlooul 4. Apelerea aabprogrewuloi dlbia! pontw oaloolul ito- 

ratiei ormdtoero y ; ooapooentolo aooatea ae obti" aona a ;
dlocarilo 5^6,7,8,12. Rfootoaroe toatalui J] y - - aji*

" o (a-a oonaidorat norma max pi o eonatantd 8P6 a programa- 
lui) $i opriroa oelemlolor (blooul 12) daod toatml eato Torifioat,

dlooul 9. inloooiroe itoratioi entente X am itoratia atmd- 
toate d
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(START )

!x,N,EPS,LK S

[T5IM(N.EPS,A.B, HP
M.L,K,t<OD)

/ (Serie kOD

(sroP )
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Fl*. 3.1
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Blooarlla 1* ti 11. Actaalizaraa indiealui iteraUllor $1
llwitataa vwloril aceatula la UL.

DDtBNbI#W T(6)^(6,6),B(6)
RATA X/6aU./
DATA W,KPb,IAL/6,0.U01,lC0/
CALL IT&m(N,BP&,A,B,HP,I.M,KJ^D)
WKITM(108,1)3^3

1 FURMAT(1X,'<#A*',B) 
bT^p 
BND

C PRBCIZAM blSTKMUL A(X)X-PIX P9IW A-A(X) LI B*FH 
bO8R^iJTINA AC(W,A,J,HP,X)

A(W,N),d(M),X(W)
D% 10 I-l.W
D0 10 J-l.N

10 A(I,J).O.
A(l,l)-2^HPabIW(X(l))
A(l,2)- -1
A(W,W)*2+HPWt;I!!(X(!V))
A(W,W-1)- -1
B(1)-HP
B(W)-HP
L-W-l

1 1-2,L
A (1,1-1). -1
A(I,I+1)* -1
A(I,I)-2^HPw^IW(X(I))

3 3(I)-HP
RAlJHN
AMD

C MZ^LVARaA blBTaMVMI 
bUaa^TiNA bibtm(A,d,w) 
omaWbl^ A(W,W),B(W)
AP8-1.M-8
tl-H-1

10 t-l.Xl
AN-0
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H(AAh(A(I,i)).IZ.AMM 11
AW-AM(A(T,T))
10-1

11 OfHwntQE
IP(AM.GT.BP6)Q0 T0 20

22 WRITE(100,21)
21 FORMA T(5H'bISTEM LDTIAH INO^PATIBIL') 

ST%P
20 Df) 12 J-X.W

X-A(X.J)
A(t,Jj-A(ID,J)

12 A(IO,J)-I
x-a(i)

. .
B(IO)-X . .
K2-X^l

13 I-X2.W
I*A(I,X)/A(K,X)

14 J-K.N
14 A(I,J)-A(I,J)-A(K,J)wI
13 a(i)-B(r)-B(:)mx
io c^WTiwm

IP(ABb(A(K,N)).LT.BPb)Gp 22
B(W)-B(W)/A(W,N)
X-M-l

23 Kl-K+1
15 J.K1.N

15 a(K)*B(K)-A(K,J)aB(J) 
B(T)-B(K)/A(K,B)
XmX-1
IP(t.9B.l)0^ T6 23
R4WBN
BND

C iUTpDA ITBRATIILOR blMPM A(I)WI(X)-0

DIM&N&IOBJA(N,N),B(B),^(N)
H-l./N^l)
HP^HwH
K-0
K^D-0
wBin,(ioe.2O)
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20 PMA<AT(lI,'nARATIA' ,101,'b^HJTTA')
4 PBUT 1,X,(X(I).I*1,N)
1 F%R*AT(lX,I3,6X,(10F12.6))

CALL EC(N,A,d,HP,X)
CALL 6I&Ta<(A,A,N)
M-0
D0 2 1-1,N
XF(ABbCB(I)-X(I)).Ga.aPb)K-l

2 CdNTDTUB
IF(M.EQ.0)RETUBN
D0 30 1*1.N

30 X(I)-B(I)
X-K+l
IF(K.M.IX)G0 T% 4
K0D*2
RE TUFF
EWD

Pantro N-6 tn doeA itara^li a-o ob^lnut solu^ia (LIFTING 1) 
x=(o,0606*7 0,100942 0,121048 0,121048 0,100942 0,06065*%.

Canal oouatlllor cu dlferooto (1*4). Produaul dintro ootrl 
coa A"i si ^x

^intnd cons cA
aa efeotuoasd f ArA go oararea an trice!

a -1
1J . *>3-

Couponontolo let y x aa caloulaasA on ajutorul unei func^li de­
finite P cu dol parawetri T 91 Z, reprezenttnd roapectiv va- 
lorllo actuale ale lul tj 9I Wj (partoa droaptA a fnnc^loi 
definite coincide co f). In general tntr-o proHeoA la linitA 
do forma (1.2) fuoc^ia f oato definitA cu o aingurA forwulA 

oxplicitA, aatfal tnett utilizared nnot fUDPtii definite apare ca 
cel nal olnplo oi nai natural prooodou do o caluulo conpooentele 
lol y x t dacA f oate definitA tn alt nod, calculul aceator 
cooponento ae va efectua intr-un subprogram iar tn prograeul prin 
clpsl se vor provodoo inatruotiile de apol coreopunsAtooro.
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Qa si in oazal general, dap* Mica Lal fiooArel iteratii 
ae inprlnA ooedral parent el iterotlei pl oowponentolo itera- 

tloi earente ; nun&rul de Herein eate llnltat de UL.
<

Schema logic* eate dot 3 In figara 3,2 iar programd 

FORTRAN coreapunzdtor eate prezentat tn continuare.
aiocurile 1,2,5,4. Preoizareo functioi f(t,u), a paau­

la! de diacretlzare, a preclziei do oalcul, a nundrdul min 
de iteratii, pi a iteratiel initiate ;

dlocul 5. Tlpdrirea indicelui iterapiilor $1 a cowponen- 
telor iteratiel earente I ;

docarile 6,7. Lieltarea nuadrului do iteretii la m 
pi opriroa prograaului in oaz de dopdpire (olocul 8) ;

Jlccarlle 10,11,12*13,14,15. Calcalul iteratiel aradtoare 
Y ;

Slocarllo 9.16*17,18,8. Efectaoreo teatulal ^Y-L^c o (a-a 

conaiderat noree max pi o conatant* EPS a progrenului) pi 
opriroa calcololor (blood 8) doo* tend onto vorlficat.

dlocul 19. Inloculreo iteretiei earente I ca Herat!* 
arwdtoare Y ;

DHENSI#N Y(100),]f(lu0)
F(TJ,Z)-TJ-T^Zwx3
DATA N,8PS,ALFA,3ETA,LK/6,O.OOUC1,O.,1.,1CC/
H*1./(N+1)
HPeHwH
KwO
T^H
D0 1 I=1,N
X(I).(8aTA-AlFA )zT+ALt'A

1 T-T+H
7 WRimh(108,2)^,(X(I),I-l,N)
2 F^RMAT(5X,'ITaRATIA',I4/(5X,10F10.6)

K*K+1
IF(E.GT.LK)SW
MzO
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I(i)*u
T-H
O0 4 J-1,W
TF(I,H,J)GO TO 9
Y( I) .y (I) ^Jw( W-tai ).y( T,l(1)) 
0^ 4.

5 Y(I)*Y(T)aIw(W-J+l)w7(T,X(J))
4 Twt+W

T(I)- -(Y(t)wm^I^Aw(W-ral)^6tAwI)/(Mal) 
ir(A3b(Y(I)-X(I)).r^,EK.)Q^ T0 3
Ml

3 CWIWJ3
IP(M.MQ.O)^T0P
DO 6 J*1,N

6 X(J)-T(J)
- GO Tp 7

4MD
DupA 4 ItcMfll, ponsM N*6 a-a oC^inut aolutla (LIFTING 2)
x * (0.13661B, 0.273286, 0.410374, 0.546671, 0.690 741, 0.639357).

06ML1 WWMtillM CU djfMMtW €1.11). CCMiOWra^ WOWC^lC 
(1.11) MO fctwu

Gcocrctcc clcwccsclct Mtriccl A o vow face ou ajctotul unci 
fcnctii doliolte Ac(n) cu potowetrul XI, reprozootind volori- 
lo cctuclo alo lai (pertoa dreopti a fuoc^lol dofloito colncl 
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de ce o(o)). Ie cod aoeoAnAtor ooopooentelo lol lo ooo 

coleulo on funo^lo definite P oa del paroootri Tj el I , 
roptezontlnd reapectiv Tolorllo eotMle ele lei Wj el Tj 
(partoa dreaptd a func^ioi definite oolnoido co f). 10 general 
Intr-o proolond la licit A de feme (l.lo) functlilo f el *(o) 
aint definite on otto o alngord foroold explioltd, aatfel ineit 

ntillzoreA func^illor onplleito opero oa cel wot einple el Ml 
noteral prooedoo do a calcnla conponontele lol el A(x).

Rozolvarea aiatenulul llniar no roallzeazA co ooOpfOgaonul 
hIH*M prezontat la cazul general, ^upd caloulul fleedrol Ito- 

reel! ee iaprind numdrul ouront el itoro^iei el oenponontelo 

itore^iei ouronto, non Aral do itorotil linitiodu-aa lo loo. &<che 
no logicd (rig.3.3 ' 01 progreoul FORTRAN, le ven prozonto in con 

tineare.
dlocnl 1. Procizeroa functioi 0(0) el f(tao).
Alocol 2. Matrices A(z*) filed o natrloe rord, voo pone 

pe aero too to olecentole el urnind si generda nonol elanoMOlo 

dlferlto do coro (olocurlle 6,7). 60 preclzeozA pasol do dlooro 

tlaaro el preoizla de calcul.
Blocurile 3 el 4. Alegeroa Iterofioi inlplale 3t^.
dlocul 5. llpArirea lodloolei itora^lilor el o coopononte- 

lor Itore^lol curonto.
Mlocurllo 6,6',^. Qoneraroo oetriool A(n*^) cl * lol

- A.
Mlooul 8. he apeleaad eMprogroeol ^IbMH pentru oalcnlul 

itora^lei urndtoere ; conpooectole acestela so eo^in in zona A.
dlocurilo 9,10,11,12,13. AfocMoreo toatJlui

w ]]d - 1[{ -0 (a-o oooaldoret norno nan el o cocataotd a 

prograoulul) al opriree calculolor (olocul 13) deed teotul octo 

vorlficot.
dlooul 14. Iclocjlroa itere^iol curonte 1 au itera^le ur
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An, J-/)-- /
An, r+/)^- /
An, z)=2+A/pxAo rx n)) 
Bn)=-^^^n^nn?)

5/$7^/V(Xa,/y) 8

otD-Xn').^

14

xn)=an?
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aZtoatw B.
Bloewtlla 15*16*13. iwioallBMM ladlowloi iteta^lllor 91 

llwltew vwlorii Bcastnia la leo.

MMBWST^W 1(M>,1O),B(1G),X(1O),T(1O)
AC(X1)-EIW(X1)
F(TJ,Xl).N-TJtIi-XI.-^
MTA W,BK^/lQ,0.G0C0^,10Ow0./ .
9*1./(N+l)
HF.HwH
K*0
D6 10 1*1,9
X(I)-0.

10 T(I)*ImH
WE 116(106,20)

2^ P6WU T( LX, * ITBHA TH , 10X,'t^LJTIA' )
5 WBHE(10a,l)K,CX(I),I*l,N)
1 F^RMXT(LX,I3,6X,(10F12.6))

A(l,l)-2^HA)A0(x(l))
A(l,2)-= -1
6(1)- -HWT(1),X(1))
l(9^)*2^HTW0(X(K))
l(a.W-l)- -1
*(*)- -!W(T(B),X(W))
M!-l
IX! ^-2,L
1(1,1-!^ Q
1(1,1+11--1
A(l,l)*2+inwo(x(l))

2 6(1)* -BW(T(I),X(I))
CALL EIETBN(B,B.N)
M-0

U-l.N
IF(AB6(6(I)-X(I)).Q6.BPoW*l

3 C^1INU6
IF(M.Bq.O)^P

4 X^I)-6(I)
X-X+l
IF(<^.I4.100)06 5
6T6P
a*D

BUPT



OrmeazA aonratina blRTaM daanriaA la oazml general.
Itare^iila aucoeaiee pentrn diferite valexl ala lai W aintt
N-lu LIFTING 3
Nu. Xi Xg ... x^

0 G.U^.U O.LCOLOO ... o.ouuooo
1 0.041372 0.074380 ... 0.041322
2 0.040946 0.073646 ... 0.040948
3 9.<j409?<i 0.0736^ .*. O.O40$52

N-6 LUTING 4
NO. Xg x^

0 O.OCCAOL Q.C-JO'OC' ... O.COUXQ
1 0.061224 0.102041 ... 0.061224
2 0.060637 0.100942 ... 0.060637
3 0.060644 0.100954 ... 0.060644

3.2. M3T0DA DIHMTIILOR ALTERNANT!

In acaat paragraf aa eonsiderd aowatla (2.12) al metada ite- 
ratlvA (2.13) auo forma (2.14), pentra care ae prezintd ao pro­
gram FOETHAN ganaral. dxeaplala tratato la panotala 3.2.2, 3.2.3 

reprezlntd eenatiile co diferen^e (1.4) corespunzAtaare anal pro­
Hake la Halt* oilecala alan nallniarA da forma (1.2), raapactie 

(1.11) coraapnnzAtoare proolamel la liaitA oilooalA daaailiniard 
(1.1a).

3.2.1. Alxoritanl da oalanl. Meted* iterative

- n* -

coeportd pentro razalworea primal eaaa^ii, rezolvaraa anal alataa 
liniar cu matrioea rl + A(x*^) al termanti lloari rx^-^x^, iar 

pantra caa de-a doua acne^ia razolearaa unui alatam naliniar, la 
fiacare pas da itara^le. Pantro acuapiile naliniare da fermo 2.14 
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oarecaxa* olgeci^cl de calcul nacaaitA * pzocoduxA apeciolA - 

bLb!Mt (^3.1^2) eon atilizaraa suoprograaelor corespenzAtoara din 

oiolioteca natenatied (Mb^L, Hab^L, etc.* in cazul aiateeului 
PXLIX) pentru roaolvorda aiotenolui liniar. Qoa de^e deca ocuatie 

2.12 aerlaA cue foma

oowportA rezalvarea a n ecuatH on e aingnrA neconoaeutA

(3.4) rx^ + Ji*i * ^1 * * * 1*° *

pentru care paten eplica cna din natodolo canoacate (Mawton, coer- 
dai, aecantoi etc.). Von trato tn continuore cazul general, cazul
ocwosiilor cu diferonto coroapunzAtoaro proolonei (1.2) ci (1.7). 

Cazul nonerol. uooA ^(C^QK) pl "^"^i ' 17°.

cale n ocua^ti (3.4) pot fi razolvato foloalnd netoda aacantei, 
poroind co tolooroa initials x^ (x^ co va ofla in apropierea 
aoeotola). Prineipalala etapa da colcul oiot umAtoorelo t 

dtapa 1. be atriouio lui X - itera^ia ourentA (x*) valoeroe 

x^;
^topa 2. no goneroazA natriooa A(x^) pi <^x* utilizind 

valooroa X t
dtapa 3. no rozolvA oietenul liniar Alx**l^ * d, cu Al * 

- rl + A(x^) ci A rx*-^x* utiliztnd nunrutloa blETAM (^3.1.2) 

In A von online
Xtapo 4. be rezolvA cn notode ooeoatei fioeora din cole n 

eono^ii (3.4) pent re o angina 1 e i^n. telviwd in pcoolooil
pe x in T, noua itorntto w**i ve fl pdatratA toe tn X.

drape 5. Be oonperA voohoe itorotio X on noeo itorovio X ; 
dead j] X-Xj) cc, a praneoul do eoleul aa oprecto t in coz oontror 
no oontinoA an etapa a done.

Cazul ecuatiilor cu dilarente 1.4. Von conaidaro ecuatia and
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A este Lipschitz continue si strict sonoton ter esto continue 
$i sonoton (3oJ . Vos rezolvo siateoul os setode direetiilhr alter­
nate dupA algoritscl deserts la octal general.

TSyl seuetlllor cu difereote 1.11. Considers* ocuatia (1.11) 
sue forsa A(x)x t ^x " o cu

Vos face ipotase cA a(x) esto Lipschitz continun pi a(x)^ o
V 2. Ave* A(x) * e Ag(x) os A^ si Ag proeisate tn

9 2.2.2. Vos eplioa notode diroctiilor alternate (2.1A). Pentru 
coBTergonts netodei este efficient nA arAtAn cl A(x) oate cooci-
ouu Mpachitz ni strict senoton, iar y continue si nanoton ; atunci 
existent* solutioi x* a ocuatlni Ae sal ass, existent* plruloi 
x^/2, coovergenta aeoatuia la x* rozultA din teoraoa
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Fdptel cA A(a) oate continnn Lipaobita eate evident, let 
noaotonia atrictd a lei d(x) rozeltd din faptnl oA 1(a) eate 

o eatrice pozitiv aefinHA. Intr-adavdr, intraeit cee nai nicA va- 
loaro propria a lai d^ eate * 2 - 2 coa{y/(n 1^, cea nai
wind valooro prpprio a lai d(x) eate

dtunei
<( A(x)x-d(x)y,x-y)>*^A(x)(x-y).x-y^ lfx-yl!

bA preecpneea cd f eete eontinee diforon^iaoild pe [o.l] xtR^ 

\i eA f^(t.e) & a, W(t,e)&[_o,l] Atonei eete evident cd 
eete Tenable eoniond pe H°. Derlvwte Prdcbot e lui eate dat&

ai eate evident e aattice eealpozitiv uefinltA. Prin uraare 

o

enY general.

t(y-x))(y-z)dt, y-x *

+ t(y-i))(y_z),y_x>dt ? o,

feleaia algeritwnl deeeria la oa-

3 2 2 babeae laeiee ei untrue PQ2THAN

Ceaal general. Cewponentele lui x la ven oaleela ca auo- 
prograaol de tip WWCTTOW P cu peranetrii forweli Y,I,W,T,MP 
reprezanttnd <

I - oewpenanta i a itera^iei curente ; 
I * ordinal cooponantoi ;
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W m dimenalaDoa aiatomulal ; daod alstoaal aa obtine prin 

dlacrotlzaroa amor ecaatii diforentialo (1.4, 1.11) va proeiza 
al paaul da diacrotizare W * l./(Nol).

T * ti clod prograaal cate foloait la rozolvaroa aiateze- 

lor obtiouto prin dlacretlzaroa anor ooaatii diforontiala.
MP - l./(N+l)2 - MnM.

Ganeraroa ma trical A(z ) aa face cu aubrutina MATH da pa- 
raaotrii formal! A,l,N^iP. la A von avea matricea (da tipal 

nxn) pontra iteratia oarentd I.
Procedara ND* daaarla aetoda diroatiilor alternate eata 

poata fl atocotd intr-o blMllotoc* da aabprograme aara*. Otlllza- 

toral va apala aceaatd aabrntin* genorind to prograaal principal 
prin DATA , V,EK (praeizia da caloal), r (notat prin N) ck. $1 

^3 dacd slatemul aa obtina prin diacrotlzarea anal probleme la 

limits oilocalA 51 LK - mmarul maria da iteratii. Prin aaopro- 
gramelo MATH ci F va proeiza aatrioala A(r) raapactiv m. 
bubrutina MDA va farnlaa codal do faoctlonaro al prograaalol $

ROD - u ^LUTIa H^RMALl
ROD - 1 ^Pl^IRAA WUH1RUUJI DA ITMATII.

DupA fiacara itdra^lo aa imprint numeral caront al itorotiol ?i 
componantala aceataia. PrazantHm in continuaro achaaa loglcd - 
fig.3.4. $1 prograaal FCRTdAN coroapanzdtor.

Alocul 1. InHializaroa po zara a indicolai izora^iilor X 

al a codalai do fanc^ionaro al progranalal ; proclzaraa paaalui 
da diacratizara H ;

Blocal 2. 6a porno pt e ca Heretic (initial*) care are toata 
coaponantela nule ;

Blocal 3. Tipdriraa indicolai itoratiilor ?i a conponentelor 
iteratiai carente X ;

Blocal 4. Ganeraroa watricoi A(r ) utilizind iterotia ca- 
rontd f ca aubrutina MATH ;
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Alocurllo 5,6,^,8. Calculul olenentelor aatrlcoi

dlocul utilizind Iteratia
carentA, cu aubprograaal F

Alocol be rozolvA alatewul llniar A foloeind
euorutino blbTAM ! In none

Alocurllo 11,12,13,14,15,16,17,18,19,20,21,22. Hezolvarea sia- 
conului oelinior. Fontru fiocaro din cole n ocaotii (3.4) ae utl- 
llzeazA aetodo aecantol. be notice z^^.

Alocurllo 23,24,25^26. Afocsuaroa toatului )) z^^- z*^^ =

* )) X-Y)] o& o (o-e cooaidorot noma aaz ?i conatan^a APb a pro- 
graaalui), opriroa calculolor (olocul 26) dac^ teatul este veri- 
ficat.

alocurllo 27,28,29. Aatualizarea indicelul iteratiilor, linl- 
tarea volorii aoeatnia la LX ci fizereo codolul pe 1 tn caz 

de dopAdre.
DIKEN6IW Y(6),B(6),A(6,6).A1(6,6),T(6)
DATA N,dPb,R,ALM,BETA,IX/6,C.OUUl,2.,O.,O.,3CO/
CALL NDA(R,EPS,I,R,ALFA.ABFA,LA,10B,A^,A1,T)
PHUT l.K^D

1 MntAT(lUI,'X%D*',Il)
bT6P
AHD

C MaTU^A AHtaCTIILOR ALTaRHATe
bUAB^JTDU MAA(N,aPb,X,R,ALFA,AATA,UL,zOD,A,A,Al,T)
DmoHblAN X(N),A(M),A(H,N),A1(W,8),T(N)
&-0
KAO-O
M-l./(Nel)

20 1-1 ,N
T(I)-AIPA.I^

20 X(I)-O.
PHDTT 2

2 FWHMATdl.'ITERATIA'.lGI.'bpUJTIA')
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1 PRINT 3,X,(X(I);I-1,N)
3 F%RHAT(1X.I3,6X,(1OF12.6))

CALL MATR(A,X,N^P)
D0 4 L-l.N
D0 4 Jwl.N
Y*A(I,J) 
TF(I,SQ,J)TwY+R

4 A1(I.J)-Y
$ I-l.N

5 N(I)-RwX(I)-F(X(I),i.W,T(
CALL bI8TM(Al,B,W)

Fl^O.l
D0 6 M,N
H2-H1
Tl*Rwd(I)
D0 7 J-l.N

7 Tl*Tl-4(I,J)wB(J)
1*1(1)
VM(X(I).I.N,T(I),MP)
VF.VF+HzK I)-J1
X(I)*X(1)^32

11 VFR*F(X(I),I,N,T(I),HP)+RmX(I)-?l
Z*X(I)
X(I)-X(I)-H2-H2wVF/(VFR-TF)
IF(A3E(Vm)*LT.gP6)G^ 10
VF-VFR
H2*X( I)-Z
G^T(A 11

10 IF(ABS(X(I)-Y).GT.3PS)M-1
6

IF(M.EQ.O)ST#P
K*F+1
IF(K.LE.LL)G^ M 1
R$D-1
HETURN
END

C fUBCIZARAA FJNOTIEI
FWCTI^N F(X,I,N,T,HP)
Fm—HP
RETURN
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C MATRI&M A(I)
MAIB(A,I.N,HP)

DDthNLlPN A(N,N),X(N)
D0 1 1-1,?^

1 Jwl.N
1 A(I,J)-0

A(l,l)-2+HP*iIN(X(l))
A(N,N)-2^HPHbIN(X(N))
A(l,2)- -1
A(N,N-1). -1
L-N-l
D0 2 1-2,L
A(I,I)-2+HP*bI*(X(I))

-1
2 A(1,1^1). -1

RETURN
END

C REZ^LVAiMiA ^laTEBJLUI LINIAR 
bUMBUTINB EIETEX(A,J,N)
DDMNbI0N A(W,W),B(N)
BA-l.E-6
AL-N^l
D0 10 K-1,11
AM-0
D0 11 M.N

11
AN-ABb(A(I,K))
10-1

11 CONTINUE
IF(m.QT.APb)G# TA 20

22 NRim(ioa,2i)
21 FCRMAT(15T,'bKTBM LINUR INC%MPATI3IL')

KTVP
20 BA 12 J-E.N

X-A(1,J)
A(E,J)-A(I0,J)

12 A(ID,J).X
X-d(E)

Klb)-I
E2-JL 1
W 13 I-E2.N
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14 A(I,J)-A(I,J)-4(A,J)aI
13 8(I)*d(I)^(^)aI
10 CgifTINjA

IF(AAh(A(N,N).LT.EPb)G0 22 
d(N)*d(N)/A(E,a)
X-N-1

23 Kl.X+1
0(4 15 J-U.N

15 A(x)^(a)^(t,J)wa(j)
a(x)*a(K)/i(K,K)

I
I7(K.M.L)GfS 23
RETURN
END

Aa conslderat ecaetia A(x)x + <i>x * o co

Pwoctu a * 6, * 1V(M1)^, dapA 27 ItMatH s-e obtinst so­

latia (LibTIES 5)

x *(0.060412, 0.100537, 0.120544, 0.120544, 0.160537.0.06L412)

CtMl eoMtiilot M diferente 1.4. Pie ecaatl*
a" * aetB
a(o) * 0
n(l) * 1.

A ?i ^x vor 11 cel preclzsti de (3*5) ends f(t,n) * a^.

^ntro coapereree rezultetelor ot)tlMta pria aceastK aatodA.ca 
Mie obtinute pria aetode itexetiilvr staple, sa lost, in sMra- 
tiae MDA prezentat& la cezul general, tteratis laitiald - tte- 

ratia de coaponente x^ * (^-°^)t^ 1 * l,n. Clclnl de eti
chetA 20 din aceastA ssorutiaA va devenl t
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f(I)*ALFA+I*H
20 X(I)-(daTA-alFA)aT(l)+AIFA
aPb-u.o^ul, r = 2, a - 6, °< - a,/%- 1, A $1 owl

aati aal aua, atrnctuta ptograaalul aata uraAtoaraa !
DIMENcI0H X(6),D(6),A(6,6),Al(6,6),f(6)
DA TA N,al^,R^ALFA ,AaTA ,IAL/6,0.0001,2. ,0. ,1. ,300/
GALL MAJA(N,BFS,X,B,ALFA,iMTA,MLJL*D,A,d,Al,T)
PRINT 1,K#D

1 FORMAT(10X,'K%D-',11)
6TCP
LWD

C P6DCIZAM FUNCTIA F(T,X)
FUNCTION F(X,I,N,T,HP)
IF(I.EQ.W)W) 1 
F-HPaXM?
RETURN

1 F*HPmXww3-l
R3TURN
3RD

C HATRICnA A
LJdRVJTDM MATR(A,X,N,HP)
DDtaNtlM A(N,N),X(N)

1 I*1,N 
D* 1 J-l.N

1 A(I,J).U
A(l,l)-2
A(N,N)-2
A(l,2)- -1 
A(K,W-1)- -1 
I*N-1

2 I-2,L
A(I,I)-2
A(I,I-1)- -1

2 A (1,1+1)- -1
RETURN
END

C MDTpDA JIRSCTIIUR ALTERNATE
bJER^UTIWE MQA(N,EPb,X,R,ALPA ,NRTA ,LE,E%B,A,E,A1,T)
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RRTURW
3ND

0 :iLZ0LVa^ ^Ib'fAHJLJI imiAR
^IbTKM(A,B,W)

a*
RETURN
nFD

18 itexatll (LI&IING 6) aa oo^ioat aolufla
x .(0.106076, 0.273659, 0.410831, 0.549320, 0.691090,0.839531)

Gaxel aoaatlllor cu difcxaote 1.11. Algoxltaul de calcol 
deactla to figuta 3-4 paotta xaaolvataa ecoatiei co difetaa^e 

(1.11) (coraapoox&toara acaatlei 1.10) actlad aob foraa A(x)x 

+ ^x . o, cu A(x) $1 x pracioa^l ^o (3.6) toopootiv (3.7) 
paotta a(x) * aio^x , f(t,x) * -1 , latod pontw 8P6^ o.ocoi,

R 6, R w 2, ALyimBETA^O, dotaroiod urwdtoxul progtaa FORTRA!T<
DTMRWSI^W X(6),B(6),A(6,6),A1(6,6),T(6)
DA TA N,RP6,R,AI,yA ,BdTA ,I*/6,U .0001,2. ,0. ,0.,300/
CALL MDA(N,8Pb,X,R,ALFA^iTA,UL,^D,A^,Al,T)
PRINT 1,K%D

1 P0MAT(10X,'K^Dw',Il)
LT^P
RND

C FUNCTIA F(T,I)
FUNCTION P(X,I,H,T,HP)
F= -HP
RaTURH
a!?D

C MATRIG^A A(X)
6UBR^JTIN8 MATR(A,X,N,HP)
DDUiWoI^N A(N,N),X(N)
DO 1 Iml,N
DO 1 J-1,N

1 A(I,J)-0
A(I,l)-2^HPH6IH(X(l))ww2
A(N,N)*2+HP*6IN(X(N))aw2
A(1.2)^ -1
A(W,W-l)w -1
L.H-1
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2 A(I,I+1). -1
E8TU9W
STD

C M&T/D; ALI^RTATK
(3 ,gR. ,X,a ,A LFA,dSTA, U. ,XdD,l, d .11,T )

6
a
*

RaTJBT
43^

C *j7xI*HH3
i.Maf JTIMH MbTHt(A,H,K)
w
6
a

84 TUR*?
nWi,

In 28 itora^li aa oa^iaat oolo^ia (LIFTING 7) <
x .(0.060951, 0.101540, 0.121817, 0.121817, 0.101540, 0.060951)

3.3. MTOJd LUIFRUWAT

In aooat porograf von proaooto algoritaal de celcul pentrn ee- 
toda 2.54 al progroaul ToaTBAW eoroopeaodt^r. baoratino ee deeorle 

aotoda lul Frldaan edto aatfel orgonizatd toctt oa pooto fl atooatd 
tntr-o biblloteoA aerad. Ool co doroeto 46 atllizoze notoda lol 
yrldnoa (pentco ronolvoroa aiotoaolot oellelore) va trobol ad ptocl 
aozo alatoaal fa * a, dorlvato ftdchot a lai 7 ci ad apaleae aub 
ratine FRHM4W[58].

3.3.1. ALzorleaal do calcal. conaiderda ocooMa 7x * 0 co
F < —*tR* . 7 oporoaer nollniar, diioroa^iaall Frdehet pe
a. Voa aeillaa nemo ooolldlaad H pe opatiwl R* oi ooraa de 
aplloa^lo llnlard ooreapenadtocro pe L(H°). In coadUllle teereaei 
2.1c (tn care evident oa conaiderd norao ouclldland) olrel 2.34
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— Tconverge la solatia x a ocsatlei Fa w o . Aa notat ca A 

trenapuae uooi metric! A. Diatingoa orwAtoarole etopo principal* 

de celcul.
&tape 1, be atriouie loi X - Heretic oorontA volooroa

o
* - 2 2rtspe 2. ^e calcoleaaA )jFr^ . DocA !) a procoacl

de calcol ao opropto ; tn caz contrar ae continaA co atapa 5.
Atape ba calooleazA F'(a^)^Fa^ ;
Atapa 4. be caleoleaoA !tF'(a^)^Fa^^ ;

Atapa 5. DocA la etapa 4 ao obfine zero, sea dacA ao depApopto 

nuaArul do iteratii (propua), proooaol de calcal so oprepto ; tn 
coz cantrar so calceleazA iteratia eraAtoare toA tn X. 4a roiaa 

oporttiilc ca etapa 2.

3.3<2. Acbeao IcRicA si nrogroaol F^RTHAN. La fiocaro pea de 
iterstiA co netoda 2*34 avow neveio de diferontiala FrAciwt F*(x*)<

Caloolel fieoAroi eloaont al derivaAoi Frdohet tl vow ofeeAoa aa
subprorratMl PJNCTIOW DIF do ptrawetrii foraoli X^I,J,W t

X * tobloo do dinonaiono n in care voa avoa itorafi* oaren- 
tA z" ;

I Indicolo do linio al olooobtoloi derlvatei FrAchot, oal- 
colJtA pontro X ;

J - indicolo da coloend al acoloiaoi eleaent ;

N - diaensionoa n a aiatoaalai.
Colcolol valorii fcnctiei tl voa roaliza co eooprograaal
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FUNCTION F de peremotrll Y.I.N a cAror semmifica^ie aa prezen- 
tet-o moi aua ca pracizarea o! alol I apedficA rangul component 
tel ftioc^iei F. DupA a pel In F vow eves valoarea func^iei f 

pentru necunogcutele x^ , 1 = l,n. Prime instruc^ie executeOll! 
a auoprogramului aate un oalculat da forma

<M T^(l,2.........N),I
ande 1,2,...,N mint etichete tn subprogram ooreapaneAtoare func- 
tlllor

Produaul F'(x*^)^Fx^ il vom obtimo la PR, taoloa da dimanaiu 

na N al auOrutinei FRILLAN. AceaatA aaerutinA da peramatril for­
mal! deacria matoda lui Fridman, al cArui algo­
rism da reaolvore il prosentAm in figure 3-5* Terminate* programu- 
lui aate condi^lonat! de indapliniraa oonditiei ^Fx^))^ EP6, 

EPE filed o constant! a programului, in exemplal conaiderat EPS = 
- l.N-4. Sabrutlna farnlzeaz! prin parametral K()D, nodal do func- 

tionore el programulul t
NdD - 0 aOUJTIR N0WAT4

e 1 YbPiPTIRE CO ZER^ (E1*O)
g^D w 2 DEP1EIREA ^iRJr.UI DE ITERATII M.

Sabrutlna FRUKAN poate fi atocatA intr-o oiblioteoB sura!. Jtili- 
matorul va precise in programul principal dimensianoa - N a aia- 
temulai, a prodaaului H! - tot N, ve genera prin DATA pe lingA 
N , EPb oi iterate initial! x". Prin F el DIF (dup! algorltmul 
din figure 3.5) va staoili func^ia reapectiv dorivata FrAohet a 
func^loi F.

ProzeotAm in continuaro scbema logic! el progremel FORTRAN. 
Am Gonaldarat ca exemplu ecuo^ia

Fx " 0 cu / *1 \

corn XY Xg S
Fx *
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dlooul 1. lal^lalizarea pe Mr* a iodicelui Here filler X 
$1 a oodttlui de functionate al prograanluit

Blocul 2. Ilpiriree Indicelel iteraplilor ?1 a oompononte- 
lor iterate! oaraace X.

Alocurilo 3,4,5,6. Sa calouleazA . DaeA JJpx*^ o

proceed de calcd ae opre^te (olocul 6). &*-a conaiderat aorma 

naz al conetaota 4P6 a prograaului.
Slocurila 7,B. Galculul lui PR * F*(x*^)^Fx^ ;

Blocurile 9,lo. Calculul normal la petrat, peotru PR(S1
- M?R #2).

Blocurile 11,12,13,14,15,16. Sa preoizeazA oodnl de funotio- 
nare al programulni ; oprirea calcolelor dacA K#D e 1 san * 

* 2 (Olocol 16) t
dlocurila 1^,18. ActMllzarea indloolul iteratlilor ! oalcu- 

Inl iteratiei uroAtoaro *

C DJI FHIWAH PhNTRJ NELHIAM. VARIANTS 1.
DDtRNbI0N X(4),PR(4)
DaT* N,aPb,IA,l/4,l.E-4,lUD,0.5,-1.2,0.3,0.a/
CALL Fnl4MAN(K,iiP&,Ig,X,k4D,m)
PEINT 1.K0D

1 MRMAT(1OX,'K&*-',I1)
ST^P
RWD

C K^CIZARRA ACUAIHI F(X)^G
FUNCTION F(X,I,N)
DIMANSI^W X(W)

T^(1,2,3,4),I
1 F-X(l)wX(l)-l
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s; = o ] 9

§1
DA

?v

Qt

10

12

14

00-7sa

nrL/^

_____16
^(PEW/?/v)

*(Y)=x'rr)-s/s/. ' 
ppri)
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RETURN
2 F-X(l)zX(3)^l

RETURN
3 F-X(l)+X(2)+hIN(X(3)) 

RETURN
4 F-Q0b(X(3))-X(4)^2 

RETURN
END

C DM IVA TA FRECH3T
FUNCTION DU(X,I,J,N) 
DlMENblOa X(!f) 
GO T0(1,2,3,4),I

1 GO T0(ll.X2,13.I4hJ
2 GO T0(21,22,23,24),J
3 GG 10(31,32,33,34),J
4 G0 T0(41,42,43,44),J

11 DU-2mX(l)
RETURN

12 DIF-O.
RETURN

13 DU-0
RETURN

14 DIT-O.
RETURN

21 DU-X(3)
RETURN

22 DIF-O.
RETURN

23 WU-X(l)
RETURN

24 DU-O.
RETURN

31 DU-1.
RETURN

32 DU-1.
RETURN

33 DU-O0b(I(3))
RETURN

34 DIF-0.
RETURN

41 DU-O.
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RETURN

42 DIP-0.
RETURN

45 DIP- -bIN(X(3))
RETURN

44 DIP- -2*1(4)
RETURN
END

C METMA LUI PRIIMAN 
AUaR^UTDM FRIWAN(N,EPb,lE,I^DD,M)
DIMENblBf X(N),m(N)

C
C 1. N-DHt-NblMMA MbTaMLJI
C 2. Elt-FMCIZIA DE CALCUL
C 3. H-LDtlTA MAXIN1 A NR.DR ITERA^H
C 4. X-TA3DUU DE DIMNSIUNEA N IN CARE AVEN ITKRATIA CU3EN
C TA(INITIAL AICI VA PI XO QSNNRAT PRIN DATA)
C 5. XpD-COD DE EROARE
C K0D-O. SOLUTB NORMAIA
C
C X0D-1 IMPARTIRE CU Z8N0(81-3)
C XPD-2 DEPl^IREA NUMARULUI DE ITERATH
C

KpD-O.
K-G
PRINT 2

2 F*6RMAT(lX,'ITERATlA',lUX,'bOIAJTIA')
1 PRINT 5,4,(X(I),I.1,N)
5 FUBMAT(1X,I2,6X,(1OP12.6))

b—0,
DU 71-L.N

7 *-*+?(X,I*N).F(X,I,N)
!?(&).LE.EPt))RATURN
DO 6 1-l.N
M(I)-O.
DO 6 J-1,N

6 PR(I)-PR(I)+DIF(X,J,I,NW(X,J,N) 
Ll-O.
DO 8 1-1, N

8 Sl-61+m(I)wFR(I)
IP(81.EQ.O)XOD-1
IP(K.GS.I^)R0D-2

BUPT



- 93 -

IF(K0D.dQ.O.ON.K0D.AQ.2)MTm!N

W 9 1*1.w
9 Y(I)*T(r)-S/61wPR(I)

00 T9 1
UND

VARIANT! 1. claslcA, pentru metoda lot Fridman, presents t A mai ana 
prosupuoe calculul valorii lui f^(z) $i el t?Xj, tn women-

tul in oare ae aollcltA valoarea aoestora pentru z. Deci nu ae 
goneroasA in momoric centralA volorile tuturor componeotelor lui 
F ^i ole tntutor cowponentolor derivetel PrAchot in z . Totu?i 
ounArul ware de inatruc^iunl foloait pentru deacrierea (precizerea) 
lor. reduce in parte coast avantaj, intrucit eate descrte calculul 
?i pentru componeotole nulo ale derivatei Frdchet.

In oazul oatricolor rare de dleenaiunl nori, schema de memo- 
rare standard al chiar tehnlca prozentatA tn Verianta 1, oevin 
ineficionto. In acoat caw onto indioat aA ae eemoreze oumei elemen- 
tolo oonulo, oalvind aatfel mouoria ai timp do calcul. Intrucit 
none do wowororo a notricoi nu va fi identic! cu matrices orlgina- 

1A, octo neoesar oa tohnicile do noooraro aA incorporeze pe lingA 
olewontole oenulo ^1 uijloace de idontificare a pozi^iilor aoeator 

oleweate in oatrico.
Be cunosc oai nulte tohnici de nonorore a motrioelor rare [^5 J. 

Pentru metoda lui Pridwoo ?i netoda Gradientului (33.4.2), cind 
dorivota FrAcnet onto o oatrico rarA an folosit memoraroa compacts 
aleatoaro [58j. Meuorarea coepectA aleatoure const! In utilizcreu 
unei sene prinaro, VAI4, con^iniod nonal olecentelc oenule ale ca- 
trioei oi a douA sone oeouncaro con^inind indicll de linie, ILIN 
*i de coloonA, 1001, oi olooontolor neoclo. ^eoarecc fiooare ole- 
wont el ootricoi, oenul, oats identifioat individual, cste pnaloil 
oa matricoa nA fie nenorawA in ordine eleotoare. -vantejele nano— 

rArii ooapaot aleatoere conateu in faptul cA ooi elewente neoule
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al* wattle*! pot fl addugate 1* sfireital zenoler de nenerare fd- 

rd a part area colalalt* olonente, precan ?! 0 nanevraollltoto ta- 

pld& a datolor.
In canal natricelor ainetrloe aceastd achomA do nenerare aa

peat* airtlifice prin memorarea nunai a elementelor d* daaaapra 

diagooalei principale, utilizind zanele ILIN $1 ICUL pre-
con *1 a elenentelor diagooala intr-o zonA aeoundcra DIAG.

NuaAral total da cuvinte naceaar neaorArii unel catrice rare 
A (w,n)-dlmenaiOD81e, (Desiaatrioa) prin intemediul oelor trel 
zone VAIA, ILIN $1 ICOL ante 3 w n r. Rapcrtul dintre carin^e- 
le de nenorio a scents 1 achene $1 a colei standard eate

C * 5r.
Raportul de memorara aocat r eat* raportul dintre nondral de 
elamente $1 nun drel total de alenente.

i^e oosarva ca aceaata achanA cate eflcieota pentto menorarea 

aatricelor rare co o denaitate de naninun 35.3%.
In VA3IANTA 3^ fig.3.7, an deacria netoda lui Piidnan folo- 

slnd nonorarea conpacta aleatoare (cu atocaro in nenoria centralA).
In VARIANT 2, fig.3.6. pentpu netoda Fridman an atillza^ teh- 

nica deacriaA la Verianta 1^ cu idelle da la nenorarea conpactA 
alaatear*.

Pantro ezenplificare an alea aiatenul neliniar

-ain
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tat* o natrioe rard $1 deci eete indiestd weeorarea ooupactd alea- 
toare. Indicii de linie, coleand si elenantelor nenule ei lui F'(r) 
eleeentele nenule aint precisate in erdlnea in care a par coloand 
dupd coloaod.

Present** prograwele F^RIRAM pentru Variants 2 ai Variants 3 
aatfel incit subrutinele PR La (Variants 2) $i FRI31AN2 (Variants 3) 
ad peat* fi atocate intr-o biblioteo* aurad.

Centre apelarea subrutlnei FRID care deacrla eetoda lui 'nlu- 

MAN utilisind tehnioa deacrlad la Variants 1, cu idelle da la me- 
nerarea caupactd aleateere, utillsatorul ye preciaa !

- dcuaVia Fa * o prin aubpro^rewul FWCTI^N F cu etructura 

de la Varianta 1 ;
- dlenentele nenule ale derive tel Frdchet prin aubpro^ramul 

PUWCTIOW Vi Id de parauetrii X,L,N aa
X * tablou de dlwenaiune n, in care se refine iterate eu- 

rentd x* ;

L w nueArul de frdine al eleeentului nenul din derlvata Frd- 
chet (luat tn conslderare) ;

N c diaeoaiunea n a aiateuului ;
- Indicii de Hole al alenentalor nenjle, in ordlnea datd in

VAI4 , prin auoprogranul FL,'OTI#H Hr? (L) ;
- Indicii de coleand al eleeentelor nenule, in ordtnea det&

in VILA, prin auoprograuul FUNCTION IC^L (I.).
Is apelarea auorutinei FRIiMAN 2, care eete al sea uai indica­

te pentru netoda lui Fridnan cind se lucreazA cu natrlce rare, se 
vs deacrie <

- Scua^ia Fs w o prin su&progreeul FWCTI^W F ;
- Derlvetc FrWcbet prin subrutina DRRIV de parauetrll

VALA - tablou de dleenaiuoa LD ca oontlne eleeentele 
seaule ale derlvatel, LD filed nundrul de elemeote nenule ale deri- 
vetei Frdcbet t
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I - tablet 4a dtaonelooe a, tn acre aa fatten itera- 

tla curentS ;
N - dieenaiunea alatewelui n ;
ILIN w tablou de diwenalune LD ; cantina tndicii de 

llnie al aleaeutelor necule ale derive tel, cu ordlnea din VILA ;
IC0L * te&lot) de dlwonaluee LD ; contlne indlcll de 

celoena al eloaenceler noMle ale derivatel, cu ordlnea din VILA;

C METODA LUI FRISIAN PANHU ^ILIEME NELINIARE. VARIANT! 2.
DIMENSION x(io),a.(io)
DATA t*,NA,H,X,W10,l.D-3,30,10w0.3a9/
CALL FRID(N,EFb,I^,LD,X,EOD,FR)
PRINT l.K^D

1 FORMA K1OX,'K%D=',I1)
STOP
END

C FRECIZALEA ECUATIEI F(X)-O.
FUNCTION P(X,I,N)
DIMENSION X(N)
00 T0(l,2,3.4,5.6.^e,9,lO).I

1 FwX(l)
RETURN

2 F-C0S(X(1))^X(2)
RETURN

3 F-Cfb(X(2))+X(3)
RETURN

4 F-C0S(X(3))^X(4)
RETURN

5 F*O0S(X(4))+X(5)
RETURN

6 F*O6S(X(5))+X(6)
RETURN

7 F-C0b(X(6))^X(7)
RETURN

a P*C0b(X(7))+X(B)
RETURN

9 F^30b(X(B))^X(9)
RETURN

10 P*C06(X(9))+X(10)
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RETURN 
EWP

C EMMNTEM NENUM AM DtRITATEI KECHET 
NUNCTIUN TALA(I,L,N)
DDENSI6W X(W)

T^(l,2^^4 ^5,6,7.8,9,10.11^12,13^14,1^.16,17,16,19),L
1 vAM-i.

RETURN
2 TAM- -bIN(I(l))

RETURN
3 TAM-1.

RETURN
4 TAM- -^IW(X(2))

RETURN
5 TAM-1

RETURN
6 TALA- -6IN(X(3))

RETURN
7 TAM-1

RETURN
H TALA- -6IN(X(4))

RETURN
9 TAM-1

RETURN
10 TAM- -6IN(X(5))

RETURN
11 TALA-1

RETURN
12 TAM- -6IN(T(6))

RETURN
13 TALA-1

RETURN
14 TALA- -hIN(X(7))

RETURN
15 TAM-1

RETURN
16 TAM- -*IN(I(a))

RETURN
17 TAM-1

RETURN
IS TAM- -EIN(X(9))

BUPT



OT-HITIWT
EFMZ3
6-nmAT
H3MZH
^=}mi9T
N8MZ3
a-nni6T
HHMHH
B-HITIVI
NMMK
A-HITI
HHM83
Z*NIU
NHMZa
9*311111
nanus
9*HTH01
nan* 33
6*NTTI6
HHMHR
$*Nme
HHNZH
t-KTUz
nan*za
tf-NIH9
aaniya
^*NITI
Hamza
t*&mly
NSEI3Y
2*HIU(
NHMZR
g-HI'IIg
Nyni^'.'
I-HIU

T'(6l'9I'Al'9t'^'tI'CT'aT'IT'^t*6'H'4'9'6*+'**?*I)dt
( I)NITI N^bLDHO^ 

riVA HI !tW VWHT3H0 HI TTMWH WlZ*H3HyiZ IV ZIHII W 1131^1^ 0
CK9

HM.*za 
T*V1VA 61 

HHn *?a
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RETURN

19 HJN-1D
RETURN
END

C INDICII DE C9I41N1 11 EI1MENTEL0R NENULB DUP1 ^HDIN^l DIN 7111 
FUNCTION IQ0KL)
0^ !t(l,2.3.4.5.6,7,B,9,10.11^.13,lA,15.16.17.M,19).L

1 IJ0L.1

2 10/1*1
HITURN

3 1001*2
RETURN

4 IC3I*2
RETURN

5 IGVL-3
RETURN

6 n#i*3
RETURN

7 IC0L-4
PSWFN

8 ICUI*4
RETURN

9 mn*5
RETURN

10 1061*5
RETURN

11 ICR 1^6
RETURN

12 I08D-6
RETURN

13 IO/D-7
RETURN

14 10^1*7
RETURN

15
RETURN

16 IC*I*8
RMUKN

17 1091*9
HETunr

BUPT
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is icti*9

RETURN
19 TCH^IO 

RETURN 
END

C MET^DA 7. JI FRIIKAT
S3ER0UTINE FRlD(N.El^.^.LD,X,Nap.A)
DDEHhiaN X(T?).PR(N)
E^DwO
EmU
PRINT 2

2 ?tHKAT(lX,'HERATIA',101,'b3LUTIA')
1 AINT 3,E,(E(1),I-1.N)
3 F%HM4i(lX,12,*X,^10F12.6))

Da 4 i.i,N
4 S*b+F(X,I,N)wy(Y,I,N) 

IF(b.L4.^A. )a^iUhN
D0 5 1.1,N

5 A(I)*O
aa a i*i,LD
JwIG^L) 
I^ILIN(L)

6 FR(J)*Ht(J)+VALl(X;L,N)HF(I,I,W) 
Sl-0

7 1^1,^
7 Sl*Sl+PR(I)sm(I) 

I?(H1.EQ.O)K0D*1
IF(N.GE.m)X0D.2
I?(KaD.EQ.1.0R.xaD.EQ.2)MTURN
K.L+1
Da e i-i,N

8 I(I).l(I)-n/61MlE(I)
oa 1
END

ConaldetinE ^(0.3,0.3,0.3,0.3,0.3.0.3,0.3,0.3,0.3,0.5), dspE

13 (Ll^lIHG ta oD^inut 4014^1*

e(o.ooocuo,-0.995968, -0.554246, -0.854521, -0.665221^-0.3021
-0.697052, -0.785152, -0.705464, -0.769332).
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a KAT* DA MI FBIHMT MWTH9 RIST^M WXUWIAM^CA.VAHIAWTA 5.
DIMHSlOH I(1O),M(M),IUK(19),IC0L(19),VALA(19),P(IO) 
DATA W.DPS.M.X.LD/lO.l.A^^O.lOwO^,^/
CALL FRnWAW2(W^PB.IX.LD,X.K*D,FR,ILN!,ICAH,VALA,P)
FWIWTl.MD

1 MHUT(1DX.*K^^<',I1)
6TDP
DWD

C PMCIZAMA KCUATBI F(I)-0 
bUDR* UTDMS *^C( X.P .W ) 
DIMSN^IM I(N),F(W)
F(1 -X(l)
D* 1 1-2^

1 F(I)-C*b(X(I-l))^X(I)
RATU3N
^D
bUM*JTHD ^WKP.Fl.H)
DDtbNbI*H F(N)
Fl-O.
1# 1 1-l.W

1 Pl*H+F(I)aP(I)
MTUB!

C PRACIZAHAA DMIVATKI FMCHKT FNIW VALA,ILDT,IC0L
SUEROUTIM nmiV(VAI^,X,LD,W,TLIN,rC0L)
DIMWblOW VAM(LD),X(N),ILIW(M).IOH(HD)

D^ 3 1-1.9
IO^KL)-I
ILH(L)-I
D-L^-l
ia^KD-1
UJH(L)-I^1
D-L^l

3 O^NTINJ* 
io*m9 )-lo
ILIN(19)-10
DO 1 1-1^19.2

1 VAIA(I)-1
DO 2 I-2.M.2
11-1/2
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2 VAId(I). -tH(X(Il))

MWHW
MD

C MAT0DA LUI FHIWAN . .
RUBBCUTINE FRIIMAN2(W,AP8,IX,LD,I,K^D,H!,njD^MDL,VALA,P) 
DDAENbIGN l(W),PR(N,VAl4(LD),ILIN(LD),ICCL(LD),y(W)
KOD-O
K.0
M!IWT 2

2 FCHMAT(1X,'ITKRATIA',1OT,'^LUTIA')
1 FRIBT 3,1,(X(I),I-1,N)
3 V*HMT(lX.I3.6X(10yi2.6))

CALL MRTV(VALA,X,LD,W,ILIW,ICCL)
CALL 3C(X,P,W)
CALL M0DJL(F,P1,N)
IP(Fl,Lai,hPb)MTURN
DC 4 M,W

4 PR(I)-C
D^ 5 1*1, LU

5 tB(IC%L(L))*H:(IC%L(L)+VALA(L)w?(ILIN(L))
CALL MCDUKPR,F2,N)
IF(F2.dQ.O)X0D-l
IP(X.Q2.LK)X0Dw2
IF( K0D.AQ.1. OH.A0D.RQ.2 )MTUM
M^l
DC 6 I-1,N .........................
X( I)-I( I)-M/T!2wm( I)

6 ClWTDfUE
GC TC 1
DWD.

Aa oonaideret aoelepi example de la verlanta 2, eceee^l Iteta- 

fie d preelele de oeleel pi, depA 13 itera^ii (fires*
a& fie aatfel), aw obfitmt aeeeapi soletie.

3.4. KNTCDA ORADHNTULUI

Peotre wotoda itoratieA (2.21) ooto prozontat* o ssOrotinA 
FOBTHAW co naaole CRADIANT, o iwplooootaro ofieiootA, a wotodoi 
Gredioetulei pentrs eooatii do fores Fx - o a* deriveta Fr^chot 
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o HOST loo tot*. Aaarutlne oate aatfel organlaatA fecit paste fl 

atocatA latr-o olblletocA aeraA. Poatru utlllMrea ol io vederea 

roaolvArll eiateoolor nellnlere ao va preciaa aloteuul Fx - o
Al dorIvata PrAohet a lol P.

3.4*1. ALrorltnul do osloul. QonalderAn ecuatla * o cu 
F t DccR*—))R*, P operator nellnlar el x*&D o aolutle a ecua- 
tlol. Preaupunee oA F oate dlferentlaOll PrAchet pe b(x*,r)c^ 

CD pi cA uatrloea F'(x) eate nArglaltA pe 6(x*,r) 91 de 

rang n. Atuncl (§ 3.4 Corolarul 1) x* oate punot de atraotle 

pentru Itoro^lo (2.21)

,R+1 . -][F'(x^)j[ F'(x^)*Fx^.

Alogtnd ca valoero de piecare x** D, von oOtlne o soluble aproxl- 
natlvA x^ a ocuatiol, peatru core aven F(x*^)^ < f porcurgind 

umAtoarole otape t
Al. be otrioulo lul X - iteratla ourentA x^, veloarea x°.
42. oa oalcaloaaA ^P(x^)jt^. aooA ){F(x^)^^ o pxooeaul de

caloul ao oprooto ; In one oontrar oe contlnuA cu etopo 3 t 
13. oo colculooaA F'(x^)^Fn^ t
A4. bo oolculoooA MP'(x^))^ ;

45* 4aoA lo otape 4 aa ooflae aaro^ aau AacA ao dapAuapto 

aooArul do ItoroSlA (pxopea)* pro^aaul do oolcul no opretto, la 
oaa ooatrar ao contlnuA cu etopo A ;

Ad* be oolouleaaA itorotla oruAtoare too la X. be relau ope­
ra title cu M.

3.4.2. Bchoow IWaloA of vromawul FORTFAW. Oa pl la wotoda 
lul Prldaan, pentru aotode 2.21, la flocaxe pea de Horatio avow 
novolo do dertuoto Frdohot P'(w^)6M^*).

In 3.3.2 on proaoatot ouwntojele eewordrfl cowpocto oloa- 
toorw poatrw ootrloolo roro bl pentru netodo Orodlontulul, on 
utilizet pentru otooaroa dariootol Frtobeo, clod ooee 
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eatrice rarA, tohnico aaaorArii caapocto oleatoare utilizatA la 
varianta 2 a aetodoi lai Fridaan (Hating 12) cit pi aoaoraroa 

ccapectA oleatoare ca atccare in aeaoria centralA (Hating 11).
Voa prenonto in cela ca nrnaaaA acheaa logicA (fig.3.8) pi 

prograaal FORTRAN, pantru aotoda Gaadiantalni. atiliaind pentra 
F^(jt^) aatrice rarA, aoaoraroo coapoctA oleatoare (ca atocare 

in aeaoria centrolA) fiind cea aai eficientA.
Prograaal poata fi foloait iotdanai pi cl nd F'(x*^) no eata 

aatrice rarA, dar In aceaatd aituafio, aeaorerea coapoctA alea- 

toere nn adace nici un ovontaj in report cn aaaoraroa olaaioA.
iiubrutine EC(X,F,N) calouleauA valoarea lui f^ pantru 

, f^ , i " T7n fiind coaponentele lai F

X - taoloa da o dtaeneiuna ou a elcaente oe confine itera- 
fie curontA a ;

N * diaonaiunea n a aiatoaului ;
F a taolou do o dineaaiuno, cu coaponentolo f^(n^), i i,n 

Pentra aalcalal eloaentalor nooula ale dorivatei Frdchot in , 
foloaia auorutine URRIV(VALA,X,LD,N,ILIN,IC0L).

VILA * confine eleaentela nanule ale derivetei Frdchet in
a , itarafia curantd ; eata on vector ca LD alaaonta

X - vector cu n olaaonto ; itarafia ourontd ;
LD w auadrul de eleaente aeanle ale derivetei Frdchet ;
N w diaenaiunea n a aiateaului $
ILIN w vector ou LD olaaonta ; confine itMlicii de linie ai 

eloaentalor nanule, in ordineo din VILA ;
ICOL - vector cu LD olaaonto ; confine indieii do coloond 

ai eloaentalor nanule, in ordineo dotA in VILA ;
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( S7^/?7^) 

-J;

Z/,ZPS,z/<^, ZD

6//7* Z /<,Z Z),X, ^Z?D, 
/Z///,/CQz , 1Z4/A, /=)

Of Z?/'7Z'KAZA, Y, LD,A/,
V /Z/7/, /COZ)_ _ _ _ _ _ _

/Z / A/ fZ ) = . . 
/COZZZ)^.. 
^AZ4CZ) = ..

QL__- - - - - - - - j **

( DD^/Z?A/ ")

/vrz//,fps ,z.z<A 
^_D, Y, ROD, W, /C/.V, /CO^yAZ

V
. OD- 0

/A/A/, /COZ)

BUPT
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Qaaervatie. Daoareoa norwa d* aplioatie llniard a anal ea- 
triol ooraapanadtoara ooraal auclidiane aata difloil da caloulat 
aa paeta utilize o aerwE aata a wajaraazd, da aaewpla t)A)L * 
* unde a^j , l,j - l,n aint alawantala wattle*! A

Aatfel pentru ]]F'(a*)][2 cu awaatva^la de wal aua *1 
ttF(w^)[j^ vow folaal aubrutina M(^DJL(F,F1,N) in care

F - aata an vector cu n elowonto, a cArui nerwd derlw a-c 
oalculdw ;

Fl - confine patratul narwel vecterulul F ; 
N - nwdrul de olewonto ale vecterulul F ;

C MET? DA GRADUNTULUI PUT THU HbTHM NELINIARE. EGA.
DlNEN&,IdN X(10),H)(10),ILIN(19).ICdL(19).VALl(19).F(lD)
DATA N,EPS.K,X,LD/10,l.E-3.300,10w0.3,19/
CALL GRAD!ENT(W,EPS,M,LD.E.K^D,m,ILIN,IC0L,VALA,F) 
PRINT l.KOD

1 F8RMAT(lOX,'10D',ri)
^T(!P
END

C PMCIZAREA ^CtJATIdl F(I)-0
SUH^syTINE EC(X,F,N)
DD1AN*.I^ X(N),F(F)
F(l)-X(l)

1 I-2.N
1 F(I)-C8b(X(I-l)wKl)

RETJRN
END

C PRECHAMA DadIVATEI FMGHET FMN VAIA,IUN,IC^L
MMOUTINE DENIV(VALA,I.LD,W,ILIN,IC8L)
DMaNbldN VALA(LD)d(F).ILIN(LD),IG8L(LD)

D^ 3 1-1.9
IO8L(L)-I.
HJN(L)-I
D-I^l
IC^m)wI
II.IW(L).I^1
L-I^l
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MHM88( 2*br*a^3* 80* I *bz*a%3 )AI
2-003(81'30*3)81 
1*003(0*^9*19)81 

(m'WnvAyino^H nvo
(^)8*(^)T^TA^(f)^n*(f)Ha 4 

(T)HTH*I 
(T)T0OI-f 

oTi-a 4 0a 
*O*(I)M

N'T-1 9 00
K8M98( wy-wi*T8)AI 

(N'T8'8)ona0w nvo
(8'8'1)09 TITO

01001'HITl'N'(n'T'nTA)AIHia TITO 
((9'2t8OT)'39'Cl*YT)8THH08 ( 

(N*T9I'(I)I)'3'( ANIM T
(<TIMI0S,'lOT'.TIATE!KI,'r[)ATHH08 2

2 MIM
0*3 

0*003 
(M)8'((n)T0oi'((ri)Nm'(m)nTA'(H)M'(8)i N0i?H9wo 

(8'nTA'T0OI'Nm'M'a08'3*O?'Tl'9,iS'M)*AWiaT!m !8IM08OD'3 
irLMNSiaTSD TaatHN 0

088
JDMMH

8'1*1 I oa
*0*T8

(N)A Hprwnaa 
(N'tA'A)TM0H MMD0MHS

I8W80H imMTSITd ITTDOaTO 0

OHW 
MH 88 

((TI)I)HI^ *(I)fIVA 2 
2/1*11 

2'HT'2*I 2 0a
T-d)VTVA T 

2'6T'T*I I 00
OI"(6T)NIH 
Ot*(6Tyi0OI 

8MIAH0O C
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K-l+1
D0 9 Iml.N

9 KT)wT(n-PR(T)/Sl 
Gd 1
dND

I* pragraa aa alas atsaplal da la aatada lai Fridsan,aaaaasi
itaratia initial!, aaaaa?i praoisia 
tai cd aatada Gradlantalul aata aai

da cwlaal, data canasoat fap- 
laat osovctgcntd (aviod canvar-

gant* Uniat!) dacit aatada lai Frldaan, Da aat! datd salatia, in 
aoalaa*! aenditii ca la Fridaan, aa obfinat-* in 114 itaratli.spra 
daoaaslta as aatoca Lui Ftidaan, ciad anlatla aa o&tlnut-o in naaai

13 itaratii.

3.5. RdZJDVAML Wim-RId
WdLDMAHA D!TIu:nd

A JWOR .albThMd DS
aa
in hlAdmASARGdTICl.

btadial wnat pmblaaa da alaetrssnargatic! condas adaaaa la 

tasalwataa aaar aiatsaa da acaatii naliniata da fnraa
a

(3..) **"

(3.9) ^p'"p^ * pwl,...,e

pants* aara aa canon ata aatrlaaa da a&itant* Tpq I* plus,dual 
p aata aad canaoaatar aa asl cansapta valaaraa patarii *1 
aa cara datatainaraa tanaianii Up. D*a! p aata oad gaoaratar aa 
oaoaaa valatila R^(b) *1 Up , aa aata dataraioaraa 1st Up si 

daa! p aata nad da salaaaasw aa saeaagta ]Upj iar siata- 
aul (3.S) parwita agag datarainara* lai

Rcsalvasaa oaaatiad a aiataaslas da aoaastd iasad,[5aj, can- 
atitaia a patta a aaottactalai Ibatitatalai Palitahaia pa proola- 
as da alaatraaoctgcticd.
3 ^ ^ilaasHaal da aalcul. ta aaallaat an aaaaanaa aiatea aa di- 
varaa aatada swaatiaa (Wavtan, Qaaaa-^idal). Cala aai sana rasul-
tata a-sa a*tl""t aa a aariant! a astadai Gaass-caidal t faraa
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pdtratiod * OOtOdOi G0000-6eid01.
Prosootls awl joa citova elooonte ale netodoi gi aches* lo­

gic! a prograooloi (Fig.3.9) ;
a) Bent re nodorile cenauaatoaro ooriind alatawol (3.S) sob

fores

do node

s:

Nosind

°P - * °P * ., * '

(3.13) - =1 * ^4

qdp

valorilo lei ** pot celcelo din datalo oonoeooto,
iar rolatia (3*12) device
(3.14) . Cl . JC, -(c, t jC,)(*, - it,).

Rgalind plr^ilo reals, respectiv ioogiaero so sb^ioo aisteasl

san eohivalant
(3.16) ( f. - -i- (0*0. - C,)] P o p

[(c^ c^)Op ^(c^ CjC^-gCgC^iOp+^-CiC^-CgayC*)- o.

Dio Oceania a dona a oiatenolMi rosnltd doua valori peotro o^. 
he alego eoloeroe see oai sore on oaro so calceleesd f^ oi apel 

"p-
b) Pontru nodarile gonorotoero ae serie sloteMl (3.6) abb 

feme !
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37

A/, 77, 6

7

/ /?zya, p/'^/a / 
r—=LE—_ 
[prp)=paa. /=ca) -p/6/5

[]s^/or/=,' 5, p, /y, 0 

[[sLWO r6,p. B.F. A/, P Y p f)

3Z^CALCaZGAzJ
7?SR, /=/S8

/?sa, p/sa, p^/a,a/z/a

7

(?(?/) = 5^ ^)--( PrP'/
Z/-/,//

! ,\/U

C-A

CA^C(//.PA2A

&A7=rf-grp) 
p/^^77- P7P) 
rrp)=p/ 
rrpj^F/

\/7

^6/

-7
SUAf C G, f, B, A, ^,A 

P. /,O3)

to

Pg, ^6^/YAy,Q?VZ^/

Wo ^<y, a /; aao,st/p/D,a/,[ 
QG,^G, PG, tv*. Ik/, 

aAf//v, i /Y, /y ) j 
<^^>^(7)

Qc= at?
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100

f /

VERIflCARE

GEri)=BElf^

OA^sW

±
SLMG.G.f 3.f. A/ ^0,^

PG, ^<G, ^1A7 A S^, aM/A,

-'o 
j y  f /j

^02 L'\42 3 2 <32. ^7, )

^2= D2^
B2= C/<^+G'^J-P6)*2* O!
C2- RG^ 2RG*^ G(7*) %

-PG -RG^ 02'

SUBROUTINE NOD(G,BFEP. IR SUMD, F1E1, 
/rvr^\ QG,KG,P^Y'lw,Q.biAx,

^LiS? QMIN,t.U,M1,K)

jsuMD^G,^a,^A/p;/,z)fO *]]

[sa^oEG^a.GV/.PQ.o?) ))

QGcrQ^A)

/tv

F^---

x=(-B + v^)/2/ 
y-(-g-VZ^A

SUBR^UHNE EC2 (A, B,C,X.P.E.M) 

fs77p?b

[&/MDLG,23G .', P/)J.

-o

P^P + 1
'61

SUBROUTINE SUHG(G.CBf<H.A<P.M,C^ 
CALCULEAZAx; (G(i)"QfP)+B(n*B(P)*E(r)/At tB(t)^G(P^-6(i)A6(P)AfEt)/A

1^6?
2^'-o

^DCG.B^.f.P, Esu^/j 
f7,O(j,MG,PG 

QM/N,

9S

SUBROUTINE SUNOt&E.B.F.N.PM.O) 
CALCULEAZA
f Ot)).EH):B<!)*F(n

n - 0
H . 1 —
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W*P
rolatia (3.17) devine
(3.19) P, 40, - ^("„-

Egalind din non pdrtllo reale, roapectiv imaginaro, ae
online olatoeul

aan foloalnd (3.18)

Din ecuatlo a dona ae calculate* valorlle lai e^ , 
loerea aal were al ae calcoloazd f^. Volooroo lai 
din eooatla a dona a aiatomulul (3.2o).

ae refine va- 
Qp rozultA

no verified dacA Optin &Q^aaa (Q^in , ^aea datl). 

S< > S' -M "' S' S"l« " ' S' ' S* -M ' "*P*C-
tiv h-. * 0. -3- 91 ae atribalo nodnlni caractor de nod conauaator.

c) Pontru ooduri do balanaaro ae cunaaoce U , deal 8 aeP P
calceloaad oner din relatia (3.9).

3.3-2- ProKraawl PORTRAW coreaMnoAtor. Inforeatlilo doapro 
nodorl lo-oe orgonlaat Intron fiolor oodofinit "C^NdCblWl" por- 
nlnd do la an fioier po oertolo oaro contlne peotra < 
wodarl do balanaaro
T - 2
RJ8 - Ro(U )
PUB -
j - nowAral nodule1 
Q(j) -
B(j) - Z-(T^j)

wodurl Keoora oaro 
%az* ^win

PQ w P
10 - R
j. G(3)^(j) d o

Rodari eonaOnatooro 
T - 1, PC w p , QC-
j. 0(3). 8(3^4 0
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Flpiarol pe disc at* oa inragiatrdri inaglnilc cartalalor. Pro- 
gramol poata fl folosit pantro W modnri, Mi fntil fiiod wrara- 
ta nodorila da oalanaaro, apai cola gonaratoara pi io final cola 
conamaatoaro. Prin program ratified* pi ooreotioadlnoa roMltato- 

lor (LIFTING - ooncract). am oo^lnat raaolrata co patoa aacimala 
amacra.
n DEFINA FIM A0(lMMM))-10

MIL M
JDtaNblM G(200)^M(20C)
iiAfa M/$/
INTA GEN X
D0 1 I-1,N
G(I)-O.

1
1-1

7 RMD(105,2)1
WP 178(108,21)1,1

21 !%MAT(",'X*'.I1,2X.'1MD.',I3)
1-1^1
WMITK(10,2)X

2 F0RN1T(I1)
IF(X^Q.5)G0 IG IGO
IF(X.dQ.2)G0 TG 3
IKMQ.O)G0 4
READ(105,5)PC,QQ
wRim(io,5)PG,^p

5 FGB!MT(2y5.2)
WBITS(1O8,51)PC,QC

51FGmMT(",10X^'FC-'^.2,'QG-',M.2)
11 RBAD(1O5,6)J
6 F0HUT(D)

WRIT*)i(lQ,$)J
IF(J.*Q.O)G0 M 7
BE1D(1O5,B)O(J),M(J)

8 F0MAT(2F1O.6)
WRITK(10,8)G(J),B(J)
WRITZ(108,9)j,J.G(J),J^(J)

9 F^yAT(13T,'j^',r3,2X,'G(',I3,')',F11.6,2X,'d(',X3,')-',
-P11.6)
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GO TO 11

3 105,12 )a:m,PDm
12 F0fHAT(2 F4.2)

WMM(10,12)H3a,MH^
THnx(ioe,i3 )Rm,PiuB

13 F0RMAT(llI,'R(B*',P4.2,'PIUa*',F4.2)
G0 TO 11

4 RM D( 105,14 )FG,KG,^l!AX,^I]!T
14 FMNUT(V3.1,P10.a,2F3.1)

WR TTK( 10,14 )FG,M.  ̂1,^1^
WRITB(108,15)PG.M,9MX,pfD!

15 F0RMAT(llX,'PGw',F5.1,2X,'XG-',F10.a,2I,'^!AI 
-'(^IR-',F3,1)

GO TO 11
100 8NDFIL4 10

MW DTD 10

77 MAD(10,2)I
WBIZt(10a,21)X,I
1-1^1
IF(X.4Q.3)G0 TO 200
IF(X.4Q.2)G0 TO 33
IF(I.*Q.O)GO TO 44
RMD<10,5)PC.QC
WRI^( 1^8,51 )PC,QC

111 RMD(10,6)J
ZF(J.8Q.0)G0 TO 77
MAD(lo,8)G(J),a(J) 
wNiBK(ioa,9)^j,G(j),j,a(j)
GO TO 111

33 RM D( io, 12 )RUR,pnm
WRTM( 108,13 )R^,PftM
GO TO 111

44 RMD(10,14)FG,FG,^AX,^!D'
WRITN(1D8,15)PG^G.^MX,^DT
GO TO 111

200 ETOP
MD

G MZ0LVMM dIETIMtnDI
m MFIM FIM 10(DVT)BD)-10

MTMML
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1

3$
2

7
3

5

4
11
6

8

9

17

INTSGSB X,P,W
REAL KG
DDtENSIQM G(20U),B(200),E(2CO),P(20C),X(100) 
DATA N,1/5,2/.Hl/1/

DO 1 J-l.N
E(J)ml
F(J)*O

2 J*l,4
X(J)wO

Pml
1-1
READ(1O,3)X,
FORMAT(11)
DC 5 Ilml.N
G(I1)-O
8(H)mO
IP(X.EQ.3)GO 100
IP(X.EQ.2)G0 TO 37
IF(X.gQ.O)(M TO 444
REA D( 10,4 )PC,QG
FORMA T(2F5.2)
PEAD(10,6)J
FORMA T( 13)
IP(J.EQ.O)G0 TO 9
R^D(10,8)G(J)^(J)
F0RiJAT(2FlO.6)
GO TO 11
A*G(F)Hm2^(P)HM2
Clm(PCwG(P)-QGwB(P))/A
C2- -(PCwE(P)^QQHQ(P))/A
GALL inJAM(G.E,E,F,N,A,P,l,C3)
CALL ^QMC(G,F^^i,N,A,P.0,C4)
AQmC3HH2^C4wM2
BU"C3*w3+C3wC4wC4-2wC2*C4
CU-C2f^2-ClwC3HC3-C2wC3wC4
CALL EC2(A!J,BU,CU,E1,P,E,N)
Fl-(C4mEl-C2)/C3
HH-El-E(P)
FMmTl-F(P)

BUPT
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TTVO 
(3H'0*J*N*y*V*4'0XTW^ TTVB <T 

3TT co 00 
(C)v*(C)o(e'oT)(fvwH 

M 0o(o'by*f )c 
fO*0TXyvwa 3TT

HM-(*)T 
(3*W3)0VH0M 3T 

V!M*?DH(?I*OT)CVWa At
6 at *e

Ob^Ob 
M-Od It 

AT 00 00 0^ 
Tt'T+'oKOC 

'M*0S'0b'TO*T*'CHn9*O*d'3*3*W'9)C0H TIWO 91 
TTT 00 00 
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f(9'0T)CVwa TTT 
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ZZZ M W 

T^I-? 9? 
A? OZ M* 

(f)!f*(f)9(9'CT)(fVyN 
9? M 0D(O*by*P)C 

C(9*oT)tyvyK Z? 
MM'M!!(?T'OT)CVyW 6T 

TWT M 90 
(d)^'(d)9'9b'M(3B*90T)9MM {?

(.M90.*a< ,)ZVWOMT?
d(T?'90I)WTM R

90 00 
(.MM.'a*. .)0V!M9* 0?

d(0?'90T)miM
33 90 0O(rbv-*)3I 

(9'W*N'I-
*M*Ol*0b*TO*TA*CHO9*T*3*3*4*O*O)C0W TITO T9T

ZZZ M 00
T^T^I

6TT
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R^-31aBJa+H2mPIUB

m-G(p)*K(p)-a(p)^(p)
H2-G(P)Hy(P)^B(P)wK(P)
Rba-a^+HLW!Ud+H2wPHm
PI63=.PK)B^!HwPrmv!!awHU3
WRTTN(106,82)RM,PIBB,H(m,PIiya 
P-P+1
GO TO 7

24 R2/.D(l^,4)r?,.^C
30 RRAD(1^,6)J

IP(J.aQ.0)Q0 10 29 
HBAD(10,a)G(J),3(J)
GO TO 30

29 I*L+1
GO 777

141 1=1+1
D?(I.LK,X)Q0 TO 33
GO TO 777

34 ENiiyiRi 10
UNWIND 10
WRITK(1OB,52)

$2 FOHMAT(//,' VEBIPICAR*')
P=1

400 MAD(10,3)X
00 59 H-1.W
o(n)=o

59 *(n)-o
IP(X.EQ.3)M TO 50
IP(X.3Q.2)G0 TO 53
IT(I.*Q.1)GO TO 54
N3AD(10,14)PG,M,^AX.^IH

55 MAD(10,6)J
IF(J.XQ.C )GO TO 56 
!UMD(10,8)G(J).a(J)
GO TO 55

56 IP(I.^Q.2)G0 TO 401
CALL L!MD(G,y,*,4,W,P,0,H2)
CALL ^UMD(G^JA,P.N,P,1,H1)
PP-EL**(P)tM2*y(P)
QP=HlmP(P)-*CaA(P)
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m*G(p)m(p)-a(F)Hy(p)
!B*O(P)w?(P)+A(P)wi*(P)
P1^FP+HM(P)+H2^(P)
QP-qP^H13)P(P)-N2wK(P)
WRITK(1Q8,57)FP.QP,R(P).P(P)

57 FQHMAT(llI,'S',25I,'U',/(/' ',2(5X,F10.7,2I,'+I',F10.7)))
P.P+1

TO 400
54 MAX 10,4 )FC,QC

GO TO 55
53 P3AD(10,12)9JB,PIUB

W TO 55
401 PwP^l

GO TO 400
58 STOP

EWD

LUBROtJTINE NOXO,8,F,E,P,IR,6QKD,F1,E1,QG,XG,PG,W,IW,QHAX 
-^IN.I.a^l.R)

INTEGER P.W
REAL EG
DIMENSION G(N)^(N),E(N),P(N),E(M1)
CALL t,UKXG,*,8,F,N,P,l,Dl)
GALL bUMXG,F,A,JS,N,P,0,R2)
D2= -D2
A 2*D13n2+D2Hw2
B2. ( KG^2mG( P)-PG )z2wDl
G2=JmHw4<0(P)aH2+FGHH2-2wK^M2HO(P)wM-'KGHH2wD2Hw2
CALL EC2(A2^2,C2,B1,P,R,W)
Fl-KGww2-Elmt2
M^GQRT(F1)
QG. -KGww2wG(P)^DlmFl^n2HNl
U(QG.LE.Q^tAX)GO 16
QG-(^AX

18 W-l
IF(IB.E^.1)G^ T^ 66
KD-p
1.1+1
iv=o
GO TO 99

16 XF(QG.GE.^MN)G^ TO 55
QG-^U

BUPT



00 TO 18
55 IN- -1

00 TO 99
66 IW.4
99 BETURN

END
6U8E0UTME 4C2(1.8,0,X,P,E,N) 
INTEGER P
DIMENSION E(N)
DELTA *=8ww2-4mAwC 
IP(IELTA.LT.O)Q0 TO 10
X*(-A+SQBT( DELTA ))/(2*A) 
Y= ( -8-EQR T( DELTA ) )/ ( 2jtA )
IF(Y.I<T.Y)Y-Y
60 TO 12

10 WRITE(1O8,11)P
11F0HMAT(' '.'DELTA 40','Pn',12)

X-H(P)
12 RETURN

END
bdEBOJfINE EmC(G,E,F,N^,PJA,C) 
INTEGER P
DIMENSION G(N),8(N).E(N),F(N) 
G-0

$0 C(I.EQ.P)O/ TO 10 
C-C^(G(I)+G(P)^(I)z3(P))m;(I)/A 
00-(3(T)wG(P)-G(Y)wB(P))wP(I)/A 
IF(^.4Q.1)GO W 3D
C-G^CO
60 TO 10

30 c-o-co
10 1-1^1 

IF(I.IE.N)Q0 TO 50
RETURN
g*D
EU3R0Jrr44 iaMKO,E**,F,N,P*M,D) 
INTEGER P
DINEWblW G(N)^(N)^;(N).P(N) 
D-0

BUPT
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50 IP(I.*Q.P)G0 TO 10 
D-D+G(I)*B(I) 
DO*d(I)*y(I) 
IF(M.NQ.l) CO TO 30
A-D+DO
GO TO 10

50 *x)
10 1-1+1

JT(I.LG.N)QO TO 50 
4T3HN

AND

BUPT
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