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Rezumat:  
The PhD Thesis entitled Experimental investigations and 

numerical simulations of the mechanical behaviour of polyamides 
deals with the analysis of the behaviour of a PA-12 based 

polymer that has applications in sports footwear components. 
The mechanical properties of this material were investigated for 
various loading scenarios, results being used in designing virtual 
material models for finite element analysis simulations. The 
thesis is structured in 5 chapters. The first chapter consists of the 
thesis introduction, presenting the research background, the 
state of the art and the objectives. The second chapter presents 

the experimental procedures and the obtained results for tensile 
loadings (monotone tests, cyclic tests, low-cycle fatigue tests), 
three-point bending tests, dynamic tests (dynamic tension, DMA 
tests, puncture impact tests) and for compression tests 
performed on footwear components. In the third chapter several 
analytical models for describing constitutive relations were 

presented: linear elasticity, hyperelasticity, plasticity and 
viscoelasticity. The fourth chapter presents the results for 
simulations performed on three constitutive formulations: an 

elasto-plastic model, a hyperelastic model and a viscoelastic 
model. The constitutive models were evaluated for several test 
scenarios (monotone tension, cyclic tension and three-point 
bending) and validated on component simulations. The fifth 

chapter presents the conclusions and the personal contributions. 
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1. INTRODUCTION 
 

 

1.1. Background 
 
Polymers represent a class of materials whose structures consist of long 

covalently bonded chains of atoms of very high molecular weights (macromolecules) 
[1]. They can be found in natural form – biopolymers (fibres, amber, latex) – or can 
be obtained through various industrial processes of polymerization – synthetic 
polymers (most polymers encountered in everyday life) [2]. Due to this particular 
type of structure, polymers come in a variety of forms: rubbers, plastics, adhesives, 
foams, resins. As a consequence, the mechanical characteristics vary in a wide 

range from one class of polymers to the other (the Young’s modulus of a polymeric 
foams can be as low as 5 MPa while for a liquid crystal polymer, it could become as 
high as 350 GPa, 70,000 times higher) and even for the same polymer in different 
states [2]. 

Although natural polymers knew extensive use for the past 6000 years 
(cotton, starch, wool, various adhesives, resins etc) [3], the exploitation of 
synthetic polymers recorded an exponential growth during the last 70 years (for the 

past 20 years, the total production of polymers exceeded the combined metal 
production volume wise) [3]. Due to their characteristics, especially low production 

costs, high productivity, fairly good mechanical properties at a low specific mass or 
good insulation, polymers started to replace some conventional materials (metals, 
wood and textiles) in almost any industrial branch. Polymer science evolved along, 
trying to gain insight into polymer’s structure and the relation it has to morphology, 
physical and mechanical behaviour [1].  

Before the structure of polymers was determined, their unique response to 
mechanical loads was observed: sometimes, polymer behave as elastic solids, 
sometimes, they behave as viscous fluids but in all cases, the properties are time- 
and temperature-dependent [1,2,3,4,5,6]. The first mathematical models 
developed in order to try to explain this behaviour were developed by Scottish 
scientists James Clerk Maxwell and Sir William Thompson, Lord Kelvin in the 19th 

century [3], along with the work of Austrian physicist Ludwig Boltzmann (the first to 
coin the term viscoelasticity), which studied the hereditary nature of materials 
throughout his scientific career [3].  

The accurate prediction of polymer behaviour under various loading 

conditions remains a challenging technological problem, especially for structural 
components. Following the Challenger Space Shuttle disaster (January 28th, 1986), 
the Presidential commission led by William P. Rogers, with the important 

contribution of Nobel Prize in Physics laureate Prof. Richard Feynman determined 
that due to low temperatures recorded during the space shuttle launch, the rubber 
O-rings sealing the aft field joint on the right solid rocket booster became less 
resilient and failed subsequently allowing pressurised hot gasses to make contact 
with the external tank thus causing structural failure [7]. This catastrophic event 
proves the importance of anticipating polymers’ behaviour during in-service loadings 
especially when they have a structural role in assemblies. 
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Although only some types of polymeric products are used as parts of 
potentially life threatening assemblies (another example would be the automotive 

industry with rubber dampers on engine mounts or tires [8]), high-performance 
products in all fields require in-depth knowledge of material behaviour. Recording an 
exponential growth in recent years, the sports equipment industry represents one 
field that is attracting more resources for the development of better products. In 
order to produce competitive equipment, companies have resorted to multi-field 
design through the joint efforts of engineers, designers and bio-medical staff for 
designing high performance products without neglecting aesthetics, athletes’ safety 

and product durability. As with other industries, advanced materials such as 
synthetic polymers and composites are slowly taking over conventional sports 
materials (leather, wood, cotton). As a relevant example for this study, adidas 
began using polyamide components on performance running footwear. One of such 
polyamides, a polyamide-12 based semi-crystalline thermoplastic polymer named 
will be the centrepiece of this research programme.  

Due to the specific material behaviour of advanced materials, the integration 

of finite element analysis (FEA) methods of complex structures in the product design 
step has become essential in order to predict product behaviour under in-service 
conditions. FEA software implement several constitutive formulations for simulating 
material behaviour, based on principles of continuum mechanics. 

In the last century, breakthroughs in Physics had allowed us gain insights 
deeper and deeper into the fabric of the matter surrounding us. If zooming to a 

certain level, the continuum macroscopic structure becomes a more or less ordered 
arrangement of molecules or atoms: metals and some ceramics show a repeated 
pattern of atoms (crystalline structure), some polymers exhibit chains of entangled 

macromolecules (amorphous structure) while others show ordered patters only on 
local scale (semi-crystalline structure).  

However, in engineering, the discrete composition of material bodies is 
ignored in favour of a continuous concept of matter [9,10,11]. Thus, the given 

body’s substance is considered to be distributed uniformly, filling all the space it 
occupies. No matter how small the quantity will be considered, it will still hold all the 
properties of the matter it is made of, so different scalar or vector values can be 
attributed to it, like density, velocity, inertial moment, etc. This simplified approach 
is used in engineering because the structural and functional parts used in all 
products have dimensions far larger than the atomic scale. Additionally, all 
information regarding the material properties and behaviour is collected from testes 

performed on large scale specimens. 
Continuum mechanics deals with the analysis of the kinematic and mechanical 

behaviour of materials modelled after the continuum approach. In continuum 
mechanics two main topics are discussed: the derivation of the fundamental 

equations valid for all continuous matter and the development of the constitutive 
equations that govern ideal material models.  

 
 

1.2. State of the art 
 

As mentioned in the previous paragraph, first mathematical models 
designed for polymers were elaborated in the 19th century by Maxwell (the Maxwell 
fluid [2,3,5]) and Kelvin (the Kelvin solid [2,3,5]). These models were developed in 
order to account for stress relaxation (Maxwell model) or creep (Kelvin model 
[2,3,5]) observed in natural materials such as tar, bread dough or pitch [3]. These 
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constitutive models as well as more accurate models based on the Maxwell and 
Kelvin elements (the four-parameter fluid, the standard linear solid, the generalized 

Maxwell model or the Kelvin-Voigt model [1,2,3,5]) considered linear elasticity and 
linear viscosity as constitutive formulations.  

Though simulations of brittle polymers yield accurate results by employing 
simple linear elastic models [1,3,6], other classes of polymer such as semi-
crystalline thermoplastic polymers, thermoplastic elastomers and rubbers show a 
significant non-linear characteristics and the generalized Hooke’s law is able to 
describe material’s behaviour only for very small strains. The behaviour of such 

materials at large strains was dubbed hyperelasticity and a new approach was 
established which considers that the constitutive equations are only dependent on 
the initial state and on the final state of the deformation [11]. In consequence, the 
stress-strain response is derived from a stored elastic potential function called the 
strain-energy density function [11].  

The first explicit functions considered isotropic hyperelasticity in the 
principal directions, had polynomial form and were developed by R.S. Rivlin in 1948 

(the Mooney-Rivlin material [12,13]) based on his observations on the behaviour or 
rubber in uniaxial tension.  

Yeoh proposed a simplification of the polynomial form by excluding the 
dependency on the second invariant [14], assuming that the model will predict 
more accurate results due to the difficulty in evaluating    , which would produce 

erroneous results if measured inaccurately. A particular form of the reduced 
polynomial formulation represents the Neo-Hooke material which relates the 

hyperelastic function to the Lamé moduli [11]. 

R.W. Ogden proposed a generalized hyperelastic function expressed in 
terms of the principal stretches based on the polynomial formulation: for certain 
values of the function order, the Ogden models transforms into the Mooney-Rivlin 
model or the Neo-Hookean model [15].   

The Van der Waals model proposed by H.G. Killian has a hyperelastic 

function similar to the thermodynamic interpretation of the equations of state of a 
real gas as it introduces two material parameters that account for the interaction 
between the particles and a locking stretch (the equivalent of the excluded volume 
parameter in the real gas equation) [16].  

The Arruda-Boyce formulation [17] is based on a volumetric element with 
eight springs attached from the centre to its edges (hence its nickname: the eight-
chain model). This function only considers the first invariant as the basis of 

deformation.  
 The Marlow model does not assume any explicit form, as it is calculated by 

integrating the nominal uniaxial traction from numerical data gathered from 
experiments [18]. 

The time effects of viscoelasticity also play an important role in determining 
material behaviour when subjected to cyclic loadings: L. Mullins observed a 
hysteresis of energy when unloading from a certain state of deformation, the 

material’s softening as it is loaded in cyclic patterns of the same amplitude as well 
as strain hardening, when stretching the material past the previous deformation 
point (the stress-strain response follows the path described by a virgin specimen) 
[19,20,21]. This specific behaviour that encompasses the three phenomena was 
named the Mullins effect [22]. Though first attributed solely to rubbers [20,21], 
Mullins effect was also observed in thermoplastic elastomers [23,24,25], semi-

crystalline thermoplastics  [26,27,28], as well as in biological tissues [29,30,31].  
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Constitutive formulations for Mullins effect were elaborated for various types 
of materials and loading conditions. For rubbers, Dorfmann and Ogden [32] 

proposed a constitutive model that accounts for stress softening and permanent set 
(the stable material response resulted after the effects of stress softening become 
negligible [22,33]) using the theory of pseudo-elasticity. Diani et al. proposed a 
constitutive model based on a strain-energy function along the principal directions 
coupled with the theory of network alteration [34]. Another approach was 
developed by Cantournet et al. considering a thermodynamic model of internal 
sliding and friction [25]. Bergstrom and Boyce designed a constitutive model 

composed of two networks: one corresponding to the long-time (stress relaxation) 
behaviour and the other corresponding to the rate-dependent behaviour [35].  

Accurate modelling of thermoplastic polymers requires more advanced 
formulations that additionally account for the progressive damage (reversible and 
irreversible [1]) induced during deformation. In this scope, viscoplastic formulation 
were developed, the first models being proposed by Nagdi and Murch [36] and 
further developed by Crochet [37], by introducing a new plasticity theory with a 

yield function that depends on the stress tensor, the plastic strain tensor, strain 
hardening and a time dependent factor that accounts for viscoelastic effects. The 
first phenomenological formulations for viscoplasticity were developed by Reiner 
[38] by modifying the Bingham model (which introduced a friction element that 
accounts for yielding [39]).  

Based on these theories, more advanced viscoplastic models were 

elaborated, most noticeable being the work of A.D. Drozdov and collaborators, by 
developing a finite viscoplasticity model [40] and adapting it to accurately 
reproduce simulations in cyclic loadings (including the Mullins effect) for various 

experimental programs [33,41,42]. 
 
 

1.3. Objectives 
 
In recent years, the development of specialized numerical analysis software 

allowed the evaluation of complex structures with relative ease thus becoming an 
indispensible tool for product design. Monotone loading simulations are performed 

by Adidas on their running footwear in order to determine the product behaviour 
and help with dimensioning procedures. The current material model for PA-12 
consists of linear elasticity, providing a tool to engineer relative changes in 
structural stiffness based on geometry in the limits of elasticity.  

The objective of this thesis is to develop a material model that can capture 
all non-linear aspects regarding the viscoplastic nature of the material: strain rate 

sensitivity, temperature dependency, plasticity, strain-softening, hysteresis etc in 

order to generate a better understanding regarding the damage induced behaviour 
and to ensure that appropriate safety factors are used. 

The first step of the research will consist of gathering information about PA-
12’s behaviour in various loading condition: 

‒ Behaviour in static loadings; 
‒ Behaviour in dynamic loadings; 

‒ Behaviour in cyclic loadings and low-cycle fatigue. 
Apart from specimen testing, component testing will give insight on the 

product behaviour in actual loading scenarios.  

BUPT



1.3 – Objectives  17  

 

 

The gathered data will become the foundation for numerical material 
models. The developed materials will be evaluated through experimental replication 

and are to be validated on top plate simulations. 
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2. EXPERIMENTAL INVESTIGATIONS 
 

 

2.1. Overview 
 
According to the material supplier (see Annex I), the PA-12 compound is a 

heat stabilized and light resistant polyamide 12-based semi-crystalline thermoplastic 
polymer. It was first developed for extrusion and co-extrusion of ski upper and 
decorative films. The material provider summarizes PA-12’s characteristics as “high 
transparency, good screen and sublimation printing, outstanding scratch resistance, 
and excellent impact strength at low temperatures.” Other properties include good 
scratch resistance, low friction coefficient and good chemical resistance. Some 

mechanical and physical characteristics are also provided, namely Young’s modulus 
(1100 MPa), tensile stress as yield (37 MPa), tensile strain at yield (5%) and strain 
at break (over 200%).    

The provided material specification sheet gives little information about the 
material’s non linear behaviour and the properties variation with test conditions. 
Consequently, starting from the thesis objectives, an experimental plan was 
developed in order to cover a wide range of mechanical properties.  

The experimental programme can be classified under several criteria:  
‒ Considering the effect of time, experimental procedures include: static 

tests, cyclic tests, dynamic tests and creep tests.  
‒ Considering the mode of deformation, experimental procedures include: 

tensile tests, three-point bending tests, puncture tests and compression 
tests.  

‒ Considering the loading type, experimental procedures include: 

monotone tests, cyclic tests and low-cycle fatigue tests. 
For the designed experimental programme, special attention was directed 

towards the parameters that influence the mechanical behaviour of the material: 
temperature, strain-rate and condition. Temperature dependency tests were 
performed in an interval similar to the product’s usability envelope. As mentioned 
above, strain rate dependency tests considered static, dynamic and long term 

effects.  
 
 

2.2. Tensile tests 
 

2.2.1. Monotone static tensile tests 
 
When studying mechanical properties tensile tests represent the basic 

experimental method for characterising most materials for a number of reasons. 
Apart for the simple test setup (tension clamps are standard features for most 

universal testing equipment) and specimen preparation (any regular shape can be 
tested although dogbones are recommended), tensile tests represent the closest 
experimental procedures to a pure uniaxial loading. The main material 
characteristics that are deducted from tensile tests are [43]: 

‒ Young’s modulus E [MPa]; 
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‒ Tensile stress at break    [MPa]; 

‒ Tensile strain at break    [MPa]; 

‒ Tensile stress at yield    [MPa]; 

‒ Tensile strain at yield     [MPa]; 

‒ Tensile strength           . 
All tensile tests were performed on standard ISO 527 dogbone specimens 

[43] (Figure 2.1). 

 
Figure 2.1 ISO 527 standard dogbone specimen 

 
As stated in the previous chapter, PA-12 exhibits significant non-linear 

material behaviour as well as property variation with test parameters, mainly 

temperature and time (strain-rate). Thus the goal of these tests was the 
determination of the material’s stress-strain variation with strain-rate and 
temperature. 

The tensile tests performed on PA-12 can be divided in two main categories:  

‒ Monotone tests; 
‒ Cyclic tests. 
In monotone tests, the specimen is 

loaded from a relaxed state until it reaches a 
degree of deformation that can produce 
relevant data such as the yield point or the 
break point.   

 
 

2.2.1.1. Temperature influence 
 

Thermoplastic polymers’ properties 
have a significant variation with temperature. 
Depending on temperature, a polymer is 

characterized by a glassy behaviour (materials 
are stiffer and sometimes become brittle) and 
a ductile behaviour (materials become more 
compliant and yielding before fracture can be 
observed). The transition region between the 
two states is call the glass transition 

temperature [1,2,4,6,44].  
Regardless of what is the glass 

 
Figure 2.2 Thermal chamber on 

Zwick Z250 machine 
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transition temperature for PA-12, the temperature values chosen for the tests were 
picked in the temperature interval of the product’s usability envelope: -25 °C to 50 

°C. Thus, the test temperatures are: 
‒ -25 °C; 
‒ 0 °C; 
‒ 23 °C; 
‒ 50 °C; 
Temperature influence tests were performed at Institut für Leichtbau und 

Kunststofftechnik, Technische Universität Dresden on an electronic Zwick Z250 

machine equipped with a 10kN load cell, equipped with a thermal chamber was used 
(Figure 2.2).  

The tests were performed at two crosshead travel speeds: 20 mm/min and 
200 mm/min. As with the strain-rate influence tests, the strain was recorded with 
an incremental extensometer.  

The results for the tests are presented in Figure 2.3. 
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Figure 2.3. Stress-strain curves for temperature dependency tests performed at a) 20 mm/min 

and b) 200mm/min 

 
As is characteristic for ductile polymers, there is no singular point, at which 

the material starts to yield; instead, the yielding is associated with a finite region, 
[1,2,3]. As a result, the yield stress can be approximated with the tensile strength 

of a yielding region (subsequent hardening might determine higher tensile strength 
values in other regions beyond the first yielding).  

The recorded values for the tensile strength and Young’s modulus are 
presented in Table 2.1. 

 
Table 2.1. Yield stress and Young modulus values for temperature dependency tests 

 20 mm/min 200 mm/min 

Temp 

[°C] 

Tensile strength 
max [MPa] 

Young’s Modulus 
        

Tensile strength 
max [MPa] 

Young’s Modulus 
        

-25 54 2100 57 2550 

0 44 1400 47 1750 

23 30 950 32 1000 

50 19 480 20 500 

 
At 20 mm/min crosshead travel speed, a drop in temperature from 50 °C to 

-25 °C resulted in a 337% increase in Young’s modulus (from E = 480 MPa to E = 
2100 MPa) and a 184% increase in tensile strength (from 19 MPa to 54 MPa). 

At 20 mm/min crosshead travel speed, an increase in temperature -25 °C to 
50 °C resulted in a 410% increase in Young’s modulus (from E = 500 MPa to E = 
2550 MPa) and a 185% increase in tensile strength (from 20 MPa  to 57 

MPa). 
Regarding the yield strain, it decreases with temperature from around 6% at 

50 °C down to around 3% at -25 °C. 
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2.2.1.2. Strain rate influence 

 
The crosshead travel speeds used in the study of the strain-rate influence on 

tensile properties were chosen on logarithmic scale according to the values 
recommended in ISO 527 standard [43]:  

‒ 2 mm/min; 
‒ 20 mm/min; 
‒ 200 mm/min; 

‒ 2000 mm/min. 
For studying strain-rate influence in monotone loadings, two types of 

machines were used:  
For quasi-static tests, two machines were used: an electro-mechanical Zwick 

Z250 machine (central ball-lead screw drive) equipped with a 10 kN load cell for test 
speeds from 2 mm/min up to 200 mm/min and a servo-hydraulic Schenk PC63M 
equipped with a 40 kN load cell, for tests speeds of 2000 mm/min. The strain 

measurements were performed with incremental extensometers. 
 
 
 
 
 

 
 
 

 
 
 
 

 
 
 
 
 
 
 

 
 
 
 

The results for the low speed tests are presented in Figure 2.6 while the 
tensile strength and Young’s modulus are presented in Table 2.2. 

 
Table 2.2. Yield stress and Young’s modulus from rate dependency tests 

Test speed 
[mm/min] 

Tensile strength 
max [MPa] 

Young’s Modulus 
E [MPa] 

Yield strain 
y [mm/mm] 

2 29.6 855 0.064 

20 30.3 962 0.065 

200 32.4 1012 0.063 

2000 36.2 1106 0.064 

 

 
Figure 2.4 Zwick Z250 machine 

 
Figure 2.5 Schenk PC63M machine 
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Figure 2.6. Stress-strain curves for quasi-static tests with various rates 

 
For the tests performed at crosshead travel speeds between 2 mm/min and 

2000 mm/min (100,000 % increase), there are variations of 29 % in the Young’s 
modulus (from 850 MPa to 1100 MPa) and of 22 % in tensile strength (from s=29.6 

MPa to s=36.2 MPa).  

The variation of the instantaneous elastic modulus with strain is presented 
in Figure 2.1. In this case, the shapes of the instantaneous modulus curves are 

similar for all the test speeds, and no toe region is observed.  
 

 
Figure 2.7. Elastic modulus variation with strain for quasi-static tests 
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For product design applications, the crosshead travel speed of the tests 
shows little relevance, and so it must be converted to the rate of deformation. As 

with the instantaneous elastic modulus, the strain rate was obtained by dividing the 
strain increment by the time increment. For the tests performed at low speeds, the 
correlation between the two parameters is presented in Figure 2.8. 

For the tests performed at travel speeds of 2 and 20 mm/min, the strain-
rate variation with time shows the influence of inertia linked to control of the rate of 
crosshead travel when the machine accelerates past the desired speed and slows 
down subsequently. For the tests at 200 mm/min, the electro-mechanical machine 

shows its limitation in terms of acceleration towards the desired speed. The servo-
hydraulic machine provides a more stable response and is characterized by good 
acceleration. In all cases, the rate of deformation increases with strain, as the strain 
history does not have a linear progression, unlike the crosshead travel, as seen in 
Figure 2.9. 

 

 
           a)                                                                   b)    
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           c)                                                                   d)    

Figure 2.8. Strain rate variation with strain along with stress-strain curves for the speeds of 2 
mm/min (a), 20 mm/min (b), 200 mm/min (c) and 2000 mm/min (d) 

 
Figure 2.9. Strain and crosshead travel history for the tests performed at 2000 mm/min 

 
 

2.2.2. Cyclic Tests 
 
For studying the behaviour in cyclic loadings, three different experimental 

programs were chosen: 
‒ 3 amplitudes, 10 cycles for each amplitude (Mullins effect test); 
‒ 8 amplitudes chosen in equal stress increment, one cycle for each 

amplitude; 

BUPT



26  Experimental investigations – 2  

 

 

‒ 8 amplitudes chosen in equal strain increment, one cycle for each 
amplitude. 

Apart for long-term time influence, cyclic tests can also be used for the 
determination of plasticity values. This aspect will be detailed in Section B of this 
work. 

 
 

2.2.2.1. Mullins effect tests 
 

Mullins effect tests were initially developed for rubber testing but were 
implemented for other types of polymers such as thermoplastic elastomers and 
semi-crystalline thermoplastic polymers [25,33,45]. There are three main material 
characteristics that are distinguishable for such tests: 

‒ Hysteresis of energy; 
‒ Strain softening; 
‒ Strain hardening. 

The graphic representation depicting the first loading/unloading cycle of 
each amplitude is called the primary hyperelastic behaviour; the material’s loading 
path exhibits strain-hardening when loaded to stress values higher than the current 
cycle. If the material is subjected to several cycles with the same amplitude, it 
exhibits residual deformation because of the progressive damage induced by each 
cycle (strain-softening phenomenon). After a certain number of cycles of the same 

amplitude (depending on the material), the behaviour stabilizes to a stress-strain 
curve of the same magnitude, called the permanent set [32]. 

Mullins effect tests were performed at “Politehnica” University of Timişoara 

on a 10 kN Walter+Bai servo-hydraulic fatigue machine. The experimental 
programme consisted of three blocks of different amplitudes with 10 cycles being 
performed in each block (Figure 2.10). The machine was set in displacement 
control, with an equivalent crosshead travel of 25%, 50% and 75% of the 

approximated yield stress. The test speed was held constant at 2 mm/min. 

 
Figure 2.10. Displacement-time graph for the Mullins effect tests 

 
The results for the Mullins effect tests are presented in Figure 2.11. 
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Figure 2.11. Results for the Mullins effect tests 

 
PA-12 exhibits an energy dissipation determined by the area between the 

loading unloading paths. This effect is due to the heterogeneity of the polymers 
[45], caused by the crystalline lamellae [33]. 

Another aspect that can be noticed is the strain softening that occurs when 
the specimen is subjected to several cycles of the same amplitude. The material 
becomes more compliant because of both time-softening as well as accumulated 

plastic deformation. So, for small deformations, the permanent set is hardly 
distinguishable from the primary hyperelastic behaviour; all the cycles practically 

having the same shape. When further strained, the plastic deformation becomes 
evident and the difference between the unloading curves can be observed (Figure 
2.12).  

 

 
Figure 2.12. Unloading paths for primary hyperelastic behaviour (PHB) and permanent set (PS) 
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Mullins effect tests performed under the yield point determined hysteresis of 
energy and strain softening characteristics of PA-12. In order to gain insight about 

the strain hardening, cyclic tests that strain the material beyond the yield point 
must be performed.  

 
 

2.2.2.2. Cyclic tests with equal stress increment 
 
The cyclic tests with equal stress increment were performed in the Institut 

für Leichtbau und Kunststofftechnik, Technische Universität Dresden on a Zwick 
Z250 machine at ambient temperature (23 °C) with three crosshead travel speeds: 
2 mm/min, 20 mm/min and 200 mm/min. The machine was programmed in stress 
control and the stress-time curve for the experimental program is presented in 
Figure 2.13. 

 

 
Figure 2.13. Stress-time diagram for the cyclic tests with equal stress increment 

 
The results for the cyclic tests with equal stress increment are presented in 

Figures 2.15-17. 
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Figure 2.14. Cyclic test with equal stress increment at 2mm/min 

 

 
Figure 2.15. Cyclic test with equal stress increment at 20mm/min 
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Figure 2.16. Cyclic test with equal stress increment at 200mm/min 

 
 

2.2.2.3. Cyclic tests with equal strain increment 
 
The cyclic tests with equal stress increment were performed on a Zwick 

Z250 machine at ambient temperature (23 °C) with three crosshead travel speeds: 

2 mm/min, 20 mm/min and 200 mm/min. The machine was programmed in stress 
control and the stress-time curve for the experimental program is presented in 
Figure 2.17. 
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Figure 2.17. Stress-time diagram for the cyclic tests with equal strain increment 

 
Results for the cyclic tests with equal stress increment are presented in 

Figures 2.2.18-2.2.20. 
 

 
Figure 2.18. Cyclic test with equal stress increment at 2mm/min 
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Figure 2.19. Cyclic test with equal stress increment at 20mm/min 

 

 
Figure 2.20. Cyclic test with equal stress increment at 200mm/min 

 
The strain-hardening phenomenon can clearly be noticed in the case of 

cyclic loadings, as the peaks of the amplitudes tend to follow the original stress-
strain curve (Figure 2.21) despite the damage induced with each cycle.  
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Figure 2.21. Strain hardening phenomenon observed in cyclic loadings 

 
 

2.2.3. Low-cycle fatigue tests 
 

Low-cycle fatigue tests were performed in the Institut für Leichtbau und 
Kunststofftechnik, Technische Universität Dresden on a servo-hydraulic Schenk 
PC63M equipped with a 40kN load cell. The deformation was recorded with a strain-
gauge extensometer with a 50 mm opening, the machine being programmed in 
strain control. The machine was equipped with an environmental chamber set at 23 
°C in order to correct any in service temperature variation caused by the heating of 

the servo-hydraulic actuator and of the circulating oil. 
Several parameters were monitored in order to determine for which values 

the steady-state material behaviour is reached: number of cycles, frequency and 
strain level. In each test, two parameters would remain constant while the third 
would gain three different values. Tests were divided in 5 steps of equal number of 
cycles and the stress-strain response was recorded after each block. In order to 
determine the stress-strain response of the steady-state material, tensile tests were 

performed immediately after the low-cycle fatigue tests as well as after 24 hours, 
after the material recovered its reversible deformation.  

 
 

2.2.3.1. Effect of number of cycles 
 
In previous tests performed on this material in cyclic loading [26,46] a 

pronounced softening effect was observed (reduction in reaction forces for the same 
strain interval) in the first cycles then the softening would decay exponentially. The 
aim of this study was to determine the number of cycles after which induced 
delayed elasticity would become negligible. Thus, three test programs were 
designed, maintaining constant frequency (5 Hz) and strain interval: the reference 
strain was chosen 0.025 mm/mm with 0.0075 mm/mm amplitude, the specimen 
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being thus subjected to a deformation within a range between 0.0175 mm/mm and 
0.0325 mm/mm. Three values for the number of cycles were chosen: 5,000 cycles 

(a), 10,000 cycles (b) and 50,000 cycles (c). Stress-strain curves were recorded 
after 1,000 cycles (a), 2,000 cycles (b) and 10,000 cycles (c), with the obtained 
results presented in Figure 2.22.  

 

 
a) 
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b) 

 

 
c) 

Figure 2.22. Material softening for three test programs: (a) 5000 cycles, (b) 10,000 cycles and 
(c) 50,000 cycles 
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It can be observed that the polyamide’s softening was considerable after the 
first 1,000 cycles: the tensile stress at 0.0325 mm/mm strain decreased with 32.4% 

(from 25.6 MPa to 17.3 MPa). For the next 4,000 cycles, a softening in tensile stress 
of only 6.9% was recorded (from 17.3 MPa to 16.1 MPa). After 50,000 cycles, the 
total softening resulted 43.9% (from 25.6 MPa to 14.4 MPa). 

In order to analyze the PA’s LCF-induced softening, tensile tests were 
performed on three types of specimens at various stages. Their results are 
presented in Figure 2.23 and demonstrate insignificant variations between the 
stress-strain responses of untested (virgin) specimens (denoted ‘Initial’ in the 

figure), a specimen tested immediately after the completion of the cyclic test 
(‘Instant’) and  a one tested 24 hours after the LCF test (‘Recovery’). 

 
a) 

 
b) 
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c) 

Figure 2.23. Tensile test comparison for (a) 5000 cycles, (b) 10,000 cycles and (c) 50,000 
cycles 

 
Another parameter, which evolution during the LCF tests was monitored, is 

the variation of instantaneous elastic modulus with strain. The curves for this 
modulus (Figure 2.24) were obtained by dividing the stress increment by the 
respective strain increment. The results obtained in such a way demonstrate an 
increase in the elastic modulus with the number of cycles. 

 
 

 
a) 
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b) 

 
c) 

Figure 2.24. Variation in elastic modulus with strain for three test programs: (a) 5000 cycles, 
(b) 10,000 cycles and (c) 50,000 cycles 

 
 

2.2.3.2.  Effect of frequency 
 

Our previous experiments on the studied material revealed a noticeable influence of strain rate 
(in tensile tests) and frequency (in DMA tests) on its behaviour [46,47,48]. In order to 

quantify the effect of frequency on the cyclic loading behaviour, three different frequencies 

were used: 3 Hz, 5 Hz and 7 Hz. At this stage of testing, the strain level was maintained 
constant (0.025 mm/mm reference with 0.0075 mm/mm amplitude) and a number of 5,000 

cycles was chosen. The results for 3 Hz and 7 Hz are presented in b) 

Figure 2.25 (results for 5000 cycles and 5 Hz can be taken from Figure 2.22 
a).  
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a) 

.  
b) 

Figure 2.25 Effect of frequency on material softening: (a) 3 Hz and (b) 7 Hz (see Fig. 1 for 5 
Hz) 
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Similar to other rate-dependent tests performed on this material, a higher 
frequency resulted in higher level of responses for the same strain (an increase of 

around 8% when changing from 3 Hz to 7 Hz). The results of tensile tests for 
previously untested specimens, specimens tested immediately after LCF tests and 
specimens tested 24 hours after LCF tests are presented in Figure 2.26, showing 
similar features as the results for the effect of number of cycles. The variation of 
instantaneous elastic modulus with strain is presented in Figure 2.27. 

 

 
a) 

 

 
b) 

Figure 2.26. Comparison of tensile tests for 3 Hz (a) and 7 Hz (b) (see Fig. 2 for 5 Hz) 
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a) 

 
b) 

 
Figure 2.27. Effect of frequency: variation of elastic modulus with strain for 3 Hz (a) and 7 Hz 

(b) (see Fig. 2 for 5 Hz) 

 
2.2.3.3. Effect of strain 
 
Considering the non-linear stress-strain response of PA, its plastic 

deformation accumulates as strain increases, even before yielding. The effect of the 
magnitude of deformation in cyclic loadings on the steady-state material behaviour 

was studied by choosing a constant strain amplitude (0.0075 mm/mm) and three 

levels of reference strain: 0.025 mm/mm, 0.035 mm/mm and 0.045 mm/mm. All 
tests were performed for 5,000 cycles at 5 Hz. The results for 0.035 mm/mm and 
0.045 mm/mm are presented in Figure 2.28 a and b (the results for 0.025 mm/mm 
are presented in Figure 2.22 a). 

After 1,000 cycles a slight increase in softening with strain level can be 
observed: for the tests with reference strain of 0.025 mm/mm the peak tensile 

stress decreased by 29.6% (from 24.6 MPa to 17.3 MPa), for 0.035 mm/mm it 
showed a 32.5% decrease (from 28.9 MPa to 19.5 MPa) and for 0.045 mm/mm, the 
decrease was 34.5% (from 31 MPa to 20.3 MPa). The same trend was observed 
after 5,000 cycles, with softening in tensile stress of 37.1% being recorded for 
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reference strain of 0.025 mm/mm (from 25.6 MPa to 16.1 MPa), 38.7% for 0.035 
mm/mm (from 28.9 MPa to 17.7 MPa) and 40% for 0.045 mm/mm (from 31 MPa to 

18.6 MPa). 
 

 
a) 
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b) 

Figure 2.28 Effect of strain on material softening: (a) 0.035 mm/mm and (b) 0.045 mm/mm 
(see Fig. 2.22 for 0.025 mm/mm) 

 
The results obtained in tensile tests for previously untested specimens, 

specimens tested immediately after LCF tests and specimens tested 24 hours after 
LCF tests are presented in Figure 2.29 while the change in the instantaneous elastic 
modulus with strain is shown in Figure 2.30. 

 

 
a) 
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b) 

Figure 2.29. Comparison of tensile tests for 0.035 mm/mm (a) and 0.045 mm/mm (b) (see 
Fig. 2 for 0.025 mm/mm) 

 

 
a) 

 
b) 

 
Figure 2.30. Effect of reference strain: variation of elastic modulus with strain for 0.035 

mm/mm (a) and 0.045 mm/mm (b) (see Fig. 3 for 0.025 mm/mm) 
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2.2.3.4. Discussion 
 
In order to explain the softening 

behaviour of this polyamide one must 
present the various types of deformations 
polymers undergo due to their particular 
macromolecular structure. The generic 

term ‘plastic strain’ used in throughout 
this work refers to the irreversible 
deformation observed at the time of the 
experiment. Due to the viscous nature of 
polymers, a part of this remnant strain will 
be recovered in time through relaxation. 
As stated in the thesis introduction, the 

structure of the semi-crystalline polymers 
is composed of two phases: a crystalline 
phase (atoms arranged in ordered 
patterns) and an amorphous phase 
(entangled macromolecules) (Figure 
2.31). The irreversible deformation that 

polymers undergo is manifested through 
the slippage of atomic planes (similar to 
metal plasticity [49]) or by 

macromolecular chain scission [1]. The elastic component of polymers’ deformation 
can be decomposed into instantaneous elasticity and delayed elasticity. The 
instantaneous elastic component is the correspondent of a spring while the delayed 
component is the correspondent of a dashpot in the mathematical models for 

describing viscoelasticity, which will be covered later (Chapter 2, Paragraph 4). 
Delayed elasticity can manifest through a number of molecular phenomena such as 
viscous flow (the movement of macromolecules past one another), Thirion 
relaxation (a relaxation of the trapped entanglements in elastomeric networks) or 
molecular relaxation (stress relief caused by high temperatures) [1]. 

If the specimen undergoes deformations before the yield point the ratio of 
permanent strain to reversible strain is rather small. If stress is maintained for a 

longer period of time, the reversible deformation grows until it reaches saturation, 
while the instantaneous elastic strain and the permanent strain remain constant. If 
the specimen is further strained towards yielding, the permanent deformation 
steadily increases until it gains a linear increase with strain, as the reversible 

deformation reaches a plateau. This aspect will be detailed in Chapter 2, Paragraph 
3 and in Chapter 3, Paragraph 3. 

As a general conclusion derived from our programme of LCF tests, variations 
in test parameters have a low effect the apparent material softening. Considering 
the diagrams of stress-strain or stress-time variations for different cycles, a 
significant softening is observed (29.6%) after the first thousand cycles; an 
additional 16.7% of drop in tensile stress at 0.0325 mm/mm strain is recorded after 
50,000 cycles. 

In the case of different frequencies, the tensile stress at 0.0325 mm/mm 

demonstrates a small variation in a similar manner with regular tensile tests at 
different rates of deformation. A noticeable difference can be observed in the shape 

 
Figure 2.31. Polymer semi-crystalline 

structure  [78] 
[courtesy of Case Western Reserve University] 
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of the unloading stress-strain curve: the lower the frequency, the larger the area 
inside the hysteresis (Figure 10). This phenomenon can be associated with a higher 

relaxation time at lower strain rates, which determines a softer material behaviour.  
In case of the LCF tests at various strain levels, the magnitude of the 

reference deformation has a small effect on material softening: due to the non-
linear nature of the stress-strain curve [48], the strain increase is accompanied by a 
growth of its component responsible for the remnant deformation observed at the 
end of the test (a combination of permanent and reversible strains, as discussed 
above) (Figure 2.32). So, at reference strain of 0.025 mm/mm (denoted with a 

vertical red line in Figure 2.33), plastic strain is around 0.007 mm/mm while at 
0.045 mm/mm (a vertical blue line), it reaches values of 0.021 mm/mm. As a 
result, after 1,000 cycles, the tests performed at 0.045 mm/mm produce a 34.5% 
decrease in the tensile stress at peak strain (0.0525 mm/mm), those performed at 
0.035 mm/mm cause a decrease of 32.5% at the peak strain (0.00425 mm/mm) 
while the tests performed at the reference strain of 0.025 mm/mm results in a 
29.6% decrease (0.00325 mm/mm). 

 
Figure 2.32. Comparison of first cycles for tests at 3 Hz and 7 Hz 

 

   

 
Figure 2.33. Stresses and plastic strains for reference strain values of 0.025 mm/mm (vertical 

red line) and 0.045 mm/mm (vertical blue line) and their correspondent amplitude range 
(areas with blue gradient and red gradient) 
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The low-cycle tensile fatigue tests performed on specimens provide an 
insight into the behaviour of fatigued specimens as well as mechanics of fatigue-

induced damage. Regardless of the level of test parameters within the used 
envelope, PA12 has a similar behaviour in tension: in comparison with the stress-
strain curve of a previously untested specimen, the stress-strain curve of the 
specimen tested immediately after the LCF test shows slightly lower stress values 
between 0.01 mm/mm and 0.04 mm/mm deformation but determines almost 
identical yield stresses and strains (27 MPa at around 0.07 mm/mm at a crosshead 
travel speed of 20 mm/min). The tensile stress-strain curves of specimens subjected 

to a 24 h recovery demonstrate insignificant differences when compared to the 
curves of previously untested specimens. Analyzing the acquired data from the 
tensile tests that followed immediately LCF tests, it was observed that when 
unloading to 0 N, a remnant deformation was recorded, ranging from 0.013 
mm/mm to 0.02 mm/mm, depending on the test parameters. Considering that the 
tensile response of a fatigued specimen is almost identical with that of a previously 
untested specimen, it can be concluded that softening determined by fatigue at 

deformations below the yield point is responsible for inducing a temporary residual 
deformation without affecting material properties in a noticeable manner (delayed 
elasticity opposed to permanent deformations). This statement is supported by the 
graphs depicting the elastic modulus’ variation with strain: for the same 
extensometer opening (tests being performed in strain control), the elastic modulus 
increases with the number of cycles as the mechanical response drops. This aspect 

is presented in (Figure 2.34 a). The same trend is observed for stress-strain curves 
of previously untested specimens. Figure 2.34 b presents the variation of stress and 
elastic modulus with strain as well as the interval of stress variation for the first 

cycle (blue gradient for the stress interval) and for the 5000th cycle (red gradient for 
the stress interval). It can be observed that the stress interval of the first cycle (17 
– 30 MPa) determines lower values for the elastic modulus (900 – 600 MPa) in 
comparison with the values recorded for the stress interval of the 5000th cycle 

(modulus values of 1100 – 1000 MPa for a stress interval of 0 – 15 MPa). 
 

 
(a) 
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(b) 

 
Figure 2.34. Variation of stress and elastic modulus with strain for LCF tests (a) (s – stress and 

E – instantaneous elastic modulus) and for previously untested specimen (b) 

 
 
 

2.2.4. Creep tests 
 
Creep tests determine the material compliance      as a function of time, 

expressed as the instantaneous strain      divided by the constant stress     .  
 

     
    

    
                                                                                   

 
Another way of measuring creep is with the help of the adimensional 

normalized compliance: 

 

     
    

    
 
    

    
 
    

    
 
    

    
                                                         

 
The creep tests were performed on a Zwick/Roel Z005 machine and their 

aim was to determine the long-term viscoelastic properties of the material. In each 

tests, a constant load was maintained for a period of 24 hours. Based on the 
experimental data gathered from other tensile tests, three load levels were chosen, 
equivalent to 30%, 60% and 90% of the approximated yield stress for tests 
performed at ambient temperature and 2 mm/min crosshead travel speed. The 
loading time for the creep tests was chosen 24 hours. 

 

 
2.2.4.1. Creep tests at 30% of yield stress 
 
The variation of tensile compliance with time for the test performed at 30% 

of yield stress (      ) is presented in Figure 2.35 and Figure 2.36. 
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Figure 2.35. Compliance variation with time (2 minutes) 

 

 
Figure 2.36. Compliance variation with time (24 hours) 

 

 
2.2.4.2. Creep tests at 60% of yield stress 
 
The variation of tensile compliance with time for the test performed at 60% 

of yield stress (11.4 MPa) is presented in Figure 2.37 and Figure 2.38. 
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Figure 2.37. Compliance variation with time (2 minutes) 

 

 
Figure 2.38. Compliance variation with time (24 hours) 

 
 

2.2.4.3. Creep tests at 90% of yield stress 
 

The variation of the tensile compliance with time for the test performed at 

90% of yield stress (17.2 MPa) is presented in Figure 2.39 and Figure 2.40. 
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Figure 2.39. Compliance variation with time (2 minutes) 

 

 

Figure 2.40. Compliance variation with time (24 hours) 
 

 
2.2.4.4. Discussion 
 
A drastic increase in tensile compliance can be observed in the first hour of 

each test. Afterwards, the increase in compliance becomes gradually smaller, ending 
with a near-plateau region after about 7 hours. 

Given the non-linear behaviour of the material, the values for compliances 

differ for each level of loading. Higher loads will determine higher compliances 
(increase of 17% in compliance for a 300% increase in stress). This increase in 
compliance can be considered a measure of the material’s strain softening. 

Comparing variation of the normalized tensile compliance with time (Eq. 2.2, 
Figure 2.41) a significant difference can be observed between the tests performed at 
90% of the yield stress level those at 60% and 30%. Though the compliance 
increases with the increase in stress, the maximum levels reached are nearly twice 

as high for the tests performed at high stress levels (the region where permanent 
damage becomes significant) in comparison with those performed at lower levels 
(the region where time-dependent reversible strains are prevalent): compliance 
after 24 h is 4.37 times higher than the initial compliance for the 90%-yield-stress 
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test; compliance at 60% of yield stress is 3.04 times higher than the initial one; for 
the 30%-yield-stress tests, compliance increases 2.88 times. 

 

 
Figure 2.41. Variation of normalized compliance with time (24 hours) for three stress levels 

 

 
Figure 2.42. Tensile stress-strain curve and three stress levels 

 
This phenomenon may be caused by strain-softening of the material. As the 

total strain grows towards the yield point (Figure 2.42), the elastic strain reaches a 
plateau, as the plastic strain remains the only component that increases [6]. This 

irreversible damage could likely propagate as stress is kept constant for a given 
amount of time. Thus, the material will become compliant at a higher rate at large-
strain creep tests than at small-strain ones. 

 
 

2.2.5. Tests on conditioned specimens 
 
Literature studies have determined that the amount of moisture 

accumulated in the volume of a polymer affects its mechanical behaviour [44]. The 
conditioning procedure was designed in accordance with the standards ISO 1110 
and ISO 62 [50,51]: the temperature of the environmental chamber was set to 70 
°C and the relative humidity to 62%. Specimens were maintained in this 

environment for 6 days. Tests on conditioned specimens were performed in tension 
with the study of the influence of strain-rate and temperature.  
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The experimental program for determination of strain rate influence 
consisted of four test speeds: 2 mm/min, 20 mm/min, 200 mm/min and 2000 

mm/min. The results are presented in Figure 2.43. Stress strain curves for 
conditioned specimens Figure 2.43.  

 
Figure 2.43. Stress strain curves for conditioned specimens 

 

 
Figure 2.44. Comparison between stress-strain response of normal and conditioned specimens 

 
In comparison with tests performed on unconditioned specimens, a softer 

stress-strain response was recorded (Figure 2.44). In terms of tensile strength at 
7% deformation, for a test speed of 2 mm/mm, a 15.6% softening was recorded 
(from 24.29 MPa to 20.49 MPa), for a test speed of 20 mm/min, a 18.57% softening 
was recorded (from 27.3 MPa to 22.23 MPa), for a test speed of 200 mm/min, a 
20.46% softening was recorded (from 32.39 MPa to 25.76 MPa) and for a test speed 
of 2000 mm/min, a 12.25% softening was recorded (from 36.3 MPa to 31.85 MPa). 

Temperature dependency tests on conditioned specimens were performed at 

two crosshead travel speeds (20 mm/min and 200 mm/min) at three temperatures: 
0 °C, 23 °C and 50 °C, results being presented in Figure 2.45 
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a) 
 

 
b) 

Figure 2.45. Stress-strain curves for temperature dependent tests at a) 20 mm/min and b) 
200 mm/min 

 
As with strain-rate dependent tests on conditioned specimens temperature 

dependency tests also exhibit a softer stress-strain response compared to tests on 
unconditioned specimens (Figure 2.46 and Figure 2.47). In terms of tensile strength 

at 7% deformation, for a test speed of 20 mm/mm, a 21.3% softening was recorded 
at 0 °C (from 43.76 MPa to 36.06 MPa), a 18.37% softening was recorded at 23 °C 
(from 27.18 MPa to 22.98 MPa) and a 11.1% softening was recorded at 0 °C (from 
15.59 MPa to 14.03 MPa). For tests performed at  200 mm/mm, a 7.4% softening 
was recorded at 0 °C (from 46.24 MPa to 43.03 MPa), a 23.4% softening was 

recorded at 23 °C (from 32.03 MPa to 25.96 MPa) while at 0 °C the tensile strength 
at 7% deformation remains the same, even though conditioned specimens exhibit 
softer response up until that point. Another observation can be noted, that, 
especially for lower temperatures, the yield point of conditioned specimens shifts to 
higher strain and the stress plateau is reached at higher strains as well (one of the 
reasons for the lower variations observed at 7% deformation). 
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a) 

 
b) 

 
c) 

Figure 2.46. Comparison between stress-strain response of normal and conditioned specimens 
for 20 mm/min tests 
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a) 

 
b) 

 
c) 

Figure 2.47. Comparison between stress-strain response of normal and conditioned specimens 
for 200 mm/min tests 
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2.3. Three-point bending tests 
 
Although the test poses some 

challenges, a three-point bending 
experimental plan was established 
because it is PA-12 component’s main 

deformation mode during service. 
Apart from the parameters that 
influence the behaviour of the material 

(time and temperature, as shown in 
Paragraph 0) in the case of bending 
tests, the friction between the support 
and the specimen also plays an 

important role.  
The main material 

characteristics deduced from three-
point bending tests are given by the 
force-deflection graph [52]. Other 
values can be derived from the force-
deflection data (force F and deflection 

D), clamping setup (support span L) and specimen dimensions (specimen depth d 
and width b) such as the flexural strength fM (the peak value of the flexural stress 

f), flexural strain (f) or the chord modulus Ef [52]. 

 

   
     

      
                                                                                   

 

   
     

  
                                                                                   

 

   
       
       

                                                                                   

 
The first set of tests were performed on prismatic specimens (95 x 10 x 2 

mm) cut from injected sheets (200 x 200 mm). Due to the high dispersion in results 
caused by the sheet anisotropy, ISO 527 dogbone specimens were tested in later 
experiments. 

The three-point bending experimental plan consisted only of monotone tests 

at different strain-rates (two sets of crosshead travel speeds were chosen, according 
to [52] and in accordance with the tensile tests respectively). A brief study of the 

influence of friction coefficients was also performed.  
 
 

2.3.1. Specimen preparation and analysis 
 
The first set of tests was performed on 95 x 10 x 2 mm prismatic specimens 

cut from injected sheets. The injection point was in the middle of the sheet and the 
flow direction was radial from that point. Consequently, the specimen distribution 
was chosen so that, from the same sheet, specimens should contain all flow 
directions (from parallel to perpendicular) as seen in Figure 2.49. The specimens 

 
Figure 2.48Three point bending support wit 

PA-12 specimen 
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were cut with a guillotine. The number of specimens per sheet differed from test to 
test.  

 
Considering that flow direction might influence mechanical properties, a 

residual stress analysis was performed with the help of a polariscope. After the 
specimens were cut, each of them was subjected to polarized light analysis and 

pictures were taken with the projection. The resulting pictures were cropped and a 
residual stress map was built for each sheet. Such a reconstructed map is presented 

in Figure 2.50. 
The residual stress map indicates that there is a varying field of residual 

stress along the sheets. A quantitative evaluation cannot be established as 
calibration is required for PA-12 in order to connect the fringe variation with a 
numerical value for the stress. 

 

 
Figure 2.49. Flow directions (black arrows) and specimen grid (red lines) (left) and 

specimens numbering (right) 
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Figure 2.50. Residual stress map for PA-12 specimens 

 
 

2.3.2. Experimental results for sheet specimens 
 
The test parameters for the prismatic specimens cut from injected sheets 

were chosen according to the ASTM standard for determining the flexural properties 
of plastics [52]. Considering the depth of the beam, calculated value for the support 

span was 64 mm. The crosshead travel speed was calculated to be 3.41 mm/min, 
based on the values of the depth of the specimen, the support span and the rate of 

straining of the outer fibre [52,53]. Based on this value, two more values were 
chosen on a logarithmical scale: 34.1 mm/min and 341 mm/min. The strain being 
approximated with relation (2.2), there is a linear variation with deflection (and thus 
constant strain-rate): 

‒ 0.00016 s-1 for 3.41 mm/min; 
‒ 0.0016 s-1 for 34.1 mm/min; 
‒ 0.016 s-1 for 341 mm/min. 

The tests were performed on a 5kN Zwick/Roell machine.   
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In order to study the influence of friction, three types of interaction were 
used:  

‒ The basic metal-plastic interaction (clear support); 
‒ Plastic-Smooth Teflon (a smooth Teflon tape was stuck on the metal 

support), Figure 2.51; 
‒ Plastic-Rough Teflon (a textured Teflon tape was stuck on the metal 

support, secured with the smooth Teflon tape), Figure 2.52. 

    
 

The influence of strain-rate on material properties is exemplified for tests 
performed on clear supports (plastic-metal interaction), on specimens with 0° flow 
direction is presented in Figure 2.53.  

The influence of specimen – support interaction on material properties is 

exemplified for tests performed at 341 mm/min, on specimens with 0° flow direction 
is presented in Figure 2.54.  

The influence of flow direction on material properties is exemplified for tests 
performed at 341 mm/min, on clear support, is presented in Figure 2.55. 

The results for the mean values of flexural strength (average values for all 
flow directions), their standard deviation and the variation for each interaction is 
presented in Table 2.3. 

 
Figure 2.52. Rough tape support 

 
Figure 2.51. Smooth tape support 
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Figure 2.53. Strain-rate influence on flexural properties on sheet specimens PA-12 

 

 
Figure 2.54. Specimen – support interaction on flexural properties on sheet specimens PA-12 
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Figure 2.55. Flow direction influence on flexural properties on sheet specimens PA-12 

 
Table 2.3. Variation of flexural properties with specimen-support interaction and crosshead 

travel speed 

Interaction type 
Test 

speed 
         

Mean Flexural 
Strength 
      

Standard 
deviation 

[%] 

Variation 

Plastic – Metal 

3.41 20.09 1.22  

34.1 23.5 2.88  

341 28.36 4.38  

   41.14% 

Plastic – Rough 
Teflon 

3.41 22.38 2.24  

34.1 26.36 5.37  

341 31.16 5.47  

   39.23% 

Plastic – Smooth 

Teflon 

3.41 25.69 3.2  

34.1 29.03 3.66  

341 31.2 3.57  

   21.44% 

 
The variation of flexural strength with injection flow direction and crosshead 

travel speed is presented in Tables 2.3.2. – 2.3.4.  
Surface graphs depicting the variation of flexural strength with injection flow 

direction and crosshead travel speed are presented in Figures 2.3.9 – 2.3.11. 
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Figure 2.56. Flexural strength variation with injection flow direction and crosshead travel speed 

for clear support 

 
 
 
 

 
 

 
 
 
 
 

 

Table 2.4. Flexural strength variation with injection flow direction and crosshead 
travel speed for clear support 

Clear Support 

 0° 30° 60° 90° 

           20.27 20.22 20.17 19.60 

           24.09 23.96 23.16 22.3 

          29.7 29.07 28.36 28.03 

 

Table 2.5. Flexural strength variation with injection flow direction and crosshead 
travel speed for rough Teflon 

Rough Teflon 

 0° 30° 60° 90° 

           22.76 23.01 22.4 21.79 

           27.79 28.42 24.89 24.73 

          34.14 32.1 29.97 29.27 
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Figure 2.57. Flexural strength variation with injection flow direction and crosshead travel speed 

for rough Teflon 

 
 
 

 
 

 
 
 
 

 
 
 
 
 
 

Table 2.6. Flexural strength variation with injection flow direction and crosshead 
travel speed for rough Teflon 

Smooth Teflon 

 0° 30° 60° 90° 

           24.24 25.32 26.37 25.02 

           27.9 29.93 29.76 29.39 

          32.31 31.59 30.83 31.83 
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Figure 2.58. Flexural strength variation with injection flow direction and crosshead travel speed 

for Smooth Teflon 

 
 
Strain-rate has the largest influence on the flexural properties of PA-12, 

determining an average variation of 40% with a 9900% increase in strain-rate. The 

behaviour in bending is similar to that in tension, where a 52% variation was 
recorded for a 9600% increase in strain-rate. 

Friction also has a significant influence on flexural properties varying the 

flexural strength with as much as 30%. Though the smooth Teflon tape was used in 
order to reduce friction, the result was quite the opposite, test performed on the 
smooth tape support yielding the highest values for flexural strength. A possible 
cause for this is that the clear Teflon tape was more compliant than the textured 
one and the friction coefficient grew as it was getting compressed by the specimen. 

Flow direction also determines a variation in flexural properties for as much 
as 16%. The variation for anisotropic specimens grows with strain-rate. 

 
 

2.3.3. Experimental results for dogbone specimens 
 
Noticing the small variation in tensile properties for dogbone specimens, a 

three-point bending experimental program was designed for such specimens in 

order to eliminate the sheet anisotropy aspect (dogbone specimens are moulded 
individually). 

For these tests, the support span was kept at 64 mm while the crosshead 
travel speed was chosen in accordance with the tensile tests:  

‒ 2 mm/min; 
‒ 20 mm/min; 

‒ 200 mm/min; 
‒ 2,000 mm/min; 
‒ 20,000 mm/min; 
‒ 90,000 mm/min. 
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The strains were approximated with relation 2.2 and consequently there is a 
linear variation with deflection (and thus constant strain-rate for as long as the 

machine can keep a constant crosshead travel): 
‒ 0.00002 s-1 for 2 mm/min; 
‒ 0.0002 s-1 for 20 mm/min; 
‒ 0.002 s-1 for 200 mm/min; 
‒ 0.02 s-1 for 2,000 mm/min; 
‒ 0.2 s-1 for 20,000 mm/min; 
‒ 0.8 s-1 for 90,000 mm/min; 

Similar to the experiments in tension, the tests at low speeds were 
performed on a 5kN Zwick/Roell machine while the tests at high speeds were 
performed on an Instron Electropuls machine. 

The results for the tests performed at slow speeds are presented in Figure 
2.59 

 

 
Figure 2.59. Stress-strain curves for low-speed three-point bending tests on dogbone 

specimens 

 
The results for the tests performed at slow speeds are presented in Figure 

2.60. 
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Figure 2.60. Stress-strain curves for high-speed three-point bending tests on dogbone 

specimens 

 
Comparing the experimental data from tests performed on sheet specimens 

and from tests performed on dogbone specimens (Figure 2.53 and Figure 2.59), it is 

clear that the later tests determine a more stable response. One of the reasons for 
this effect is the low values of forces recorded for the tests performed on sheet 

specimens (around 20N) compared to the values of the forces recorded on dogbone 
specimens (around 100N), considering that both tests were performed on machines 
equipped with 5kN load cells. Dogbone specimens also determine a lower dispersion 
of results even when it comes to dynamic loadings (Figure 2.61). 

 
Figure 2.61. Results in three-point bending for three specimens tested at 20000 mm/min 
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For speeds faster than 20,000 mm/min, dynamic effects play an important 
role in determining the stress-strain response. When the indenter makes contact at 

high speed, due to inertia, the specimen contracts at first after which it begins to 
expand (because of its elasticity), expansion which is again followed by another 
contraction. This cyclic deformation is propagated through the material (with a 
certain degree of damping), and thus, stress waves are created [54,55]. The stress 
waves are consequently transmitted into the support (which is connected to the load 
cell), and due to the same inertial effects, errors appear in reading the reactions: 
when the vice is compressed, higher reaction forces are recorded and when the vice 

expands, it appears as if the vice is subjected to tensile loading (the negative values 
in reaction stress, Figure 2.60). 

 
 
 

2.4. Dynamic tests 
 

2.4.1. Dynamic tension 
 
The tensile tests at high rate of deformation were performed in the Institut 

für Leichtbau und Kunststofftechnik, Technische Universität Dresden on a servo-
hydraulic Instron VHS 160/20 machine, presented in Figure 2.62, which is capable 
of reaching crosshead travel speeds up to 10 m/s. The schematic of the machine’s 
load train is presented in Figure 2.63. The specimen is secured to the bottom side of 
the vice by tightening the lower screws. The mobile part of the train, consisting of 

the clamp, the grip, the spacers (wedges) and the elastic element, is connected to 

the servo-hydraulic actuator. Pressure is applied on the spacers by tightening the 
side bolts. The machine is programmed to accelerate the assembly until it reaches 
the desired speed. At this point, an impact of the wedges with the cylindrical 
columns follows which determines the spacers to slide down thus closing the grips 
and starting to deform the specimen.  

The reaction force is recorded with a Kistler 9017A 400 kN piezoelectric load 
washer mechanically preset at 200 kN. Strain evaluation was performed with digital 

image correlation technique, which proved to be an efficient strain recording method 
for thermoplastic polymers at high strains and speeds [56,57,58,59]. Images were 
recorded with a high speed camera of 600 x 800 pixels maximum resolution 
(reduced to 96 x 600 for these tests), 200 mm focal length and capable of recording 
100,000 frames per second. The images were processed with the help of ARAMIS 
software by GOM using greyscale correlation (Figure 2.64). 
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Figure 2.62. Instron VHS 160/20 high speed testing machine 
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Figure 2.63. Schematic Instron VHS 160/20 load train 

 
Figure 2.64. Strain evaluation with ARAMIS 

 

BUPT



2.4 – Dynamic tests  71  

 

 

Due to the fact that the 4 mm thick dog-bone specimens are semi-
transparent, a white paint layer was airbrushed before the random speckle pattern 

(black paint) was applied (Figure 2.65), in order to eliminate possible erroneous 
reads during greyscale correlation.   

 

 
Figure 2.65. Prepared specimen clamped in machine grips 

 
Various crosshead travel speeds were tested preliminary in order to 

determine the maximal value for which system ringing and stress waves influence is 
negligible [60]. As a result, three test speeds were chosen: 333 mm/s (equivalent 
of 20000 mm/min, next value on the logarithmical scale), 667 mm/s and 1000 

mm/s (maximum speed which determines acceptable response). The results are 
presented in Figure 2.66, showing a similar behaviour (stress-strain curves tend to 
overlap determining a tensile strength of around 40 MPa) regardless of the test 
speed. 
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Figure 2.66. Stress-strain curves for high-speed rate dependent tests 

 

A limitation of the optical method of strain recording was discovered during 
high-speed tests. As stated above, the semi-transparent material needed an opaque 
layer of paint to be applied before the speckle pattern. This layer proved to have a 
relatively low fracture strain (about 10%) compared to the base material. As 
deformation increased, the paint layer started to disintegrate (Figure 2.67) and the 
post-processing software could not keep track of the pixels, thus determining 

erroneous reads after a certain strain. In consequence, no fracture strain was 

recorded for the polyamide.  
 

 
Figure 2.67. HS camera images from test initiations with intact paint layer (left) and test end 

with cracked paint layer (right) 
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Because of the induced noise at high test speeds, the elastic modulus 
determination required trend lines. For all test results, 6th order polynomial 

functions were fitted. Determination of Young’s modulus values with ISO 527 [43] 
do not provide accurate material description as the results for a single specimen 
have a high margin of error due to the numerous possible ways of trend-line 
definition. The variation of the instantaneous elastic modulus with strain was 
obtained by trend line derivation, resulting in 5th order polynomial functions. The 
stress-strain trend lines and instantaneous moduli variation with strain for all test 
speeds is presented in Figure 2.68. Although the trend lines share a similar shape, 

the instantaneous modulus varies for each test speed, especially in the first 1% 
deformation (from 1100 MPa to 1600 MPa). As deduced from the stress-strain 
curves, the yield point (instantaneous modulus becomes null) is similar for all 
speeds, around 6%.  

 

 
Figure 2.68. Stress-strain trend lines and instantaneous moduli variation with strain 
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2.4.2. DMA tests 
 
 

2.4.2.1. Overview 
 
The moduli of elasticity (     ) used to describe the basic polymer 

properties refer to quasi-static measurements. When dealing with more complex 
loadings such as repetitive/cyclic loadings at high frequencies or dynamic loadings, 
the complex moduli must be introduced. By definition, a complex elastic modulus is 

expressed as[44]: 
 

                                                                                     

 
where    is called the storage modulus, and it represents the stored elastic 

potential,     is called the loss modulus and it represents the measure of energy 

dissipated through heat.  
The values for    and     can be determined experimentally through 

Dynamic Mechanical Analysis (DMA), by subjecting the specimen to sinusoidal strain 

[5]: 
 

                                                                                         

 
The stress will have a linear response, but due to the viscoelastic nature of 

the polymers, will be out of phase [5]: 

 
                                                                                     

 
or 

                                                                               
 

 
Figure 2.69. Phase difference between stress and strain 

 
By definition  
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The ratio of loss to storage modulus is called the damping coefficient and it 
can be considered an alternate measure of energy dissipation (3): 

 

       
   

   
      

      
                                                             

 
2.4.2.2. DMA tests at low strains 
 

The DMA tests at small strains were 

performed on specialized machines that export all 
calculated data (storage modulus, loss modulus 
and damping coefficient) in the output files. The 
first test was set up in shear at room 
temperature in Loughborough University on a 
Mettler Toledo DMA machine (Figure 2.70). Four 
frequencies were used:       ;     ;       and 

        The magnitudes of the shear strains   
were around            . 

Another DMA test consisted of a 
temperature sweep from 0 °C to 60 °C at 2 
frequencies (1 Hz and 10 Hz) was carried out at 
the company Gearing Scientific Ltd. in single 
cantilever clamping. 

For the shear test, the obtained storage 

modulus, loss modulus and damping coefficient 
values are presented in Table 2.7.  

The variation of the storage modulus, loss 
modulus and damping coefficient with frequency 
for the test in shear is presented in Figure 2.71. The variation of the storage 
modulus, loss modulus and damping coefficient with frequency and temperature for 

the test in single cantilever is presented in Figure 2.72 [47]. 
 

Table 2.7 Results for DMA test in shear 

Frequency 
  

     

Storage 
modulus 

   
      

Loss modulus 
    

      

Damping 
coefficient 

     
    

0.1 307 67 0.2175 

1 320 65 0.2024 

10 336 63 0.1885 

100 350 55 0.158 

 

 
Figure 2.70. Clamped specimen 

in the Mettler Toledo 
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Figure 2.71. Moduli variation with frequency in DMA shear test 

 

 
Figure 2.72. Moduli variation with temperature for the DMA single cantilever test 

 
In accordance with the strain–rate- and temperature-dependency tests, the 

storage modulus (stored elastic potential) grows with the increase in strain rate 

(frequency) while both the loss modulus (dissipated energy through heat) and the 
damping coefficient decrease.  

The temperature sweep DMA tests determined a glass transition 
temperature of around 37 °C at 1 Hz and 37 °C at 10 Hz. Below 10 °C, the 
behaviour of the material stabilizes (a plateau region for all parameters). 

As seen in previous experiments, hyperelastic materials do not have a linear 
stress-strain response, and their moduli of elasticity vary with strain [2,3,26,27]. 
Thus, the DMA tests performed at small strains offer a limited perspective of the 
dynamical behaviour of such materials. In order to obtain material parameters for 
in-service conditions, a series of DMA tests at high strain were performed. 

BUPT



2.4 – Dynamic tests  77  

 

 

 
Figure 2.73. Variation of stress and Young’s modulus with strain for different temperatures 

 
2.4.2.3. DMA tests at high strains 
 
The DMA tests at large strains were performed in tension in Loughborough 

University on ISO 527 standard dogbone specimens, on an Instron Electropuls 

machine. Several test programs were performed, all having a sinusoidal load 
pattern, with different pre-strains and strain amplitudes (ranging from 0.015 
mm/mm  to 0.043 mm/mm . For all programs, three frequencies were used: 0.1 Hz, 

1 Hz and 10 Hz. 
 
a) Pre-deformation 1mm; amplitude 0.75 mm (0.015 mm/mm total 

strain) 

The results for the tests performed at pre-deformation of 1 mm and an 
amplitude of 0.75 mm are presented in Table 2.8.  
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Table 2.8 Results for the first DMA test in tension 

Frequency 
  

     

Storage 
modulus 

   
      

Loss modulus 
    

      

Damping 
coefficient 

     
    

0.1 709 107 0.1519 

1 786 39 0.0503 

10 734 55 0.075 

 
 
b) Pre-deformation 1.65 mm; amplitude 1.15 mm (0.025 mm/mm 

total strain) 
The results for the tests performed at pre-deformation of 1.65 mm and an 

amplitude of 1.15 mm are presented in Table 2.9.  
 

Table 2.9 Results for the second DMA test in tension 

Frequency 
  

     

Storage 
modulus 

   
      

Loss modulus 
    

      

Damping 
coefficient 

     
    

0.1 682 86 0.1256 

1 769 58 0.0755 

10 837 45 0.0503 

 
 
c) Pre-deformation 2 mm; amplitude 1.5 mm (0.031 mm/mm total 

strain) 

The results for the tests performed at pre-deformation of 2 mm and an 
amplitude of 1.5 mm are presented in Table 2.10.  

 

Table 2.10 Results for the third DMA test in tension 

Frequency 
  

     

Storage 
modulus 

   
      

Loss modulus 
    

      

Damping 
coefficient 

     
    

0.1 651 82 0.1263 

1 751 75 0.1008 

10 795 40 0.0503 

 

 
d) Pre-deformation 4 mm; amplitude 0.75 mm (0.043 mm/mm total 

strain) 
The results for the tests performed at pre-deformation of 4 mm and an 

amplitude of 0.75 mm are presented in Table 2.11.  
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Table 2.11 Results for the fourth DMA test in tension 

Frequency 
  

     

Storage 
modulus 

   
      

Loss modulus 
    

      

Damping 
coefficient 

     
    

0.1 580 103 0.1777 

1 662 66 0.1005 

10 781 36 0.0503 

 
 
e) Pre-deformation 2.75 mm; amplitude 2 mm (0.043 mm/mm total 

strain) 
The results for the tests performed at a pre-deformation of 2.75 mm and an 

amplitude of 2 mm are presented in Table 2.12. 

 

Table 2.12 Results for the fifth DMA test in tension 

Frequency 
  

     

Storage modulus 
   

      

Loss modulus 
    

      

Damping 
coefficient 

     
    

0.1 625 95 0.1519 

1 714 72 0.1008 

10 778 58 0.075 

  
For the results obtained from the tests performed at large strains, a similar 

behaviour to that at small-strain DMA tests was observed regarding the effect of 
frequency. Furthermore, the amplitude affects dynamic properties, as the elastic 
potential decreases with strain. Thus, a uniform variation of the storage modulus, 

the loss modulus and the damping coefficient with frequency and amplitude can be 
observed (Figure 2.74 and Figure 2.75): the storage modulus has a 22% increase in 
the chosen range of frequency and a 4% decrease with amplitude; the loss modulus 
has a 51% decrease with frequency and a 91% increase with amplitude; the 
damping coefficient has a 60% decrease with frequency and a 100% increase with 
amplitude. 

For the same total strain (experiments d) and e)) a smaller amplitude 
determines lower values for the storage modulus (around 8%), and, consequently, 
increased values for the loss modulus and damping coefficient. Again, this is a 

consequence of strain-rate dependency; for the same frequency, smaller amplitude 
determines smaller strain rates.  

Beyond the yield point, the viscoelastic and plastic components cannot be 
separated; a plateau of the loss modulus and damping coefficient is noticed, while 

the storage modulus decreases. 
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Figure 2.74. Moduli variation with frequency for DMA test in tension 

 

 

 

Figure 2.75. Moduli variation with amplitude for DMA test in tension 

 

 
2.4.3. Puncture impact tests 
 

2.4.3.1. Test overview 
 
The puncture impact tests were performed in Loughborough University on 

an Instron Dynatup machine according to ISO 6630 [61]. The carrier mass of the 
striker had a value of around 20 kg. The striker diameter was  20 and it was 

lubricated with Vaseline before each test. Two different test speeds were used: 1 
m/s and 4.4 m/s and two different temperatures: 23 °C  and -10 °C. 
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Three types of PA-12 samples were used: 
• Sample 1 – Injected by material supplier 

(70 x 70 mm) (codenamed S1)  
• Sample 2 – Injected by injection 

manufacturer (70 x 70 mm) (codenamed 
S2)  

• Sample 3 – Injected by injection 
manufacturer (100 x 100 mm) (codenamed 
S3)  

 
S3 specimens have 4 textures with 

different roughness.  
 

2.4.3.2. Comparison of PA-12 samples 
 
For this test, three samples from each 

category were used. The test temperature was 23 
°C and the striker speed was 4.4 m/s. The results 
are presented in Figure 2.77 

 
 
 

 

Figure 2.77. Force – deflection curves for different PA-12 samples 
 
The resulting puncture energies in Joules are presented in Table 2.13. 
 
 

 
 
 
 
 

 
Figure 2.76 Instron Dynatup 

machine 

 

BUPT



82  Experimental investigations – 2  

 

 

Table 2.13 Puncture energies for different PA-12 samples 

Specimen 
Puncture 
energy 

[J] 

Specimen 
Puncture 
energy 

[J] 

Specimen 
Puncture 
energy 

[J] 

S1-1 42.28024 S2-1 38.07019 S3-1 39.47512 

S1-2 38.4927 S2-2 37.82643 S3-2 33.99899 

S1-3 38.91812 S2-3 34.62048 S3-3 34.70669 

Average 39.89702 Average 36.83903 Average 36.06027 

 
All tested specimens were punctured, showing a ductile behaviour. The 

condition of the specimens after the test is presented in Figure 2.78. 
 

 
 
 
 
 
 

 
 
 
 
 
 

 

 
 
 
 
 
 
 

Figure 2.78. Punctured PA-12 sample at ambient temperature; a) isometric view, b) top view, 
c) side view 

 
 

2.4.3.3. PA-12 behaviour at low temperatures 
 
For the puncture tests performed at cold temperatures, only textured 

samples were tested. The temperature was -10 °C while the test speed was 4.4 

m/s. 
The resulting force – deflection curves show a similar shape as with the 

tests performed at room temperature (Figure 2.78). All tested specimens got 
punctured, PA-12 showing ductile behaviour, the condition of the specimens after 
the test being presented in Figure 2.80.  

PA-12’s puncture energy remains constant (Table 2.13 and Table 2.14), but 
the peak force is higher and the deflection at break is lower at cold temperatures 

(Figure 2.79). 
 

 
a) 

 

 
b) 

 
 

c) 
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Figure 2.79. Force – deflection curves for tests at two temperatures 

 

 
Figure 2.80. Punctured PA-12 sample during low temperature tests 

 
Table 2.14 Puncture energies PA-12 samples tested at low speeds         

Specimen 
Puncture energy 

[J] 

S3-4 34.76965  

S3-5 37.41506  

S3-6 37.22823  

Average 36.47098  
 

 
2.4.3.4. Behaviour of PA-12 at low stroke speeds 
 
As with the test performed at low temperatures, for the puncture tests 

performed at low speeds, only textured samples were tested. The temperature was 
23°C while the test speed was 1 m/s. 
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Due to misprogramming, the entire stroke was not recorded, and no 
energies could be obtained. The resulting force – deflection curves are pictured in 

Figure 2.81. None of the specimens were penetrated with these tests parameters. 
 

 

Figure 2.81. Force – deflection curves for tests at low speeds 
 
The PA-12 specimens did not break, but showed a region of plastic 

deformation where the striker hit. The condition of the specimens after the test is 

presented in Figure 2.82. 

 

 
a) 

 

 
b) 

Figure 2.82 Deformed PA-12 sample: a) isometric view; b) side view 
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2.5. Tests on components 
 
The main application of the studied polyamide in sports footwear is in a 

component is called ‘top plate’, which is connected to the upper and houses the 
Bounce structures. The provided specimens are components of the adidas Titan™ 
running shoe (Figure 2.83). The aim of the tests was to replicate the deformation 

mode of the component and thus only the rear cushioning element was compressed 
(the element that first contacts the ground during a foot strike). The schematic of 
the testing device is presented in Figure 2.84. 

 

 
Figure 2.83. adidas Titan™ running shoe 

 

 
Figure 2.84. Schematic of device for component testing.  

 
In order to aid the tests, an Uriol shoe last was provided which was 

assembled with the help of a stud screw and intermediary piece to the bottom part 
of the machine. The top plate was secured on the last with the help of Teflon tape 
(Figure 2.85). 
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Figure 2.85. Shoe last with adaptation 

 

2.5.1. Compression tests 
 
Compression tests were performed in the Institut für Leichtbau und 

Kunststofftechnik, Technische Universität Dresden on normal components as well as 
on conditioned components. Tests on regular top plates were performed at four 
different crosshead travel speeds, chosen on logarithmical scale: 2 mm/min, 20 
mm/min, 200 mm/min and 2000 mm/min (Figure 2.86). Tests on conditioned top 

plates were performed a two crosshead travel speeds: 2 mm/min and 2000 
mm/min.  

 

 
Figure 2.86. Force-deflection curves for compression tests performed on regular components 

 
The force-deflection graphs show two regions: the first region, characterized 

by a steady increase in reaction is representative for the compression of the 
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cushioning element. The second region, characterized by an exponential increase in 
reaction is caused by the “flattening” of the top plate as the cushioning element 

touches the heel, and the component acts like a solid subjected to compression. An 
increase in deformation speed from 2 mm/min up to 2000 mm/min (100,000%) 
determines a 55% increase in reaction force (at the end of the first region), from 
70.6 N up to 109.8 N.  

The recovery from compression was also recorded (identical crosshead 
travel speeds). A remnant deformation of about 2 mm can be observed (difference 
in crosshead travel values for the 0 N point on the force-deflection graph), as seen 

in Figure 2.87. 
In case of conditions components, moisture determines a variation between 

21.7% (from 67.8 N down to 53.1 N at 2 mm/min) and 15.9% (from 108 N down to 
90.8 N at 2000 mm/min), as seen in Figure 2.88. Also, conditioned specimens show 
more deformation for the same amount of compression, reaching the second region 
about 3 mm earlier and determining larger plastic deformation (about 3 mm) in 
loading-unloading cycles.   

 

 
Figure 2.87. Loading-unloading curve for 20 mm/min test on normal components 

 

 
Figure 2.88. Softening effect of moisture on compression tests 
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Figure 2.89. Loading-unloading curve for 20 mm/min test on conditioned components 

 
 

2.5.2. Low-cycle fatigue tests 
 
Low-cycle fatigue tests on normal components were performed with the 

parameters determined during the LCF tests on dogbone specimens in tension. 
Thus, the tests were performed at 5 Hz for 5000 cycles. Two levels of deformations 

were chosen, one situated in the cushioning element compression region, presented 
in Figure 2.90 (6 mm average deformation, 1.1 mm amplitude) and one situated in 
the material compression region, presented in Figure 2.91 (9 mm average 
deformation, 1.1 mm amplitude). After the fatigue tests, a compression test was 

performed at 20 mm/min. The results for each test, compared with the compression 
test of a virgin component are presented in Figure 2.92. 
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Figure 2.90. LCF tests for normal specimens at 6 mm average deformation 

 

 
Figure 2.91. LCF tests for normal specimens at 9 mm average deformation 

 

 
Figure 2.92. Force-deflection diagrams in compression for components in different condition 

 
In the case of LCF tests with amplitudes situated in the cushioning element 

compression region, behaviour similar to LCF on dogbones was observed: the first 
cycles determine a significant softening and after the first 1000 cycles, a 23.9% 

decrease in reaction force is observed, from 90.7 N to 69 N. Between 1000 cycles 
and 5000 cycles the reaction decreases with only 6.3%, from 69 N down to 64.7 N. 

For the tests performed in the cushioning element contact region (material 
compression), after 1000 cycles, a softening of 11.7% is observed for peak 
reactions, from 712.8 N to 629.3 N and a softening of 46.8% in the cushioning 
element compression region for this set of tests (around 8mm, Figure 2.91), from 
74.2 N to 39.5 N. As the total number of cycles increases a difference in behaviour 
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is noticed. The peak force increases after 3000 cycles and is close to the values 
recorded for the initial tests, even though the reaction in the cushioning element 

compression region decreases in a decelerated rate (10% softening from 2000 to 
5000 cycles, from 39.5 N to 35.2 N). This phenomenon can be explained by 
analyzing the compression curves in Figure 2.92: due to the accumulation of plastic 
deformation, the material compression region starts at a lower deflection; the larger 
the plastic deformation, the lower the deflection at which material compression 
occurs. So, even though the material is softer in the case of LCF at high deformation 
after 3000 cycles, it had also accumulated plastic deformation which might be 

considered the equivalent of shifting the deformation spectrum up the deflection 
axis.  

Low-cycle fatigue tests were also performed on conditioned top plates for 
5000 cycles at 5 Hz, 6 mm reference deformation, 1.1 mm amplitude. The results 
are presented in Figure 2.93. The results are similar and as with the rest of the tests 
on conditioned specimens, a softening can be observed, in this case, of around 
16%. Also, the softening during loading is a bit larger, compared to the normal 

components: between the first and the 1000th cycle, a softening of 29.5% was 
observed (from 76.1 N to 53.6 N) and between the 1000th and the 5000th cycle, a 
softening of 10.7% was observed (from 53.6 N to 43.9 N).  
 

 
Figure 2.93. LCF tests for conditioned specimens at 6 mm average deformation 

 
 

2.5.3. Discussion 
 

In uniaxial compression, the top plates appear to be more strain-rate 
sensitive that dogbone specimens as a 100,000% variation in crosshead travel 
speed (from 2 mm/min up to 2000 mm/min) determines a 55% increase in reaction 
force, begin almost twice as large as the variations observed in tension (22% 
increase) and bending (29% increase).  

The same pattern can be observed for tests on conditioned top plates, as 

they exhibit pronounced softening in comparison to conditioned dogbones tested in 
tension: for 2 mm/min tests, a decrease in compressive strength of 21% was 
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recorded, compared to 15% in tension and for 2000 mm/min, a decrease in 
compressive strength of 16% was recorded, compared to 12% in tension.   

The behaviour of top plates subjected to low-cycle fatigue tests in the 
cushioning element compression region was anticipated in Paragraph 3.3.2  (LCF 
tests performed on dogbones): for specimens tested in compression immediately 
after LCF tests, the force – deflection curve is nearly identical with that of a 
previously untested specimen (there is a very small drop in reaction force) and, due 
to accumulated time-dependent reversible deformation, the second region 
associated with cushioning element contact occurs at lower deflections (at 7 mm 

deflection instead of 9.8 mm for a previously untested specimen, Figure 2.94).  
For the low-cycle fatigue tests in the cushioning element contact region, the 

accumulated permanent deformation affects the behaviour of the component, 
determining lower reactions in monotone compression (17% decrease) as well as 
the earlier occurrence of the second region associated with the cushioning element 
contact (6.5 mm deflection instead of 9.8 mm for a previously untested specimen, 
Figure 2.94).  

 

 
Figure 2.94. Compression force-deflection curves for top plates subjected to various testing 

conditions 

 
 

2.6. Conclusions 
 
In contrast to conventional materials such as metals, polymeric materials in 

general and this modified PA12 in particular exhibit a highly non-linear 
characteristic. In terms of the stress-strain response, the linear elastic domain is 
limited to a fraction of a percent in deformation (extending up to around 1% for low 

temperatures and being virtually nonexistent at high temperatures). Another 
particularity of polymers is the large strain they can be subjected to before yielding. 
Coupled with the non-linearity of their stress-strain response, this behaviour has 
been dubbed ‘Hyperelasticity’.  

Apart from their hyperelastic nature, several environmental parameters 
determine significant changes in the material’s behaviour. This is due to the 
polymer’s structure which consists of large macromolecules distributed in either an 

arranged state (crystalline phase) or an in a irregular state (amorphous phase). The 
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parameter that has the largest influence on mechanical properties is temperature. A 
change in temperature from 50 °C to -25 °C determines a 410 % increase in 

Young’s modulus (500 MPa to 2550 MPa) and a 185 % increase in tensile strength 
(20 MPa to 57 MPa). Another parameter which determines significant variations in 
mechanical properties is time. The short-term effect of time (strain-rate 
dependency) determines a 64% increase in Youngs modulus (from from 850 MPa at 
a strain rate of 0.00028 s-1 to 1400 MPa at 9.4 s-1) and an 33% increase in tensile 
strength (from 30 MPa at 0.00028 s-1 to 40 MPa at 9.4 s-1). The long term effect of 
time was studied through cyclic loadings, low-cycle fatigue tests and creep tests. 

Low-cycle fatigue tests determined a stabilized material behaviour after around 
5000 cycles for LCF tests (around 30% softening due to the accumulation of 
reversible viscous strain). Creep tests determined 4.5 times softer response after 24 
hours of constant load. The percentage of humidity present in the material also 
influences its behaviour, determining around 20% softening. 
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3. ANALYTICAL MODELS FOR DESCRIBING 
MATERIAL BEHAVIOUR 

 
 

3.1. Linear elasticity 
 
In the Annexes, in Chapter II, preliminary notions of mathematics were 

presented while in Chapter III of the annexes, the equilibrium equations were 

written in terms of the stresses inside the body, which are the result of the 
deformations the body is subjected to. Several equations will be recalled in order to 
aid understating having roman numbering prefix corresponding for the given 
chapter (II. or III.)  

In this paragraph, the stresses are expressed in terms of some measure of 
deformation, such as strains. These frame invariant (objective) relationships 
between the stresses inside a body and the deformations that caused them are 

called constitutive equations. They represent a material characteristic and can be 
influenced by various factors such as time or temperature. 

Constitutive equations represent the basis of deformation analysis and are 
implemented in almost every commercial finite element analysis software 
[11,62,63]. 

Materials for which the constitutive behaviour is a function of the current 

state of deformation are called elastic materials. In other words, the stress inside an 
elastic material is a unique function of the deformation (strain). 

 
 

3.1.1. Generalized Hooke’s Law 
 

The constitutive equations for a generic elastic anisotropic material are 
given by the so-called Generalized Hooke’s Law, which establishes a relation 
between the engineering stress (the first Piola-Kirchhoff stress tensor             ) 
and the engineering strain (the Green-Lagrange strain tensor for small deformations 
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where   is called the compliance tensor and   is called the stiffness tensor (     ), 
and are both fourth order symmetric tensors: 
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It should be noted that by “anisotropic” we refer to the difference in material 

properties regarding coordinate system orientation, while by “non-homogenous” we 

refer to the difference in material properties regarding coordinate system location.  
In order to express anisotropy in a more elegant manner, the vector 

formulation for the stress and strain tensors will be adopted (consisting of a one-
dimensional array composed of the non repetitive quantities of the symmetric 
Green-Cauchy strain tensor and first Piola-Kirchhoff stress tensor,            and 
          ): 

 
                                                                

 
                                                               

 
                                                                            

 
                                                                            

 
Following the above formulation, the compliance and elasticity tensors 

convert from fourth order tensors to 6 x 6 square symmetric matrices.  
 
 

3.1.2. Types of elastic materials 
 

3.1.2.1. General anisotropic materials 
 
The most general type of anisotropic material is called the triclinic material. 

The compliance matrix has 21 distinct coefficients [64]: 
 

  

 
 
 
 
 
 
         

      
   

         
         
         

             
      

    
 
 
 
 
 

                                                   

 
The terms     are called elastic moduli and represent the constitutive 

relations between the stress component over a given direction and its corresponding 
strain. General anisotropic materials exist only in theory, as all materials found in 

nature exhibit some symmetry regarding the material properties over different 
loading directions.  

 
 

3.1.2.2. Monoclinic materials 
 
Monoclinic materials contain one plane of symmetry and thus they have only 

13 independent coefficients. A monoclinic material with symmetry over the     
plane is characterized by the following compliance matrix [64]: 

 
 

BUPT



3.1 – Linear elasticity  95  

 

 

 

  

 
 
 
 
 
 
         

      
   

         
         
         

           

    

    
 
 
 
 
 

                                                  

 
3.1.2.3. Orthotropic materials 
 

Orthotropic materials have three orthogonal planes of elastic symmetry and 

thus they are defined by 9 independent coefficients. The compliance matrix’ 
coefficients can be expressed in terms of the engineering values: Young’s Modulus 
 , shear modulus   and Poisson coefficient   [64]. 

 

  

 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

   
 
   
   

 
   
   

 
   
   

 

   
 
   
   

 
   
   

 
   
   

 

   

        

          

           

            

             

             

  
 

   
       

 
 

   
  

  
 

    
 
 
 
 
 
 
 
 
 
 
 
 
 

                                    

 
3.1.2.4. Tetragonal materials 
 
Tetragonal materials are orthogonal materials which have a pair of 

coordinate directions for which the elastic properties are identical [64]: 
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3.1.2.5. Cubic materials 
 
Cubic materials are a special case of tetragonal materials that have only 

three independent parameters 
              
                                                                                    
              

 

 
 
 
 
 
 
 
 
 
 
 
 
 

 

 
 
 

 
 
 

 
 

 
 
 

 
 

 

        

          

           

             

                

             

       
 

 
                      

            
 

 
        

              
 

 
    

 
 
 
 
 
 
 
 
 
 
 
 
 

                                         

 
 

3.1.2.6. Isotropic materials 
 

Isotropic materials are the materials with the most particular characteristic. 
They are dependent on only 2 parameters, Young’s modulus and the Poisson 

coefficient. Consequently, they obey the Poisson transformations [64]: 
 

  
 

       
                                                                      

  
 

        
                                                                    

 
where   is the shear modulus and   is the bulk modulus. Note that for          , 

which is another particular case, the incompressible isotropic material.  
The compliance matrix for the isotropic materials will be [64]: 
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3.2. Hyperelasticity 
 
 

In the previous paragraph elastic materials were defined as materials for 
which the constitutive equations are only a function of the current state of 
deformation. In contrast, for hyperelastic materials, the constitutive equations are 
only dependent on the initial state at a time      and on the final state at time  . 
This implies that the constitutive behaviour is path independent. Equation             

 

              
  

  
  

 

                                                        

 
states that the first Piola-Kirchhoff strain tensor is work conjugate with the rate of 
deformation gradient. Considering the path independency property of the 

hyperelastic materials, a strain-energy density function also called stored elastic 
potential   can be defined as a function of the deformation gradient and of the 

initial configuration   (to account for an eventual non-homogenous material) [11]: 

 

                    
 

  

 
  

  
              

  

  
   

  

  
                            

 
If we use de inverse approach, to try to construct the strain-energy density 

function from experimental data, its rate of change will be [11]: 
 

  

  
  

  

    

 

     

 
  

  
                                                             

 
Comparing equations        with          the components of the first Piola-

Kirchhoff stress tensor   will be [11]: 

 

    
  

    
                                                                      

          
          

  
                                                   

 
Equations        and        are the constitutive relations used to describe a 

hyperelastic material.  

Considering the restrictions imposed by the objectivity conditions, other 
formulations of the strain-energy density functions can be obtained. Thus,   must 

remain invariant under rigid body motion and it will be dependent on the distortional 
component   of the deformation gradient and independent on the rotational 
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component    Recalling the expression of the left Cauchy-Green strain tensor 

            , the strain energy density function can be expressed as [11]: 

 
                                                                                

 
                                                                            

 
Observing the relations between the derivative of the Green-Lagrange strain 

tensor    and the left Cauchy-Green strain tensor             , a complete Lagrangian 

formulation (material description) can be written, considering that the second Piola-
Kirchhoff stress tensor   is work conjugate with              [11]: 

 
   
  

 
 

 

  

  
                                                                        

 

       
   
  

  
 

                                                        

 
  

  
 
  

  
 
  

  
 
 

 
  
  

  
                                                        

 

           
  

  
 

  

   
                                                       

 

3.2.1. Elasticity tensors 
 

3.2.1.1. The Lagrangian elasticity tensor 
 
The nonlinear relation between the second Piola-Kirchhoff stress tensor   

and the left Cauchy-Green tensor   or the Green-Lagrange strain tensor    must be 

linearized with respect to a increment   in the current configuration. A linear 

relationship between the directional derivative of the Piola-Kirchhoff stress tensor   
and the linearized strain        can be obtained using the chain rule [11]: 

 

          

  
 
   

                
    

    

 

     

                                       

 
Another way to express the relationship between the directional derivative 

of the second Piola-Kirchhoff stress tensor   and the directional derivative of the 

Green-Lagrange strain tensor    is through the help of a fourth order tensor called 

the Lagrangian or material elasticity tensor   [11]:  

 
                                                                              

 
where 
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The Lagrangian elasticity tensor can also be expressed in a more 
abbreviated manner: 

 

  
  

   
  

  

  
 
    

    
                                                            

 

 
3.2.1.2. The Eulerian elasticity tensor 
 
A spatial description of the elasticity tensor must also be considered. This is 

achieved by linearizing the second Piola-Kirchhoff stress tensor   and the Green-

Lagrange strain tensor    in the direction of the velocity   rather than in the 

direction of an arbitrary vector  . It can be demonstrated that [11]: 

 

      
  

  
                                                                     

       
   
  

                                                                  

 
Analogue to       , the relationship between       and        will be :  

 
  

  
    

   
  

                                                                

 
Recalling equations             and            
 

     
  

  
                                                                    

         
  

  
                                                               

 
and consequently pushing forward equation        will yield: 

 
                                                                               

 
where   represents the Eulerian or spatial elasticity tensor, defined as the push 

forward of  the Lagrangian elasticity tensor   [11]: 

 
                                                                               

 
After some algebra, the coefficients of the Eulerian elasticity tensor   will be 

[11]: 
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Equation        is considered to be the fundamental constitutive equation for 

hyperelastic material behaviour. However, the use of such an approach will not 
guarantee hyperelastic behaviour as stresses cannot be obtained directly from the 

elastic potential, case in which the rate equation must be integrated with respect to 
time (yielding significant difficulties in finite element analysis).  

 
 

3.2.2. Isotropic Hyperelasticity 
 

The constitutive equations described in the previous paragraph are 
unrestricted in their application. A particular case (and the most commonly used) of 
hyperelastic materials is the isotropic hyperelastic material. This implies that the 
strain-energy density function is only dependent on the three invariants of the left 
Cauchy-Green tensor   [11]: 

  
                                                                  

 

where  
                                                                      
                                                                    
                                                                        

 
In consequence, equation             can be rewritten as [11]: 

 

           
  

  
  

  

   
 
   
  

  
  

    
 
    
  

  
  

     
 
     
  

                      

 
The derivatives of the invariants with respect to the left Cauchy-Green 

tensor   can be evaluated in component form [11]: 

 

 

    
    

 

   

                     
   
  

                                                  

 

    
       

 

     

                      
    
  

                                          

 
The derivative of the third invariant is most commonly evaluated using the 

directional derivative of the determinant of a tensor.  
Consider an arbitrary increment tensor    of the left Cauchy-Green strain 

tensor   as: 

 
                                                                              

 

Considering equation        the eigenvalues   
        

        
      of the product 

      and recalling the definition and properties of the trace of a tensor           and 

         , the directional derivative of   can be expressed as [11]: 
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Note that the directional derivative with respect to an arbitrary increment 

tensor    is related to the partial derivatives via 

           
     
    

 

     

     
     
  

                                            

 
For any arbitrary increment     from equations        and        it results 

that [11]: 
 

     
  

                                                                            

 
Introducing equations        ,         and        in equation       , the 

second Piola-Kirchhoff stress tensor can be expressed as [11]: 

 
                     

                                                 
 

where    
  

   
,     

  

    
,      

  

     
. 

In engineering design applications the spatial description is required in order 
to obtain the true (Cauchy) stress  , which can be derived from the second Piola-

Kirchhoff            stress tensor by recalling equations for the right Cauchy-Green 

deformation tensor             and for the Cauchy stress             [11]:  

 
                                                                                   
                                                                              

                  
                                                   

 
In the above relation        and      involve partial derivatives with respect 

to the components of the left Cauchy-Green deformation tensor  . However, by 

recalling the properties of the trace of a tensor, it can be demonstrated the 
components of   are identical with the components of the right Cauchy-Green 

deformation tensor  .  
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3.2.3. Isotropic elasticity in principal direction 
 

3.2.3.1. Spatial description 
 
In the case of experimental determination material parameters, the 

constitutive equations of the material must be presented in terms of the 
stretches          along the principal directions         , i.e. the stored elastic 

function   should be a function of    instead of the left Cauchy-Green tensor   . 

There are three components of the second Piola-Kirchhoff stress tensor 

(equation     ) that need to be expressed in terms of the stretches   : the identity 

tensor  , the left Cauchy-Green strain tensor   and its inverse    .   can be 

expressed as a dyadic product of the element vectors while   and     can be 

formulated with the help of equation            [11]. 

 

        

 

   

                                                                   

     
      

 

   

                                                              

       
       

 

   

                                                            

 
Substituting equations        in equation        yields: 

 

              
           

        

 

   

                           

 
Given the fact that in the above equation, the term in the brackets is a 

scalar, it results that for isotropic hyperelastic materials, the principal directions for 
the stress and the strain coincide. Recalling that   ,     and      are the derivatives 

of the stored elastic potential   with respect to the invariants of the left Cauchy-

Green strain tensor             (equation       ).  
Noting that the square of the stretches   

  are eigenvalues for the left 

Cauchy-Green strain tensor  , equations              can be introduced to define 

the invariants  of   with respect to the stretches    [11]: 

 
     

     
     

                                                             
      

     
     

                                                             
       

    
    

                                                                        

 
Differentiating equations        with respect to   

  yields: 
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Introducing equations            in equation            and using the chain rule 

gives [11]: 

    
  

  
      

 

   

                                                         

 
 

3.2.3.2. Material description 
 
In order to obtain an equation analogous to the above expression, equation 

       is introduced in equation            , resulting [11]: 

 

             
 

 

  

  
 
           

 

   

                          

 
Considering that the polar decomposition of the deformation gradient yields 

that         , equation        becomes [11]: 

 

            

 

   

              
  
 

  

  
  

 

 

  

     
                            

 
 

3.2.4. Hyperelastic functions 
 

3.2.4.1. Polynomial model, n=1 (Mooney-Rivlin material) 
 
Considering isotropic hyperelasticity in the principal directions, the strain-

energy density function can be expressed as [62]: 
 

                  
 

     

  
 

  
         

 

   

                                       

 
 
where the second term accounts for compressibility. If      then the 

material is considered incompressible.     represents the elastic volume strain [62].  

For    , the Mooney-Riving material is obtained [13]:   

 

                     
 

     

  
 

  
         

 

   

                                  

                       
 

  
                                          

 
 

3.2.4.2. Reduced polynomial model, n=1 (Neo-Hookean material) 
 
The reduced polynomial model is neglects the dependency on the second 

invariant     of the polynomial mode [62]:  
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The neo-Hook function is a reduced polynomial with     
 

           
 

  
                                                        

The neo-Hookean function is a particularly simple case of isotropic 
hyperelastic material which exhibits characteristics that can be associated with 

familiar material parameters found in elastic analysis. The elastic potential can also 
be described as [11]: 

 

  
 

 
            

 

 
                                                      

 
where   and   are material coefficients and          . 

Due to its simple form, it is worthwhile to describe the constitutive relations 
for the neo-Hookean model. Thus, the second Piola-Kirchhoff stress tensor        will 

be: 
 

                                                                         
 
The Cauchy stress will be: 

 

  
 

 
      

 

 
                                                               

 
By differentiating equation        with respect to the components of the left 

Cauchy-Green tensor  , the Lagrangian elasticity tensor will be obtained: 

 
                                                                    

 
where 
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In order to obtain the components of the fourth order tensor  , we must 

consider the directional derivative of the inverse of a tensor as well the formulation 
of the directional derivative in terms of partial derivatives. After some algebra, the 

components of the tensor will be defined as: 
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After some algebra, the Eulerian elasticity tensor can be obtained by 
pushing forward the Lagrangian elasticity tensor        with the help of equations 
       and       : 

 

  
 

 
    

 

 
                                                                     

where  
                                                                               

                               

 

         

                               

 
In terms of the effective Lamé moduli    and   , equation the components of 

the Eulerian elasticity tensor can be expressed as: 
 

                                      

 

         

                           

 
where the effective coefficients are: 

 

   
 

 
                  

      

 
                                                 

 
In case of incompressible hyperelasticity, equation         should be 

rearranged so that: 

 

 
 

 
  

  

  
  
  

  
                                                            

 
The Jacobian   will be equal to 1 throughout the deformation and 

consequently,        . Thus, considering the constraint for the left Cauchy-Green 

strain tensor,  the general constitutive equation for the incompressible hyperelastic 

material can be obtained: 
 

   
     

  
                                                                 

 
Introducing equations             and             in equation        yields: 

 

                                               
                                    

  
 

 
                                                                   

    
 

 
   

     

  
                                                      

 
For incompressible materials                (equation        ) which 

implies that the function      is homogenous of order   for any arbitrary constant  : 
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Recalling the equation for the distortional component of a tensor            , a 

modified energy function       of the distortional component of the left Cauchy-

Green strain tensor    can be defined: 

     
 
                                                                                

     
 
                                                                            

                                                                                    

 
So, for incompressible hyperelastic materials the constitutive equation will 

be: 

 

   
      

  
                                                                 

 
 

3.2.4.3. Reduced polynomial model, n=3 (Yeoh material) 
 
Another reduced polynomial model that considers     represents the Yeoh 

material defined by the function [65]: 
 

                                   
 

  
                                       

 
 

3.2.4.4. Ogden material 
 
The Ogden model is a strain-energy density function is expressed in terms 

of principal stretches    [15]: 

 

   
  
  

   
     

         
      

 

   

  
 

  
         

 

   

                        

 

 
3.2.4.5. Arruda-Boyce material 
 
The Arruda-Boyce model was developed from an element with 8 springs that 

connect the centre of the cube to its corners [17]: 
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3.2.4.6. Van der Waals material 
 

The Van der Waals model also known as the Kilian model, derives its name 
from its analogous form with state equations of a real gas [16]:   
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3.2.4.7. Marlow material 
 
The Marlow model, which does not assume any explicit form, as it is 

calculated from numerical data from the experiment [18]: 
 

       
   

 

                                                                       

 
where    represent the first invariant dependent strain (          ) and      

represents the nominal uniaxial traction.  
 
 
 

3.3. Plasticity 
 
 
Plasticity represents materials’ property to undergo non-reversible 

deformation when being strained [67]. In pure uniaxial tension, idealized material 
behaviour states that plastic deformation commences at a yield stress   , which is 

defined as the level of stress for which an increase in strain will not determine an 

increase in stress (Figure 3.1) [43].  
 

 
 
 
 
 

 
 
 
 
 
 

 
Figure 3.1. Stress-strain curve for perfect 

plasticity 

 

 
Figure 3.2. Linear hardening with strain 

decomposition 
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In practical applications, few materials exhibit a behaviour that can be 
approximated with perfect plasticity. Instead, they are characterized by the 

hardening phenomenon: the stress-strain response increases after the yield point, 
relative to perfect plasticity (Figure 3.2) [67]. 

In order to determine the plastic strain values of a certain deformation, the 
principle of strain decomposition must be applied, which states that the total strain   
is given by the sum of the elastic component    and the plastic component    [67]. 

 
                                                                                     

 
In the case of metals, if the material straining beyond the yield point (up to 

  strain) is to be reversed until the stress is 0, the unloading will take place along a 

line parallel with Young’s modulus. The remaining deformation represents the plastic 
strain   . The elastic strain    can be obtained by subtracting the plastic strain    
from the total strain   [67]. 

In the case of polymers, due to their non-linear behaviour, plasticity is 
recommended to be extracted from step-cycle tests [6]. In such experiments, the 
tensile test is interrupted by unloading-loading cycles at various strains. The cycle 
amplitude will determine the total strain   while the strain value recorded at 0 stress 

represents the plastic strain   .  
In the case of multiaxial stress stats, several yield criterions exist for 

calculating the equivalent stress    for which the material yields. There are two main 

types of yield criteria: independent and dependent on the hydrostatic pressure 
component of the stress tensor (         ). Criteria that are independent on 

hydrostatic pressure assume a symmetric behaviour in tension and compression 
(and are widely used in modelling metals and polymers), the most common of which 
being von Mises yield criterion, the Tresca yield criterion and the Drucker yield 
criterion [67,68].  

Yield criteria accounting for the effect of hydrostatic pressure (different 

behaviour in tension and compression) were developed for modelling the yielding of 
soils [68]. These yield criteria can be divided in four categories depending on the 
profile of the yield surface (straight line, ellipse or parabola), the most commonly 
used being the Drucker-Prager criterion [69], the GAZT criterion [70], the 
Deshpande criterion [71] or the Raghava criterion [72].  

For modelling of advanced materials (anisotropic inelastic materials) yield 

criteria were adapted. The Generalized Drucker-Prager criterion, proposed by Liu et 
al. [73], introduces Hill’s anisotropic criterion [74,75] in the D-P yield criterion. 
Another model was proposed by Cazacu and Barlat as a generalization of the 
invariants of the stress deviator in Drucker’s yield criterion [76].  

In engineering applications, the most widely used criterion is the von Mises 
criterion which assumes that yielding occurs when the equivalent stress    reaches a 

specific value    [67]: 

    
 

 
    

     
     

      
      

      
   

 
 
                                 

 
According to Mohr’s circle the relation between the shear stress     and the 

normal stress     is [67]: 
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In consequence, the von Mises equivalent stress can be expressed as [67]: 
 

   
 

  
        

         
         

  
 
                                   

 

Analogous to the above equation the rate of plastic deformation can be 
expressed as [67]: 

 

   
  

 
     

 
    

 
 
 
     

 
    

 
 
 
     

 
    

 
 
 
 

 
 
                                

 
In terms of tensor formulation, the equivalent stress and the plastic strain 

rate can be expressed as [67]: 

    
 

 
      

 
 
                                                                

    
 

 
        

 
 
                                                                

 
where    is the deviatoric stress defined in equation            . 
 

 

3.3.1. The von Mises yield criterion 
 
Consider a yield function   so that the material starts to yield when    . 

The von Mises yield criterion is valid only considering three hypotheses [67]:  
‒ The yield function is independent of the hydrostatic stress (so        ). 
‒ Yielding is considered isotropic (so   must be a symmetric function). 

‒ Yield in compression must equal the yield in tension. 
Consequently, the von Mises yield criterion is defined as: 

         
 

 
      

 
 
                                                       

 
In the vector space formed by the three normal components of the stress 

tensor               this yield function corresponds to a cylinder with the axis along 

the main diagonal of the orthogonal system          .  
 

 
Figure 3.3. von Mises yield surface 
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3.3.2. Isotropic hardening 
 
As stated above, only a small number of materials exhibit behaviour close to 

perfect plasticity. The majority present a hardening effect: in order to plastically 
deform the body, an increase in stress is required. In general, the increment in 
stress required to further strain the body is a function of the accumulated plastic 
deformation [67]:  

 

                                                                                

 
A typical isotropic hardening model with non-linear hardening is presented 

in Figure III.3.3.  If the subsequent yield surfaces expand uniformly along all 
directions, the hardening is considered isotropic.  

 

 
Figure 3.4. Non-linear isotropic hardening 

[reprint from [67]] 

 
In this example, when loading along the YY direction, the material starts to 

yield when       . As hardening occurs, the yield surface expands as     increases, 

expansion which is expressed as a function of the accumulated plastic strain [67]: 

 
                                                                             

 
where the yield stress       is expressed as: 

 
                                                                              

 
    represents the initial yield stress and      represents the isotropic 

hardening function. A typical form of the isotropic hardening function, which 

determines an exponential variation is given by the relation: 
 

                                                                          

 
where   and   are material constants. 
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Upon integration and considering the initial condition       , equation 

       becomes: 

 
                                                                                  

 

3.3.3.  Kinematic hardening 
 
For most cases of monotone loading scenarios, the isotropic hardening 

model is considered sufficient in describing material behaviour [67]. As depicted in 

Figure 3.5, if a material is deformed with a strain    corresponding to the load point 

(1) and then the loading is reversed until the material compresses to the load point 
(2), the uniformly expanded yield surface would account for a very large elastic 
region. Experimental results for most materials contradict this behaviour [67], 
showing a much smaller elastic region (the Bauschinger effect). This behaviour was 
named kinematic hardening, which states that at deformations in the plastic region, 
the yield surface is translated rather than expanded (Figure 3.6).  

 

 
Figure 3.5. Isotropic hardening in compression 

[reprint from [67]] 
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Figure 3.6. Kinematic hardening model 

[reprint from [67]] 

 
In order to determine the yield function for kinematic hardening, the 

translation of the yield surface must be taken into account. In Figure 3.6 the 
translation of the centre of the yield region was considered    . The stress relative to 

the new yield region can be obtained by introducing this translation in the yield 
function        

 

         
 

 
                

 
 

                                                       

 
where   represents a kinematic hardening variable (also known as the back stress), 

having the same components as the stress tensor   .   

 
 

 

3.4. Viscoelasticity 
 
 

In many practical applications materials of various components and 

structures are considered to be sufficiently characterized by simple laws (elasticity, 
plasticity, viscosity, etc.) in order to reduce computational complexity of their 
simulations. In reality, no solid exhibits perfect elasticity and no fluid exhibits pure 
Newtonian viscosity: deformation of every type of material has an elastic part and a 
flow part [1]. This behaviour is more evident in the case of polymers (due to the 

fact that their microstructure is composed on long molecular chains [1]), where, 
apart from the elastic/hyperelastic stress-strain response, a viscous-flow behaviour 
can be observed in the form of stress relaxation/creep as well as temperature- and 
strain-rate-dependent properties [1,2,44]. In many cases, it is impossible to 
separate permanent damage induced to the microstructure from the reversible 
damage. The molecular basis for stress relaxation and creep accounts for several 
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types of mechanisms that are responsible for softening of the material: chain 
scission, viscous flow, bond interchange, molecular relaxation, etc [1]. 

 
 

3.4.1. The Maxwell fluid 
 
A way to incorporate this type of time-

dependency into material models is by integrating 

viscoelasticity through mathematical models that deal 

with creep and stress relaxation. Over the years, 
several models were developed, the first being 
introduced by J.C. Maxwell (Figure 3.7) who 
approximated viscoelastic behaviour by connecting a 
spring (Hookean elasticity) with a dashpot (Newtonian 
viscosity) in series.  

As stated in the previous paragraph, hookean 
elasticity can be described with the relation: 

 

      
     

 
                                     

 
This simple constitutive behaviour (above 

written for uniaxial loadings) cannot incorporate 

dynamic aspects such as oscillations, time 

dependencies or inertial effect.  
It is worth mentioning that the spring analogy 

should be taken into account as a mathematical model rather than a physical model. 
One could not shear the physical spring, but a linear elastic solid can be subjected 
to simple shear.  

Newtonian viscosity defines the shear stress   as: 

 

      
   
   

 
   

   
                                                                    

 
where   represents the shear viscosity,   represents velocity and   displacement.  

In simple shear, Equation        can be written as: 

 

         
   
   

  
  

  
                                                            

 

where 
  

  
 represents the shear rate. 

In case of extension, the stress can be written as: 
 

             
   
   

                                                            

 
where      represents the extensional viscosity (analogous to     )  

In consequence, the analogous mathematical model for the dashpot, 
obtained by integrating Equation        is: 

 

 
Figure 3.7. Mathematical 
model of the Maxell fluid 
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For the Maxwell model, both elements are subjected to the same stress  , 

thus the equilibrium equation will be: 
 

        

 
where    is the stress in the spring and    is the stress in the dashpot.  

The equation of motion for the Maxwell fluid will be: 

 

           
 

    
 
 

 
                                                           

 

The constitutive equation for the Maxwell fluid can be obtained by derivation 
of the equation of motion:  

 
  

  
 
 

 
 
  

  
 
 

 
                                                                                           

  
 

 

  

  
  

  

  
                                                                             

 
 

3.4.1.1. Behaviour in creep 
 

For the creep experiment, the stress is kept constant, meaning the variation 

in stress equals 0. Thus, the equation of motion of the Maxwell fluid will be: 
 

  

  
 
  
 
         

  

  
                                                                       

     
  
 
                                                                              

 

Expressing Equation       in terms of the creep compliance   
 

 
: 

 

        
 

 
                                                                            

The Maxwell element compliance increases without limit as time goes on, 
resulting in typical viscous liquid behaviour. 

 

 
3.4.1.2. Behaviour in stress relaxation 
 
For the stress relaxation experiment, the strain is kept constant, meaning 

the variation in strain equals 0. Thus, the equation of motion of the Maxwell fluid 
will be: 

 

  
 

 
 
  

  
 
  
 
                                                                        

 

Introducing the relaxation time   
 

 
, Equation        will become: 
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3.4.2. The Kelvin solid 
 
Another model was developed by W.T. 

Kelvin and W. Voigt, which had the spring and 
dashpot connected in parallel (Figure 3.8).  

For this model, the strain is equal in both 
elements during deformation and the kinematic 

equation will be: 
 

                                                 

 
The equilibrium equation will be: 

 
                                          

 
 Thus, the constitutive equation for the 

Kelvin solid will be: 

 

              
     

  
                                 

 

 
 

3.4.2.1. Behaviour in creep 
 

For the creep experiment (
     

  
  ), the equation of motion of the Voigt 

element fluid will be: 
 

    

 
 
    

 
 
     

  
                                                                       

The above equation can be solved with the help of the integrating factor  
 

 : 

 
 

  
       

 
   

    

 
  

 
                                                            

     
 

 

  
 
    

 
 
 

                                                                   

 
Equation         can be written in compliance terms as: 

 

            
 
                                                              

 
Figure 3.8. Mathematical model of 

the Kelvin solid 
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3.4.2.2. Behaviour in stress relaxation 
 

The Voigt element is unable to describe accurate behaviour in stress 

relaxation, as considering 
     

  
   will yield: 

 
                                                                                    

 

which describes a plateau. 
 

 

3.4.3. The Voigt-Kelvin solid (standard linear solid) 
 
The three-parameter model was developed by W.T. Kelvin and W. Voigt has 

a spring attached in series to a Kelvin element. The equilibrium equation for this 
model is: 

 
                                                                                    

 
 
The equation of motion is: 

                                                                                     

 

 

The rate of Kelvin strain 
   

  
 can be written as: 

 
   
  

 
              

 
                                                             

 
The constitutive equation for the three-parameter solid will become: 
 

     

  
 

 

  

     

  
 
             

 
 

     

  
 

 

  

     

  
 
     
   

     
  
 
     

     
 

     

     

  
 

    
     

     
   

     

     

  
                                                 

 
 

3.4.3.1. Behaviour in creep 
 

The constitutive equation in creep (
     

  
  ) of the three-parameter solid is: 

 
     

  
 
  
 
        

  
  
 
    

 
                                                     

 
By solving the above equation, the response of the Voigt-Kelvin model in 

creep will be: 
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where   
 

 
 represents the retardation time of the Voigt-Kelvin solid.  

The creep compliance will be: 
 

     
 

  
 

 

  
                                                                 

 
 

3.4.3.2. Behaviour in stress relaxation 
 

The constitutive equation in stress relaxation (
     

  
  ) of the three-

parameter solid is: 
 

  

     

  
 
     
   

     
  
 
     

 

     
 

     

     

  
 

    
     

                                                         

 
Solving the equation yields: 

 

        
    
     

 
  
 

     
    

 
       

 
 
                                     

 
The stress relaxation function will be: 
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4. NUMERICAL SIMULATIONS 
 

 
 

4.1. Simulations overview 
 

 
All simulations discussed in this chapter were performed in the commercial 

software Abaqus version 6.10. The aim of the study was to elaborate material 
models that can capture non-linear characteristics of PA-12 for various types of 
loading scenarios. In consequence, starting from the gathered experimental data, a 
series of material models were developed: hyperelastic formulation, elasto-plastic 

formulation and viscoelastic formulation. Hyperelastic models use experimental 
stress-strain curves in order to fit the strain-energy density function’s parameters 
using least square algorithms [62]. Elasto-plastic models consider isotropic linear 
elasticity (Young’s modulus   and Poisson ratio  ) and von Mises plasticity with 

various forms of hardening to shape the stress-strain curve accordingly [62]. 
Viscoelastic models take a linear elastic or hyperelastic model and apply a time-
dependent softening parameter (the normalized relaxation modulus), calibrated 
either by long-term test data (creep or stress relaxation tests) or by short-term test 

data (DMA tests) [62].  

In order to check the validity of the models 
experimental procedures were replicated. All 
material models were calibrated in static tension and 
the models were evaluated in cyclic tension, static 
three-point bending and dynamic three-point 

bending. 
The static and cyclic tension model consisted 

of a 4 mm x 10 mm x 25 mm prism (representing 
half the volume whose strain was recorded with the 
extensometer, Figure 4.1). It consisted of 1755 
nodes and 7894 C3D4H elements, average element 
size of 1mm. A mesh convergence study was 

performed determining identical results for finer 
meshes. Boundary conditions were a Y-symmetry on 
the bottom surface and a displacement on the top 

surface.  
Static and dynamic three-point bending 

simulations consisted of consisted of an ISO 527 
dogbone shaped specimen [43] of 13595 nodes and 

7830 C3D10H elements (10 node modified quadratic 
elements, average element size of 2mm). Mesh 
convergence studies were performed and determined identical results for two or 
more quadratic elements per thickness. The supports and indentor were modelled as 
analytical rigids (cylindrical surfaces of 5 mm radius) (Figure 4.2). The interactions 
between the specimen and the support were modelled individually as 

 
Figure 4.1. Prismatic model 

for tensile simulations 
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surface to node region. Interaction properties consisted of tangential penalty with a 
frictional coefficient of 0.25 and normal “hard contact” behaviour [62]. The reaction 

force and deflection were recorded through the rigid indentor’s reference point. In 
case of dynamic simulations, the density of the material was considered 1.01·10-9 
t/mm3.  

 

 
Figure 4.2. Dogbone model for three-point bending simulations 

 
 
 

4.2. Hyperelastic material model 
 

4.2.1. Material definition 
 
For hyperlastic model evaluation, several strain-energy density functions 

were tested in tension on single elements: the Mooney-Rivlin model, the polynomial 
model, the Ogden model, the Neo-Hookean model, the Yeoh modeol, the van der 
Waals model and the Marlow.  

 
 

4.2.1.1. Polynomial model, n=1 (Mooney-Rivlin material) 

 

                    
 

     

 
 

  
                                                  

 
                               

                    

 
Evaluation results regarding material model stability: 
‒     Uniaxial tension: unstable at a nominal strain larger than 0.08 

mm/mm; 
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‒     Uniaxial compression: unstable at a nominal strain less than -0.0754 
mm/mm; 

‒     Biaxial tension: unstable at a nominal strain larger than 0.04 
mm/mm; 

‒     Biaxial compression: unstable at a nominal strain less than -0.0377 
mm/mm; 

‒     Planar tension: unstable at a nominal strain larger than 0.07 
mm/mm; 

‒     Planar compression: unstable at a nominal strain less than -0.0654 

mm/mm; 
‒     Volumetric tension: stable for all volume ratios; 
‒     Volumetric compression: stable for all volume ratios. 
 
 

4.2.1.2. Polynomial model, n=2 
 

                    
 

     

  
 

  
         

 

   

                                  

 

                      
                               
                               

                

 

Evaluation results regarding material model stability: 
‒     Uniaxial tension: unstable at a nominal strain larger than 0.06 

mm/mm; 
‒     Uniaxial compression: unstable at a nominal strain less than -0.0388 

mm/mm; 
‒     Biaxial tension: unstable at a nominal strain larger than 0.02 

mm/mm; 
‒     Biaxial compression: unstable at a nominal strain less than -0.0287 

mm/mm; 
‒     Planar tension: unstable at a nominal strain larger than 0.04 

mm/mm; 
‒     Planar compression: unstable at a nominal strain less than -0.0385 

mm/mm; 

‒     Volumetric tension: stable for all volume ratios; 
‒     Volumetric compression: stable for all volume ratios. 

 
 

4.2.1.3. Ogden model, n=3 
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Evaluation results regarding material model stability:  
‒     Uniaxial tension: unstable at a nominal strain larger than 0.08 

mm/mm; 
‒     Uniaxial compression: unstable at a nominal strain less than -0.0754 

mm/mm; 
‒     Biaxial tension: unstable at a nominal strain larger than 0.04 

mm/mm; 
‒     Biaxial compression: unstable at a nominal strain less than -0.0377 

mm/mm; 

‒     Planar tension: unstable at a nominal strain larger than 0.07 
mm/mm; 

‒     Planar compression: unstable at a nominal strain less than -0.0654 
mm/mm; 

‒     Volumetric tension: stable for all volume ratios; 
‒     Volumetric compression: stable for all volume ratios. 
 

 
4.2.1.4. Reduced polynomial model, n=1 (Neo-Hooke material) 
 

             
 

  
         

 

   

                                                   

        
                                   

 

Evaluation results regarding material model stability: 
‒     Uniaxial tension: stable for all strains; 
‒     Uniaxial compression: stable for all strains; 
‒     Biaxial tension: stable for all strains; 
‒     Biaxial compression: stable for all strains; 

‒     Planar tension: stable for all strains; 
‒     Planar compression: stable for all strains; 
‒     Volumetric tension: stable for all volume ratios; 
‒     Volumetric compression: stable for all volume ratios. 
 
 

4.2.1.5. Reduced polynomial model, n=3 (Yeoh model) 

 

                                   
 

  
         

 

   

                       

 
                                  
                    
                   

 

Evaluation results regarding material model stability: 
‒     Uniaxial tension: unstable at a nominal strain larger than 0.07 

mm/mm; 
‒     Uniaxial compression: unstable at a nominal strain less than -0.0754 

mm/mm; 
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‒     Biaxial tension: unstable at a nominal strain larger than 0.04 
mm/mm; 

‒     Biaxial compression: unstable at a nominal strain less than -0.0333 
mm/mm; 

‒     Planar tension: unstable at a nominal strain larger than 0.06 
mm/mm; 

‒     Planar compression: unstable at a nominal strain less than -0.0566 
mm/mm; 

‒     Volumetric tension: stable for all volume ratios; 

‒     Volumetric compression: stable for all volume ratios. 
 
 

4.2.1.6. Arruda-Boyce model 

    
  

  
    

 

   

   
      

 

 
 
     

 
       

  

                                      

 
                           
                                  

 
‒     Uniaxial tension: stable for all strains; 
‒     Uniaxial compression: stable for all strains; 
‒     Biaxial tension: stable for all strains; 
‒     Biaxial compression: stable for all strains; 
‒     Planar tension: stable for all strains; 

‒     Planar compression: stable for all strains; 

‒     Volumetric tension: stable for all volume ratios; 
‒     Volumetric compression: stable for all volume ratios. 
 
 

4.2.1.7. Van der Waals material 
 

        
                

 

 
  

    

 
 

 
 

  
 

 
 
     

 
       

  

                  

 
                         

                  

                   

 
‒     Uniaxial tension: unstable at a nominal strain larger than 7.6 

mm/mm; 
‒     Uniaxial compression: unstable at a nominal strain less than -0.973 

mm/mm; 

‒     Biaxial tension: unstable at a nominal strain larger than 5.09 
mm/mm; 

‒     Biaxial compression: unstable at a nominal strain less than -0.659 
mm/mm; 

‒     Planar tension: unstable at a nominal strain larger than 7.56 
mm/mm; 
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‒     Planar compression: unstable at a nominal strain less than -0.8832 
mm/mm; 

‒     Volumetric tension: stable for all volume ratios; 
‒     Volumetric compression: stable for all volume ratios. 
 
 

4.2.2. Material evaluation 
 

The hyperelastic material model of Marlow strain-energy density function 

defined in the previous paragraph was evaluated in several loading scenarios. 
 
 

4.2.2.1. Uniaxial tests in tension 
 
Since the implemented hyperelastic models cannot account for strain rate 

dependency, simulations were performed for each set of experimental data in 
tension (different strain rates).  The results for the polynomial-based models 
(Mooney-Rivlin material, 2nd order polynomial material, Neo-Hooke material and 
Yeoh material) are presented in Figure 4.3 and simulation results for the other 
material models (Ogden material, van der Waals material and Marlow material) are 
presented in Figure 4.4.  

 

 
Figure 4.3. Hyperelastic material evaluation for static test in tension at 333 mm/s, 23°C, 

polynomial-based functions 
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Figure 4.4. Hyperelastic material evaluation for static test in tension at 333 mm/s, 23°C, 

miscellaneous functions 

 
The only material model that determined accurate simulation results 

regardless of the test conditions was the Marlow model (due to its specific 
formulation, see Chapter 3, Paragraph 2.4.7). The material models defined through 
explicit functions were unable to capture several aspects of PA-12’s behaviour, such 

as the plateau recorded after yielding for high deformation speeds and low 
temperatures (Chapter 2, Paragraph 1.1).   

 
 

4.2.2.2. Cyclic tests in tension 
 
The cyclic tests in tension were performed on the same model as the 

uniaxial tests. The Mullins Effect sub-option was added to the hyperelastic Marlow 
model in order to shape the unloading path from cyclic tests, requiring cyclic stress-
strain data for calibration [62]. The results for simulations performed for three 
cycles of different amplitudes are show in Figure 4.5 and for simulations performed 

on 8 cycles with different amplitudes are presented in Figure 4.7. Experimental 
results are recalled for comparison purposes, since overlapping the experimental 
and simulation results would determine unreadable figures. 
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Figure 4.5. Experimental and simulated results for cyclic loadings with the hyperelastic model 

 

 
Figure 4.6. Experimental results for cyclic loadings with 8 cycles 
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Figure 4.7. Simulation results for cyclic loadings with 8 cycles for hyperelastic material model 

 
Having specified no additional information about plasticity or viscosity, the 

hyperelastic model could not determine accurate results in cyclic loadings regarding 
the remnant strain accumulated after each cycle, as seen in Figure 4.5. Another 
limitation of this model is its incapability of modelling strain softening induced by 
several cycles of the same amplitude. 

 
 

4.2.2.3. Static three-point bending tests 
 
The results for static three-point bending tests are presented in Figure 4.24.  
 

 
a) 
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b) 

 

 
c) 

Figure 4.8. Results in static tree-point bending for the hyperelastic material at a) 2 mm/min, 
b) 20 mm/min and c) 200 mm/min 

 
The hyperelastic model underestimates material behaviour, regardless of the 

chosen rate dependent calibration data. In terms of flexural strength, the predicted 

material behaviour is 19% softer for 2 mm/min simulations (64N instead of 79N), 
20% softer for 20 mm/min simulations (70N instead of 87N) and 18% softer for 200 
mm/min simulations (81N instead of 98N). 

Stress analysis for three-point bending simulations determined an 
equivalent von Mises [67] peak stress on the middle YZ plane (the plane with the 
highest degree of bending), on the edge of the specimen (Figure 4.9). Decomposing 

the von Mises equivalent stress into its components, it was observed that the 
highest amount of stress is generated by the compression along the X axis, the 
maximal value being located on the centre point of the upper surface of the 
specimen (under the bending indentor, Figure 4.10)  
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Figure 4.9. Von Mises stress distribution and peak value location 

 

 
Figure 4.10. Normal stress distribution along the X axis (s11), presented with maximal and 

minimal value locations 

 
Logarithmic strain analysis determined peak values in the same direction as 

the normal stress (along the X axis), with the position of the maximum straining in 
tension and compression being presented in Figure 4.11.  

The results for the true stresses and logarithmical strains for all test speeds 

are presented in Table 4.1 – Table 4.3. 
 

 
Figure 4.11. Normal logarithmic stain distribution along the X axis (EL11), presented with 

maximal and minimal value locations 
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Table 4.1. Stress and strain values recorded for 2 mm/min simulation 

Stress [MPa] Log strain [mm/mm] 

S11 -39.29 LE11 -0.173 

S22 -9.17 LE22 0.063 

S33 -13.82 LE33 -0.06 

S12 11.61 LE12 0.074 

S13 -5.12 LE13 0.053 

S23 1.82 LE23 -0.033 

von Mises 37.58 Max Principal 0.168 

 
Table 4.2. Stress and strain values recorded for 20 mm/min simulation 

Stress [MPa] Log strain [mm/mm] 

S11 -43.39 LE11 -0.183 

S22 -10.06 LE22 -0.067 

S33 -17.87 LE33 -0.064 

S12 13.03 LE12 0.073 

S13 -5.75 LE13 0.053 

S23 2.08 LE23 0.034 

von Mises 42.36 Max Principal 0.176 

 
Table 4.3. Stress and strain values recorded for 200 mm/min simulation 

Stress [MPa] Log strain [mm/mm] 

S11 -48.43 LE11 -0.199 

S22 -11.59 LE22 -0.072 

S33 -23.97 LE33 -0.068 

S12 14.86 LE12 0.069 

S13 -6.35 LE13 0.051 

S23 -2.45 LE23 0.033 

von Mises 48.74 Max Principal 0.187 

 
 

4.2.2.4. Dynamic three-point bending tests 
 
As with the static scenario, the dynamic simulations determined lower 

values in reaction force, regardless of the strain-rate dependent calibration test data 

used. The force-deflection curves for three-point bending at 333 mm/s and 1500 
mm/s are presented in Figure 4.12 and in Figure 4.13 respectively and the values 
for the stress and strain components are presented in Table 4.4 and Table 4.5. 
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Figure 4.12. Results in dynamic tree-point bending for the hyperelastic material at 333 mm/s 

 
Table 4.4. Stress and strain values recorded for 333 mm/s simulation 

Stress [MPa] Log strain [mm/mm] 

S11 -57.6 LE11 -0.207 

S22 -23.61 LE22 -0.091 

S33 -31.25 LE33 -0.067 

S12 18.2 LE12 0.112 

S13 -7.55 LE13 0.042 

S23 -18.02 LE23 -0.082 

von Mises 63.88 Max Principal 0.074 

 

 
Figure 4.13. Results in dynamic tree-point bending for the hyperelastic material at 1500 mm/s 
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Table 4.5. Stress and strain values recorded for 1500 mm/s simulation 

Stress [MPa] Log strain [mm/mm] 

S11 -57.61 LE11 -0.215 

S22 -15.81 LE22 -0.074 

S33 -30.78 LE33 -0.069 

S12 17.93 LE12 0.065 

S13 -6.87 LE13 0.047 

S23 -8.93 LE23 0.056 

von Mises 60.77 Max Principal 0.193 

 
For higher rates of deformation, the oscillations of the simulated stress-

strain curves have shapes similar to the experimental curves regarding the type and 
frequency of the “large” oscillations. Despite the similar shapes of the stress-strain 

curves, the simulation results show lower reactions regardless of the test speeds. 
Another difference in the behaviour is the difference in “small” oscillations (noise) 
for the experiments/simulations. A cause for the difference in results is the 
conditions of the tests and simulations. As mentioned in Chapter 2, for high 
deformation speeds, the stiffness of the vices has a noticeable role, altering the 
results (determining negative values for the reaction force for example). In the 
simulations, the fixtures were considered analytical rigids, and the reaction forces 

are only dependent on the tested material. 
 
 
 

4.3. Elasto-plastic material model 
 
 

4.3.1. Material definition 
 
The elasto-plastic material model accounts for Hookean elasticity, the 

Poisson effect and plasticity with isotropic hardening. In the case of linear elasticity, 
temperature dependency can be modelled by direct specification of pairs of values of 
the Young’s modulus and corresponding temperature values while strain-rate 
dependency can only be modelled with the help of the plastic formulation, which 
allows rate- and temperature-dependent models. 

Plastic deformation is deduced from the principle of strain decomposition 

[6,49,67]: 
                                                                                     

 
where  is the total strain,    is the elastic strain and    is the plastic strain. 

Plastic strain values can be determined from cyclic tests as follows: when 
loading a specimen up to a given amplitude    a resulting nominal strain    is 

obtained. When unloaded to 0, a remnant deformation is observed (Figure 4.14). 

This represents the plastic component of the total strain. The elastic component can 
be obtained by subtracting the plastic strain from the nominal strain. Thus, for a 
given amplitude    the corresponding plastic deformation     is obtained. This 

procedure is repeated for the rest of the amplitudes. 
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The graphic representation of the variation in plastic and elastic strain with 
total strain is presented in Figure 4.15. 

 

 
Figure 4.14. Determination of plastic strain and corresponding yield stress 

 
 

 
Figure 4.15. Nominal strain decomposition into its plastic and elastic components, for 

200mm/min test 

 
If cyclic tests are unavailable, plastic deformation can be obtained from the 

tensile stress-strain curves by means of a method used for metal plasticity: for a 
certain amount of plastic deformation    a line, parallel to the elastic portion is 

generated. Its intersection with the tensile stress-strain curve determines the total 
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strain    and the yield stress   for the chosen value of plastic deformation 

[27,49,67]. 
                                                                                       

 
where   is the modulus of elasticity and   is a given offset, which represents the 

plastic strain.  
 

 
Figure 4.16. Determination of plasticity values beyond cyclic tests 

 
 
In modelling elasto-plastic materials with isotropic hardening Abaqus 

requires pairs of Kirchhoff yield stress and corresponding logarithmic plastic strain 
as input data [62]. As volumetric variation during tensile testing could not be 
recorded, the deformation was considered isochoric and thus the Kirchhoff stress 
was considered equal to the true (Cauchy) stress [11]. Based on the isochoric 

transformation, the true stress and logarithmic strain were determined from nominal 
stress and strain with the help of the following relations: 

 
                                                                                       
                                                                                        

 
where    is the true (Cauchy) stress,   is the nominal (engineering) stress,   is the 

nominal (engineering) strain and   is the logarithmic strain.  
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4.3.2. Material evaluation 
 
 

4.3.2.1. Uniaxial tests in tension 
 
Following the procedure mentioned above, the Kirchhoff yield stress-

logarithmic plastic strain curves were obtained for each deformation speed and 
temperature (results for ambinent temperature presented in Figure 4.17). The 

curves were used as input in a single material model using temperature- and rate-

dependent options (the average strain-rate for each test was chosen).  

 
Figure 4.17. Logarithmic plastic strain variation with Kirchhoff yield stress for five strain-rates 

at ambient temperature 

 
Simulations were performed for all experimental data in tension: strain rate 

variation on logarithmical scale from 0.00028 s-1 to 2.8 s-1 and the four 
temperatures used in experiments: -25°C, 0°c, 23°C and 50°C. All simulations 
determined accurate results. The stress-strain curves are presented in Figure 4.20 
(-25 °C), Figure 4.19 (0°C), Figure 4.20 (23 °C) and Figure 4.21 (50 °C).  
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Figure 4.18. Elasto-plastic material evaluation for static test in tension at -25 °C 

 

 
Figure 4.19. Elasto-plastic material evaluation for static test in tension at 0 °C 
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Figure 4.20. Elasto-plastic material evaluation for static test in tension at 23 °C 

 

 
Figure 4.21. Elasto-plastic material evaluation for static test in tension at 50 °C 

 
 

4.3.2.2. Cyclic tests in tension 

 
Cyclic tests in tension were performed for two programs: 3 amplitudes of 10 

cycles per block and 5 amplitudes, one cycle per amplitude. Results for the 
simulations are presented in Figure 4.22. As with hyperelastic simulations, 

experimental results are recalled for comparison purposes. 
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Figure 2.1.12. Experimental results for cyclic loadings with 3 blocks of 10 cycles each 

 

 
Figure 4.22. Simulated results for cyclic loadings with the elasto-plastic model, first 

programme 

 
Figure 2.1.14. Experimental results for cyclic loadings with 8 cycles 
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Figure 4.23. Simulated results for cyclic loadings with the elasto-plastic model, secomd 

programme 

 
 

4.3.2.3. Static three-point bending tests 
 
The results for static three-point bending tests are presented in Figure 4.24.  
 

 
a) 
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b) 

 
c) 

Figure 4.24. Results in static tree-point bending for the elasto-plastic material at a) 2 mm/min, 
b) 20 mm/min and c) 200 mm/min 

 
Similar to the hyperelastic material, the elasto-plastic model underestimates 

material behaviour, regardless of the chosen test speed. In terms of flexural 

strength, the predicted material behaviour is 17% softer for 2 mm/min simulations 
(65N instead of 79N), 20% softer for 20 mm/min simulations (70N instead of 87N) 
and 24% softer for 200 mm/min simulations (74N instead of 98N).  

Simulations with temperature correction also determined lower reactions 
and elastic moduli. Simulations performed on a predefined temperature (input in 

Abaqus with the help of Predefined fields option [62]) of 18 °C determined an 
increase of only 7% in flexural strength  
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Figure 4.25. Results in static tree-point bending for the elasto-plastic material at different 

temperatures 

 
Since the simulation conditions are identical with the ones presented for the 

hyperelastic material the peak values for stresses and strains remain identical, their 
values being different due to the different constitutive formulations. Due to the 
plasticity sub-option, additional information is available regarding plastic 

deformation. Similar to logarithmical strain variation throughout the specimen, the 
location of the maximal and minimal values of plastic strain are the same, as seen in 
Figure 4.26.  

 

 
Figure 4.26. Distribution of normal plastic strain along the X axis (PE11) 

 
The results for the true stresses, logarithmical strains and plastic strains for 

all test speeds are presented in Table 4.6 – Table 4.8. Total logarithmical strain 
decomposition into its elastic and plastic components is presented in Figure 4.27 – 

Figure 4.28. 
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Table 4.6. Stress and strain values recorded for 2 mm/min simulation 

Stress [MPa] Log strain [mm/mm] 
Plastic 

strain 
[mm/mm] 

S11 -53.29 LE11 0.147 PE11 0.123 

S22 -42.13 LE22 0.085 PE22 0.075 

S33 -22.28 LE33 -0.068 PE33 -0.060 

S12 -11.97 LE12 0.087 PE12 -0.067 

S13 -3.42 LE13 0.018 PE13 0.013 

S23 -8.35 LE23 -0.063 PE23 -0.052 

von Mises 39.7 
Max 

Principal 
0.147 

Max 
Principal 

0.123 

 

 
Figure 4.27. Total logarithmical strain (LE) decomposed into its elastic (EE) and plastic (PE) 

components 2 mm/min simulation 

 
Table 4.7. Stress and strain values recorded for 20 mm/min simulation 

Stress [MPa] Log strain [mm/mm] 
Plastic 

strain 
[mm/mm] 

S11 -55.72 LE11 0.137 PE11 0.111 

S22 -41.47 LE22 0.078 PE22 0.067 

S33 -22.97 LE33 -0.063 PE33 -0.054 

S12 12.84 LE12 0.085 PE12 0.064 

S13 -3.26 LE13 0.016 PE13 0.01 

S23 8.36 LE23 -0.062 PE23 -0.047 

von Mises 40.83 
Max 

Principal 
0.137 

Max 
Principal 

0.111 
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Figure 4.28. Total logarithmical strain (LE) decomposed into its elastic (EE) and plastic (PE) 

components 20 mm/min simulation 

 
Table 4.8. Stress and strain values recorded for 200 mm/min simulation 

Stress [MPa] Log strain [mm/mm] 
Plastic 
strain 

[mm/mm] 

S11 -62.19 LE11 0.134 PE11 0.105 

S22 -44.15 LE22 0.076 PE22 0.064 

S33 -25.29 LE33 -0.061 PE33 -0.051 

S12 14.36 LE12 0.081 PE12 0.057 

S13 -3.42 LE13 0.015 PE13 0.009 

S23 8.83 LE23 -0.056 PE23 -0.039 

von Mises 45.93 
Max 

Principal 
0.134 

Max 
Principal 

0.105 

 

 
Figure 4.29. Total logarithmical strain (LE) decomposed into its elastic (EE) and plastic (PE) 

components 200 mm/min simulation 
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4.3.2.4. Dynamic three-point bending tests 
 

As with the static scenario, the dynamic simulations determined lower 
values in reaction force, regardless of the strain-rate dependent calibration test data 
used. The results for three-point bending at 333 mm/s and 1500 mm/s are 
presented in Figure 4.30 and in Figure 4.31 respectively. 

 
Figure 4.30. Results in dynamic tree-point bending for the elasto-plastic material 

 
Table 4.9. Stress and strain values recorded for 333 mm/s simulation 

Stress [MPa] Log strain [mm/mm] 
Plastic 
strain 

[mm/mm] 

S11 -82.9 LE11 0.15 PE11 0.118 

S22 -74.78 LE22 0.094 PE22 0.075 

S33 -34.87 LE33 -0.068 PE33 -0.057 

S12 -18.68 LE12 0.082 PE12 0.059 

S13 -5.12 LE13 0.018 PE13 0.012 

S23 17.4 LE23 -0.079 PE23 -0.063 

von Mises 62.49 
Max 

Principal 
0.15 

Max 
Principal 

0.118 
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Figure 4.31. Results in dynamic tree-point bending for the elasto-plastic material at 1500 

mm/s 

 
Table 4.10. Stress and strain values recorded for 1500 mm/s simulation 

Stress [MPa] Log strain [mm/mm] 
Plastic 
strain 

[mm/mm] 

S11 -87 LE11 0.211 PE11 0.191 

S22 -33.65 LE22 0.122 PE22 0.114 

S33 -42.06 LE33 -0.101 PE33 -0.093 

S12 24.15 LE12 -0.117 PE12 -0.101 

S13 -8.63 LE13 0.036 PE13 0.028 

S23 6.24 LE23 0.064 PE23 -0.059 

von Mises 66.21 
Max 

Principal 
0.211 

Max 
Principal 

0.191 

 
The simulation results in dynamic three-point bending determined similar 

results to the hyperelastic material models, with little difference in the shape of the 
stress-strain curve. 

 
 
 

4.4. Viscoelastic material model 
 

4.4.1. Material definition 
 
The viscoelastic material is implemented in Abaqus with the help of a 

generalized Voigt-Kelvin solid. The equation of motion for the solid in creep       
  is [12]: 
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where        is the time dependent strain,      is the constant stress,      is the 

instantaneous Young’s modulus,    is the relaxation modulus and     is the relaxation 

time for the element     
The adimensional normalized relaxation modulus is defined by [13]: 

 

                    
 

    
 
    

    
 

 

    
                                           

 
In consequence, the normalized relaxation modulus of the generalized 

Voigt-Kelvin solid will be: 

     
    

    
                

 

   

                                                     

 
Equation        is also known as a Prony series. Regardless of the chosen 

type of input test data, Abaqus will use curve fitting procedures to obtain the 
relaxation time    and the normalized relaxation modulus         . 

The Prony series characterize the *Viscoelastic suboption and are inputted 
without any reference to a mechanical model (as it uses normalized terms). The 
mechanical models can either be elastic, hyperelastic or hyperfoam, and their laws 
will govern the instantaneous Young’s modulus (    ) (in case of a hyperelastic 

material, the elastic response will be derived from a strain-energy density function   

[11]). 
For loadings with very high strain rates (     all the dashpots from the 

model will behave as solids and equation        will become: 

 

     
    

    
                                                                               

 
This implies that the elastic/hyperelastic characteristics of the mechanical 

model should be the ones resulting from tests performed at speeds much higher 
than the relaxation times  . The strain-rate dependency is modelled in accordance 

with equation       : after a given time  , the effective Young’s modulus      will be 

obtained by multiplying the instantaneous modulus with the adimensional relaxation 

function, according to the relation: 
 

                         

 

   

                                                          

 

A similar procedure is performed for hyperelastic materials as the relaxation 
function diminishes the stress response resulting from the integration of the elastic 
potential function. 

 
 

4.4.2. Viscoelastic models from test data 
 
The experimental results presented in Chapter 2 show that the stress 

response saturates after a certain deformation speed: there is little difference 
between the 33.33 mm/s, 333.33 mm/s and 1500 mm/s curves.  

BUPT



146  Numerical simulations – 4  

 

 

Mechanically, this phenomenon can be explained by the behaviour of the 
macromolecules [44]: for strain-rates higher than approx 0.6 s-1, viscous flow inside 

the material no longer occurs and the material behaves like an elasto-plastic solid.  
Abaqus allows two different methods of defining the viscoelastic materials: 

time-domain and frequency-domain [62]. Time-domain viscoelasticity requires the 
instantaneous elastic modulus for calibrating the material model, which represents 
the saturated stress-strain curve. Frequency-domain viscoelasticity requires the long 
term modulus for calibrating the material model. Such input data is unavailable, as 
no tensile tests were performed on previously relaxed specimens. The long-term 

relaxation modulus recorded in relaxation experiments would only be able to 
describe a linear elastic material. In consequence, all inputted data was set in the 
time-domain viscoelasticity. The viscoelastic material model requires the input of (i) 
creep/stress relaxation curves, (ii) frequency data or (iii) direct specification of 
Prony series parameters. 

The mathematical model used for the simulations used a Hyperelastic 
material model, a Marlow strain-energy density function [18,62]. Uniaxial test data 

for the saturated stress-strain curve was used to calibrate the function and the 
Poisson coefficient was chosen 0.35. 

In order to calibrate the material model, DMA data at low strains, DMA data 
at high strains as well as creep test data were used in order to calibrate the material 
model.  

‒ Viscoelastic material based on DMA data 

The DMA data was used to calibrate the material with the Time-domain: 
Frequency option. The required input coefficients are the real (      ) and the 

imaginary (      ) parts of the Fourier transform of the relaxation function      
              : 

 

       
   

    
 

 

    
      

     

    
   

 

   

                                              

         
  

    
   

 

    
           

 

   

  
    

   

    
   

 

   

                    

 
where     is the loss modulus,    is the storage modulus (obtained from DMA tests), 

     is the long term modulus,   is the number of Prony series terms (number of 

elements in the generalized Voigt-Kelvin solid) and   is the frequency.  

The Prony series parameters    and    were determined by the software from 

equations (54.52) using the least square algorithm [62]. 
 

‒ Viscoelastic material based on Creep data 
The creep data was used to calibrate the material with the Time-domain: 

Creep option. The input data is the time dependent generalized creep 
compliance     : 

 

               
    

    
 
    

    
 
    

    
                                                  

 
The software uses relation        to fit the Prony series parameters to the 

experimental data. 
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The resulting Prony series for the normalized relaxation curves for one set of 
DMA data and one set of creep data are presented in Figure 4.32, along with the 

experimental relaxation curve (the inverse of the compliance curve). Due to the 
reduced number of available experimental data points (only three or four 
frequencies were tested, depending on the test method) from the DMA tests, there 
is a rather significant difference between the values of the experimental relaxation 
curve and the calculated Prony series. 

 
Figure 4.32. Calculated and experimental normalized relaxation curves 

 

‒ Viscoelastic material based on experimental data 
The simulations were performed at test speeds identical with the 

experimental values (logarithmical scale from 0.033 mm/s to 33.33 mm/s, when 
saturation occurs). 

For the DMA data based viscoelastic material, the results are showed in 
Figure 4.33. The stress response for the DMA based material is much higher than 
the experimental values, regardless of the test speed.  

For the creep based viscoelastic material, the results are presented in Figure 
4.34. The material behaviour is similar at high strain rates, but the simulated 

stresses become significantly higher than the experimental ones as the strain rate 
decreases.  

The conclusion that can be drawn from these simulations is that the Prony 
series obtained from experimental data are unable to depict an accurate material 
behaviour regarding strain-rate sensitivity. In order to obtain accurate stress-strain 
curves for various test speeds, a custom relaxation curve was developed. 
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Figure 4.33. Simulation results for the DMA data based viscoelastic material 

 
Figure 4.34. Simulation results for the creep data based viscoelastic material 

 
 

4.4.3. Custom relaxation curve 
 

A reverse engineering approach was used in order to obtain a more accurate 
response with respect to strain-rate dependency. Instead of determining the 
relaxation time   and relaxation function   (Equation 4.53) based on experimental 

tests, different values for the relative normalized relaxation modulus       were 

determined from experimental stress-strain curves at different deformation speeds.  

The first step in determining the custom relaxation curve was to obtain 
normalized relaxation moduli with respect to the saturation stress-strain response 
(results obtained for the tests performed at 33.33 mm/s), as a function of strain. 
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Considering the available experimental data, discrete functions were 
considered (pairs of stress-strain values          , Figure 4.35). 

Knowing the total time of each test, the strain dependency of each function 
will be converted into time dependency. 

 

      
       

    
                                                                       

 
where   represents the current time,   the total time,      the current strain and      
the total strain, for each crosshead travel speed  . 
 

 
Figure 4.35. Determining stress levels for a reference strain for different test speeds 

 
The time dependency of the normalized relaxation modulus for each 

crosshead travel speed is presented in Figure 4.36 and Figure 4.37.  
The different relaxation behaviour at different strain rates is a consequence 

of non-linear viscoelasticity. The dashpots characteristics of the mathematical model 

are not linear (a shear-thickening model would be required instead of a Newtonian 
fluid [76]), as the generalized Kelvin-Voigt solid presumes. In consequence, a new 

curve must be developed in order to obtain results as accurate as possible for each 
strain rate. Trial and error iterations were used in order to determine the final 
version of the relaxation curve, depicted in Figure 4.38 [46]. 
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Figure 4.36. Custom normalized relaxation curves for three test speeds 

 
Figure 4.37. Detail of custom normalized relaxation curves for three test speeds 

 
Figure 4.38. Detail of final normalized relaxation curve 
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4.4.4. Material evaluation 
 
The viscoelastic material model defined in the previous paragraph was 

evaluated in several loading scenarios. 
 
 

4.4.4.1. Uniaxial tests in tension 
 

For the uniaxial test in tension, four deformation speeds were tested for the 
same material model:                                          (Figures 6.11-

6.14). 
 

 
Figure 4.39. Viscoelastic material simulations for a test speed of 0.00028 s-1 

 
 

 
Figure 4.40. Viscoelastic material simulations for a test speed of 0.0028 s-1 
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Figure 4.41. Viscoelastic material simulations for a test speed of 0.028 s-1 

 

 
Figure 4.42. Viscoelastic material simulations for a test speed of 0.28 s-1 

 
For static tests, the material model determines accurate results only for very 

fast or for very low tests speeds. This is due to the fact for these test conditions, 
material parameters can be input without any interference.  

For tests performed at speeds greater than 2000 mm/min, the 
instantaneous stress-strain response (which is directly input as calibration test data 

for the Marlow model) characterises the material behaviour (Figure 4.42).  
For tests performed at speeds lower than 2 mm/min, the values for the 

normalized relaxation modulus       for times   longer than 12 seconds (which 

accounts for 0.01 strain) can be specified directly from the processed experimental 
data (Figure 4.39).  

This procedure cannot be repeated for times shorter than 12 seconds 
because of viscoelastic nonlinearity. An easier way to explain this aspect is by 

considering an actual value of relaxation time. After one second for example, the 
values of the normalized relaxation moduli for each test speed are presented in 
Table 4.11.  
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Table 4.11. Normalized relaxation moduli for each test speed after 1 second, and equivalent 
strain 

Test speed 
[s] 

Normalized relaxation 

modulus 
[-] 

Strain 
[mm/mm] 

0.033 0.97 0.00075 

0.33 0.89 0.0075 

3.33 0.79 0.075 

 
So, after one second of straining at different rates, the values of the 

normalized relaxation moduli are higher for low speeds and lower for higher speeds, 

because of the different level of deformation reached in that amount of time:  
‒ For tests performed at 2 mm/min, a variation of the normalized 

relaxation modulus for 1 second would hardly make any difference 
because of the low strain (0.075%) at which it occurs (Figure 4.39).  

‒ For tests performed at 20 mm/min, after one second of deformation the 
material is strained at 0.75%, which is situated in the elastic domain 
(before the yield point) (Figure 4.40). 

‒ For tests performed at 200 mm/min, one second of deformation 
coincides with 7.5% strain which is clearly situated in the plastic domain 
(after the yield point) (Figure 4.41). 

Considering these facts, when designing the custom relaxation curve, it was 
sensible to choose the normalized stress relaxation value for one second relaxation 

time corresponding to the tests performed at 20 mm/min. In consequence, the 
values of the normalized relaxation moduli       were chosen in correspondence with 

the values from the tests performed at speeds representative for the given 
relaxation times  . 

Another impediment in applying this methodology is that one cannot input 
the relaxation function as a broken line. The chosen normalized relaxation values 
had to be tweaked in order to obtain a Prony series that would determine values as 
accurate as possible for each relaxation time. This aspect determined further 
inaccuracy of the relaxation function. 

 
 

4.4.4.2. Cyclic tests in tension 
 
For the cyclic loading simulations, two programs were chosen, in order to 

observe the non-linear characteristics of the material (strain-softening, hysteresis of 

energy):  

The first test program consisted of 3 blocks, each of a different amplitude, 
with 10 cycles for each block; The simulations and experimental results are 
presented in Figure 2.1.12. and Figure 4.43. 

The second test program consisted of 8 cycles, each with an equal 
increment in stress. The simulations and experimental results are presented in 
Figure 4.44 and Figure 4.45. 
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Figure 2.1.12.. Experimental results for cyclic loadings with 3 blocks of 10 cycles each 

 

 

 
Figure 4.43. Simulation results for cyclic loadings with 3 blocks of 10 cycles each 
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Figure 4.44. Experimental results for cyclic loadings with 8 cycles 

 
Figure 4.45. Simulation results for cyclic loadings with 8 cycles 

 
Cyclic loadings simulations replicated the softening of the material and the 

hysteresis in a similar manner to the behaviour observed in experimental tests. The 
only significant difference is the shape of the unloading curves (which affects the 

value of the dissipated energy): experiments show a concave shape (Figure 9b) 
while simulations determine a convex profile (Figure 9a). This feature could be also 
modelled with the help of a more complex material model, one that would 
incorporate viscosity as a function of strain and time (the current relaxation function 

is only time dependent). In Figure 9b) one can observe that the material has a 
higher relaxation rate at high strains while the simulated curves (Figure 9a) show 

constant relaxation rate with time. 
 
 

4.4.4.3. Static three-point bending tests 
 
The results for static three-point bending tests are presented in Figure 4.46.  
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a) 

 
b) 
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c) 

Figure 4.46. Results in static tree-point bending for the viscoelastic material at a) 2 mm/min, 
b) 20 mm/min and c) 200 mm/min 

 
Similar to the hyperelastic material and the elasto-plastic material model, 

the viscoelastic model underestimates material behaviour, regardless of the chosen 
test speed. In terms of flexural strength, the predicted material behaviour is 28% 

softer for 2 mm/min simulations (57N instead of 79N), 17% softer for 20 mm/min 
simulations (75N instead of 87N) and 11% softer for 200 mm/min simulations (87N 
instead of 98N). The errors for the viscoelastic model are lower because, as seen in 

the paragraph discussing evaluation in tension, this model overestimates material 
stiffness after around 5% strain. 

The results for the true stresses and logarithmical strains for all test speeds 
are presented in Table 4.12 – Table 4.14.  

 
Table 4.12. Stress and strain values recorded for 2 mm/min simulation 

Stress [MPa] Log strain [mm/mm] 
S11 -41.52 LE11 0.138 

S22 -12.17 LE22 0.07 

S33 -10.11 LE33 -0.061 

S12 -10.44 LE12 0.073 

S13 -3.707 LE13 0.042 

S23 2.4 LE23 -0.061 

von Mises 35.46 Max Principal 0.138 
 

Table 4.13. Stress and strain values recorded for 20 mm/min simulation 

Stress [MPa] Log strain [mm/mm] 
S11 -49.15 LE11 0.138 

S22 -11.76 LE22 -0.068 

S33 -7.41 LE33 -0.059 

S12 13.26 LE12 0.071 

S13 -5.28 LE13 0.047 

S23 10.81 LE23 0.054 

von Mises 45.53 Max Principal 0.138 
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Table 4.14. Stress and strain values recorded for 200 mm/min simulation 

Stress [MPa] Log strain [mm/mm] 

S11 -59.73 LE11 -0.148 

S22 -13.42 LE22 -0.061 

S33 -10.99 LE33 -0.056 

S12 16.59 LE12 -0.069 

S13 7.18 LE13 0.052 

S23 9.86 LE23 0.039 

von Mises 57.88 Max Principal 0.14 

 
 

4.4.4.4. Dynamic three-point bending tests 
 
As with the static simulations, the dynamic simulations determined lower 

values in reaction force, regardless of the tested strain-rate. The force-deflection 
curves for three-point bending at 333 mm/s and 1500 mm/s are presented in Figure 

4.47 and in Figure 4.48 respectively and the values for the stress and strain 
components are presented in Table 4.4 and Table 4.5. 

 

 
Figure 4.47. Three-point bending experiment and simulation at 333 mm/s 

 
Table 4.15. Stress and strain values recorded for 2 mm/min simulation 

Stress [MPa] Log strain [mm/mm] 

S11 -64.76 LE11 0.15 

S22 -22.13 LE22 -0.054 

S33 7.52 LE33 -0.053 

S12 25.26 LE12 -0.073 

S13 -6.89 LE13 -0.036 

S23 -23.23 LE23 -0.101 

von Mises 65.65 Max Principal 0.15 
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Figure 4.48. Three-point bending experiment and simulation at 1500 mm/s 

 
Table 4.16. Stress and strain values recorded for 2 mm/min simulation 

Stress [MPa] Log strain [mm/mm] 
S11 -66.48 LE11 -0.16 

S22 -20.54 LE22 -0.056 

S33 -7.68 LE33 -0.053 

S12 -18.4 LE12 0.068 

S13 9.15 LE13 0.38 

S23 -15.14 LE23 0.66 

von Mises 66.29 Max Principal 0.15 

 
The simulation results in dynamic three-point bending determined similar 

results to the rest of the evaluated material models, with little difference in the 
shape of the stress-strain curve. 

 
 
 

4.5. Top plate simulations 
 
 
This set of simulations was performed of meshed CAD model of a top plate 

which is part of the adidas Titan™ running shoe. The mesh consisted of 1,193,392 

nodes and 1,920,255 C3D10M elements (Figure 4.49).  
The top plate simulations are meant to replicate the experimental 

procedures presented in Chapter 2, Paragraph 4. In consequence, the boundary 

conditions consisted of an encastre of the top surface of the model and the 
compression of the rear cushioning element only. This was achieved by generating a 
disk-shaped analytical rigid whose only degree of freedom was along the Z axis (the 
direction that determines the compression of the rear cushioning element, Figure 
4.50). The interaction between the rigid and the mesh was set as surface to node 
region with a penalty type tangential behaviour (0.25 friction coefficient) and “hard” 

tangential contact, for the interaction properties. 
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Due to the long experimental test time (around 0.4 s), the simulations were 
performed in Abaqus Standard (static simulations). The travel and the reaction force 

were recorded for the reference point of the analytical rigid. 
 

  
Figure 4.49. Meshed top plate 

 

 
Figure 4.50. Analytical rigid compressing the rear cushioning element of the top plate model 

 
 

4.5.1. Simulations with the hyperelastic material model 
 
The hyperelastic material model used for top plate simulations consisted of 

the Marlow energy potential, calibration data for the 2000 mm/min tension test and 
a Poisson ratio of 0.35. Simulation results graph determined a 5% stiffer response 
(109 N instead of 104 N at 9 mm deflection) and the force-deflection graph is 
presented in Figure 4.51. 
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Figure 4.51. Experimental and simulated force-deflection graphs for hyperelastic material 

model 

 
The maximal values of the equivalent von Mises stress are located near the 

base of the cushioning element, around the fillet area. The stress distribution is 
presented in Figure 4.52. 

 

 
Figure 4.52. Von Mises stress distribution for top plate simulations with hyperelastic model 

 
The largest component of the stress tensor is the one that determines 

tension and compression in a direction along the surface of the cushioning element 

base (the Y direction after the orientation of the model). Its distribution is presented 
in Figure 4.53. 
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Figure 4.53. Stress distribution of the Y component of the stress tensor (S22)  

 
The largest recorded deformation was determined by the shear component 

acting in the XY plane (the plane of the base of the cushioning element). Its 
distribution is presented in Figure 4.54. 

 

 
Figure 4.54. Strain distribution of the XY component of the strain tensor (LE12)  

 
The peak values recorded for the stress and strain components are shown in 

Table 4.17 
 

Table 4.17. Stress and strain values recorded for hyperelastic top plate simulation 

Stress [MPa] Log strain [mm/mm] 

S11 -19.83 LE11 0.04 

S22 -50.68 LE22 -0.191 

S33 -25.74 LE33 -0.052 

S12 -19.13 LE12 -0.194 

S13 -12.62 LE13 -0.068 

S23 -18.07 LE23 -0.126 

von Mises 54.98 Max Principal 0.149 
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4.5.2. Simulations with the elasto-plastic material model 
 
The hyperelastic material model used for top plate simulations consisted of 

the Marlow energy potential, calibration data for the 2000 mm/min tension test and 
a Poisson ratio of 0.35. Simulation results graph determined a 13% stiffer response 
(117 N instead of 104 N at 9 mm deflection) and the force-deflection graph is 
presented in Figure 4.55. 

 

 
Figure 4.55. Experimental and simulated force-deflection graphs for hyperelastic material 

model 

 
The maximal values of the equivalent von Mises stress are located near the 

base of the cushioning element, around the fillet area. The stress distribution is 
presented in Figure 4.56. 

 

 
Figure 4.56. Von Mises stress distribution for top plate simulations with hyperelastic model 

 
The largest component of the stress tensor is the one that determines 

tension and compression in a direction along the surface of the base of the 
cushioning element (the Y direction after the orientation of the model). Its 
distribution is presented in Figure 4.57. 
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Figure 4.57. Stress distribution of the Y component of the stress tensor (S22)  

 
The largest recorded deformation was determined by the shear component 

acting in the YZ plane. Its distribution is presented in Figure 4.58. 
 

 
Figure 4.58. Strain distribution of the XY component of the streain tensor (LE12)  

 

The peak values recorded for the stress and strain components are shown in 
Table 4.18. 

 
Table 4.18. Stress and strain values recorded for elasto-plastic top plate simulation 

Stress [MPa] Log strain [mm/mm] 
Plastic 
strain 

[mm/mm] 

S11 -39.56 LE11 0.033 PE11 0.03 

S22 -60.75 LE22 -0.114 PE22 -0.09 

S33 -46.95 LE33 0.101 PE33 0.085 

S12 -17.57 LE12 -0.13 PE12 0.098 

S13 13.31 LE13 0.075 PE13 0.058 

S23 -21.04 LE23 0.186 PE23 0.153 

von Mises 49.13 
Max 

Principal 
0.115 

Max 
Principal 

0.153 
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4.5.3. Simulations with the viscoelastic material model 
 
Simulations presented in this paragraph were performed with the 

viscoelastic material model described in Paragraph 4. Simulation results graph 
determined a 10% stiffer response (114 N instead of 104 N at 9 mm deflection) and 
the force-deflection graph is presented in Figure 4.59. 

 

 
Figure 4.59. Experimental and simulated force-deflection graphs for viscoelastic material model 

 

As with the previous simulations, the maximal values of the equivalent von 
Mises stress are located near the base of the cushioning element, around the fillet 
area. The stress distribution is presented in Figure 4.60. 

 

 
Figure 4.60. Von Mises stress distribution for top plate simulations with viscoelastic model 

 

The largest component of the stress tensor is the one that determines 
tension and compression in a direction along the surface of the cushioning element 
base (the Y direction after the orientation of the model). Its distribution is presented 
in Figure 4.61. 
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Figure 4.61. Stress distribution of the Y component of the stress tensor (S22)  

 
In case of the viscoelastic model, the largest recorded deformation was 

determined by the normal component acting along the Y direction. Its distribution is 
presented in Figure 4.62. 

 

 
Figure 4.62. Strain distribution of the XY component of the streain tensor (LE12)  

 
The peak values recorded for the stress and strain components are shown in 

Table 4.19. 

 
Table 4.19. Stress and strain values recorded for viscoelastic top plate simulation 

Stress [MPa] Log strain [mm/mm] 

S11 -28.47 LE11 0.049 

S22 -62.95 LE22 -0.192 

S33 -36.54 LE33 -0.084 

S12 -22.9 LE12 -0.192 

S13 -14.78 LE13 -0.071 

S23 -24.07 LE23 -0.164 

von Mises 59.91 Max Principal 0.112 

 

 
 
 

BUPT



4.6 – Discussions  167  

 

 

4.6. Discussions 
 

4.6.1. Simulations in tension 
 
All material models are calibrated after tensile data because this type of 

experiment is the closest one could get to pure uniaxial loading. Accurate 
simulations in tension are, consequently, the first step in obtaining accurate material 
models.  

From the results presented in this chapter we can conclude that the best 

formulation for monotone tensile simulations is the elasto-plastic model. With the 
input of the correct yield stress-plastic strain parameters accurate rate dependent 
material models can be developed. The drawback of this formulation is its 

incapability of simulating cyclic loadings.  
Hyperelastic models also determine accurate results, especially the Marlow 

energy potential. Their major drawback is that strain rate dependency can be 
modelled only with additional sub-routines (which require programming skills as well 
as additional compiling software [62]). Also, it can generate rather accurate 
simulations in cyclic loadings but only in the interval defined through the damage 
model calibration (Mullins effect suboption). 

Due to the limitation of the implemented models, the viscoelastic 
formulation is only capable of determining accurate results until around 5% strain. 
It can, however produce accurate simulations of the viscoelastic behaviour, namely 
strain softening, strain hardening and hysteresis (the three characteristics of Mullins 
effect). 

All three material models present an incomplete description of PA-12’s 

behaviour. The material is neither hyperelastic, nor elasto-plastic, nor viscoelastic: 
large strain deformations are not perfectly reversible (as hyperelastic constitutive 
relations describe material behaviour); elasto-plastic models overestimate the 
amount of plastic deformation recorded during straining and viscoelastic 
formulations do not account for permanent damage induced during deformation. A 
more accurate material model should consider both plastic deformation as well as 
viscous flow. 

 
 

4.6.2. Simulations in bending 
 
Even though simulations in tension were accurate, regardless of the material 

model used, simulations in three-point bending underestimate material’s response 

with about 15-25% in terms of flexural strength. The viscoelastic formulation 

determined the smallest errors but this is due to its incapability of anticipating the 
behaviour in tension. As a consequence, the shape of the force-deflection curve 
differs after around 5% deformation. A comparison between the results in bending 
for all material models is presented in Figure 4.63. 
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a) 

  
b) 

 
c) 

Figure 4.63. Comparison between the experimental and simulation results for a) hyperelastic 
model, b) elasto-plastic model and c) viscoelastic model 
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Dynamic bending simulations produced similar results regardless of the 
material model used. Even though the recorded reaction forces are lower, the 

shapes of the force-deflection curves are similar to experimental results in terms of 
stress wave propagation.  

The main cause of this response is the anisotropy and inelasticity on PA-12. 
From the analysis of the components of the Cauchy stress tensor and the Green-
Lagrange strain tensor, compression has a significant effect in bending, surpassing 
tensile deformation. Unfortunately, compression tests which might have given 
insight about the material’s inelasticity could not be performed. As for anisotropy, 

DMA tests have determined that the Poisson effect cannot account for the relation 
between shear and normal moduli of elasticity. 

 
 

4.6.3. Top plate simulations 
 

As with the bending simulations, top plate simulations determined 
inaccurate results, this time overestimating the reaction forces with a margin of 
around 10%. A cause for this difference may be the small fillet radius from the 
cushioning element which determined a number of only three elements to account 
for the region. This area of the model determined the highest stresses and strain 
due to its awkward deformation mode (Figure 4.64). 

 

 
Figure 4.64. Detailed fillet region with von Mises stress distribution 

 
As with three-point bending simulations, shear and compression 

components of the Cauchy stress tensor determined high degrees of deformation for 

load directions that have little or no experimental data to calibrate. The shearing of 
the fillet region along the XY and YZ planes (relative to the model orientation) 
determined somehow unrealistic strain values of around 20% for the given state of 

deformation.  
Another cause of the difference in simulation and experimental results is 

anisotropy determined by the remnant stress inside the specimens. Having small 
thickness, the variation of the temperature gradient during the cooling of the 
injected top plate might determine remnant stresses that can determine further 
anisotropy or non-homogenous regions.  
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5. CONCLUSIONS 
 

 

5.1. Conclusions 
 
The experimental programme presented in this thesis covers the 

investigation of the non-linear behaviour associated with the viscoelastic properties 
of a polyamide-based semi-crystalline thermoplastic polymer. The procedures 
covered monotone tensile tests (both static and dynamic), cyclic tests in tension, 
low-cycle fatigue tests in tension, creep tests in tension, static and dynamic three-
point bending tests, DMA tests, puncture impact tests and tests on components 

Monotone tensile tests studied the influence of test parameters on the 

tensile properties of PA-12, namely temperature, strain rate and humidity. 
Temperature influence tests were performed on a range of -25 °C to 50 °C 
determining a 410 % increase in Young’s modulus (from E=500 MPa to E=2550 
MPa) and a 185 % increase in tensile strength (from max=20 MPa to max=57 MPa). 

Though not as considerable as the influence of temperature, strain rate affects the 
material’s properties in tension: for a variation of strain rate from 0.00028 s-1 to 2.8 
s-1 recorded values show an increase in the Young’s modulus of 64 % (from 850 
MPa at 0.00028 s-1 to 1400 MPa at 9.4 s-1) and an increase in tensile strength of 33 
% (from 30 MPa at 0.00028 s-1 to 40 MPa at 9.4 s-1). An important material 

characteristic was determined following the dynamic tensile tests: the material 
reaches a saturation in stress-strain response after around 2.8 s-1 (the strain rate at 
which viscous effects no longer take place and the material behaves as an elaso-
plastic solid. Humidity also has a noticeable effect on mechanical properties, tensile 
tests on conditioned specimens determined a softening in stress-strain response of 
around 20%. 

Cyclic tests in tension were performed with three experimental 
programmes: the first programme consisted of 3 blocks of different strain 
amplitudes with 10 cycles per bloc; the second programme consisted of 10 cycles 
with a linear increase in the stress increment; the third programme consisted of 10 
cycles with a linear increase in the strain increment. The purposes of the cyclic tests 
were to identify the three main characteristics of the Mullins effect: strain softening, 
strain hardening and hysteresis. Strain softening can be observed in in the case of 

multiple cycles with the same amplitude as the material gradually softens. Strain 
hardening is observed in loadings with different amplitudes as the stress-strain 

response follows the path described by a previously undefformed specimen. The 
hysteresis phenomenon is associated with the energy dissipated during deformation 
(through heat, viscous flow, plastic flow or other damage mechanisms) and it can be 
observed for any cyclic loading program. Another goal of cyclic tests was to provide 
a tool for extracting the plastic component of the total deformation.  

Following the observations from Mullins effect tests regarding strain 
softening, an experimental programme was designed in order to determine the 
maximal damage induced by cyclic loadings and the consequent determination of 
the stabilized material properties (steady-state material behaviour). The influence of 
several test parameters was investigated: the number of cycles, frequency and 
strain level. Regardless of the test conditions, the same behaviour was observed: 
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the most significant softening was recorded after 1000 cycles (around 30%). After 
another 49,000 cycles, the material only softens with around 16%.  

Creep tests were performed on three stress levels accounting for 30%, 60% 
and 90% of the yield stress. Tensile loading was maintained for 24h and the strain 
was recorded in equal intervals. The normalized compliance curve shows an 
accelerated softening of the material in the first few hours subsequently determining 
a plateau. The maximum recorded value of the normalized creep compliance was 
4.5.   

The flexural properties of PA-12 were studied with the help of three-point 

bending tests. Non-linear behaviour was studied in terms of strain rate influence 
and anisotropy resulted from the manufacturing process. Two types of specimens 
were tested: prismatic specimens cut from injected sheets and ISO 527 standard 
dogbones. The first set of tests determined a dispersion of results due to sheet 
anisotropy (around 20% variation in flexural properties) and up to 40% variation in 
flexural strength due to the variation in deformation speed (an increase in crosshead 
travel speed from 3.14 mm/min up to 314 mm/min determined an increase in 

flexural strength from 20 MPa to 20.3 MPa). Another inconvenience regarding the 
tests performed on sheet specimens is the low reaction forces, which produces 
wobbles in the recorded values (the recorded forces are near the error tolerance of 
the load cell). Tests on dogbone specimens determined a more stable response and 
a negligible dispersion of results. For these tests, an increase in crosshead travel 
speed from 2 mm/min to 2000 mm/min (the last value for which dynamic effects 

are unnoticeable) determined a 31% increase in flexural strength (from 42MPa to 
55MPa). Tests at higher deformation speeds (333 mm/s and 1500 mm/s) show the 
effect of stress wave propagation and system ringing in dynamic tests. 

DMA tests presented in this thesis can be grouped in two major categories: 
DMA tests at small strain (around 0.00001 mm/mm) and DMA tests at large strains 
(0.01 to 0.04 mm/mm). The DMA tests at small strains were performed on 
specialized machines in two deformation modes: single cantilever and shear. The 

aim of these tests was to determine the influence of temperature and frequency on 
the viscoelastic properties of the material (storage moduli, loss moduli and damping 
coefficients). As with the tensile tests, the influence of temperature was 
considerable in comparison with the influence of frequency: a 75% decrease in the 
storage modulus (from 1200 MPa to 300 MPa combined modulus of tension and 
shear) was recorded over a temperature variation from -30 °C to 90 °C while for a 
decrease in frequency from 100 Hz to 0.1 Hz, only an 11% decrease in the storage 

modulus (from 350 MPa to 310 MPa, shear modulus) was recorded. Due to PA-12’s 
non-linear stress-strain response it was considered worthwhile to investigate DMA 
properties at larger strains (in the usability envelope of the components 
manufactured from this material). DMA tests at large strains were performed in 

tension. Several pre-deformation levels, amplitudes and frequencies were tested. 
Along with the increase in mechanical properties with frequency (also determined in 

the tests at low strains), a 10% decrease in properties with strain variation from 
0.015 mm/mm to 0.043 mm/mm was recorded.  
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Instrumented puncture impact tests were performed in order to determine 
the energy required to fracture the material. In this scope, several experiments 

were designed constituting of two different impact speeds (4.4 m/s and 1 m/s), two 
temperatures (ambient temperature, 23 °C and low temperatures, around -5 °C). 
For an impact speed of 4.4 m/s the recorded puncture energy was 37 J regardless of 
the test temperature (the shape of the force-deflection graph is different, showing 
larger reactions but smaller puncture travel for tests at negative values). Tests 
performed at 1 m/s did not puncture the specimen. 

As a validation tool for the upcoming material models, tests on components 

that undergo complex deformations are required. In this scope, top plates were 
tested in different loading scenarios. Tests in compression acting on the rear 
cushioning element represent a simple approximation of the type of loading these 
components undergo in service. Four crosshead travel speeds were tests, 
determining a 36% variation in compression strength (just before the cushioning 
element becomes fully compressed). Compression tests were also performed on 
conditioned top plates (same conditions as the dogbones tested in tension), 

determining a 20% softening in the force-deflection response. Top plates were also 
tested in low-cycle fatigue, determining the same behaviour seen in tensile tests: a 
23% softening is observed after 1000 cycles with an additional 7% softening after 
another 4000 cycles. Similar results were obtained for low-cycle fatigue tests 
performed on conditioned top plates.  

The second part of the thesis deals with developing material models for 

finite element analysis of PA-12. Three types of materials were investigated: 
hyperelastic materials, elasto-plastic materials and viscoelastic materials. 

Hyperelastic material definition is based on a strain-energy density function. 

Several models implemented in Abaqus were tested for the tensile stress-strain 
response: Arruda-Boyce, 2nd order polynomial, Neo-Hooke, Yeoh, Mooney-Rivlin, 
Ogden, van der Waals and Marlow. Function parameter calibration was performed 
by Abaqus using the least square algorithm. The function that was able to determine 

most accurate results regardless of the input data was the Marlow model. A 
shortcoming of this material formulation is its incapability of generating strain-rate 
dependency. For each strain rate test, a different set of input data must be 
implemented. 

Besides monotone tension, the Marlow model was evaluated in cyclic 
loadings. To aid behaviour prediction in cyclic deformation, the Mullins effect sub-
option was employed, which shapes the unloading curve. Despite determining 

accurate results for small strain simulation, the shape of the unloading curve cannot 
be accurately predicted beyond data definition and no permanent deformation can 
be modelled.  

The elasto-plastic material model is based on Hookean elasticity and von 

Mises plasticity with isotropic hardening. The input data consisted of temperature 
dependent Young’s modulus and the Poisson ratio. Dependency on the rate of 

deformation is modelled with the help of strain rate dependent plasticity. Plasticity 
values were extracted from Cauchy stress-logarithmical strain data. Lines parallel 
with Young’s modulus were generated for different values of plastic strain, their 
intersection with the stress-strain curve generating the correspondent yield stress.  

The model was tested in tension for different strain rate experiments 
determining accurate results in all cases. The shortcoming of this model is its 
incapability of simulating cyclic loadings as the model overestimates plasticity and 

cannot generate the recovery determined by the viscous component of the total 
deformation.
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The developed Viscoplastic material model represents a time-dependent 
viscous softening coefficient (the normalized relaxation modulus) applied to a 

hyperelastic strain-energy density function (the Marlow function employed in the 
Hyperelastic model). The calibration of the viscoelastic coefficient was performed 
with experimental data in creep (which determined inaccurate results) and through 
a reverse engineering approach, starting from tensile stress-strain curves and 
developing a custom relaxation curve. This material model still determined 
inaccurate results when strained over 5%.   

Simulations in three-point bending determined an average of 20% lower 

reaction forces regardless of the material model used. This effect might be due to 
PA-12’s anisotropy and inelasticity. Analyzing strain data calculated in bending 
simulations, a considerable effect of negative strains is observed. It is probable that 
the material has a different behaviour in compression, determining a stiffer 
response. Also, the Poisson effect might not be characteristic for this material, 
regarding the relation between tensile and shear properties. 

A difference in experimental and numerical results was also observed in the 

case of top plate simulations. In this case, the analysis overestimated the 
component’s response in compression with around 10%. Apart from the anisotropy 
and inelasticity, the mesh might be another reason for the erroneous results. The 
highest values for stress and strain were recorded in the fillet region, which, due to 
the small radius, is only composed of three elements per radius. This aspect might 
determine unrealistic deformations, as some strain components reach values up to 

20%.  
 
 

 

5.2. Personal contributions 
 
 
For monotone tensile tests, the main contributions refer to the 

determination of the influence several test parameters have on mechanical 
properties. For PA-12, temperature has the most significant influence on tensile 
properties, followed by strain rate and condition. Another important characteristic of 

this material is that the stress-strain response reaches saturation before the tensile 
test data becomes unusable due to stress wave propagation and system ringing. 

In case of cyclic loadings, the main contribution was the determination of 
Mullins effect characteristics (strain softening, strain hardening and hysteresis) for 
polyamides. 

As far as the consulted literature reveals, no low-cycle fatigue tests with 

emphasis on determining quantitative cycle induced softening were performed on 

polymers. The most significant amount of softening was recorded after 1000 cycles, 
regardless of the variation of other test parameters such as frequency and reference 
strain level.  

Regarding DMA tests at high strain (1%-4%), literature reviews could not 
point out to any reference of similar procedures. Determination of the variation of 
viscoelastic properties at deformations close to values expected in service 

represents a significant aspect regarding material characterisation. 
Experiments performed on components with procedures similar to in service 

load patterns represent an important tool for validating material models. The 
determination of the influence of deformation speed and condition on component 
behaviour in compression also represents an important aspect of this work.  
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For the second part of the thesis, the main contributions refer to the 
calibration of material parameters. For the elasto-plastic material, it is the case of 

the procedure used for accurately extracting plasticity data. For the viscoelastic 
material, it is the case of the reverse engineering procedure used for designing a 
relaxation curve that can accurately account for strain rate sensitivity.  

The most important contribution of this thesis is the deliverable steady-state 
elasto-plastic material model that will be used by Adidas Innovation Team in 
modelling athletic footwear. 
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I. MATERIAL SPECIFICATIONS SHEET 
 

 
Heat stabilized and light resistant polyamide 12 compound 
 

This compound has especially been developed for the extrusion and co-
extrusion of ski upper and decorative films. Decoration on the bottom side of 
injection moulded sports shoe soles is a further application field. 

Films made of this material feature high transparency, good screen and 
sublimation printing, outstanding scratch resistance, and excellent impact strength 
at low temperatures. 

The semi-crystalline compounds based on PA 12 absorb only low quantities 
of water. Therefore, moulded parts show excellent dimensional stability, constantly 
high impact strength, low coefficient of friction and good chemical resistance at 
changing ambient humidity. 

This compound is supplied as cylindrical granules, ready for processing in 
moisture-proof packaging. 

 
Table I.1. PA12 properties 

Property 
Test method 

Unit PA12 
international national 

Density 23°C ISO 1183 DIN EN ISO 1183 g/cm3 1.01 

Tensile test 
Stress at yield 
Strain at yield 
Strain at break 

ISO 527-1 
ISO 527-2 

DIN EN ISO 527-1 
DIN EN ISO 527-2 

 
MPa 
% 
% 

 
37 
5 
> 200 

Tensile modulus 
ISO 527-1 
ISO 527-2 

DIN EN ISO 527-1 
DIN EN ISO 527-2 

MPa 1100 

CHARPY impact 
strength 

ISO 179/1eU 
DIN EN ISO 
179/1eU 

kJ/m2 No break 

CHARPY notched 
impact strength 

ISO 179/1eA 
DIN EN ISO 
179/1eA 

kJ/m2 
15, complete 
break 

Temperature of 
deflection under 

load 
Method A 1.8 MPa 

Method B 0.45 MPa 

ISO 75-1 
ISO 75-2 

DIN EN ISO 75-1 
DIN EN ISO 75-2 

 
 
 

°C 
°C 

 
 
 

45 
105 

Vicat softening 
temperature 

Method A 10 N 
Method B 50 N 

ISO 306 DIN EN ISO 306 

 
 
°C 
°C 

 
 
170 
130 
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II. MATHEMATICAL PRELIMINARIES 
 

 

II.1. Notions of calculus  
 
 

II.1.1.  Sequences, series and their limits 
 

II.1.1.1. Sequences 

 
A sequence is defined as an ordinary list of numbers. Usually, a sequence of 

numbers is considered to be infinite, unless otherwise specified (the so called finite 
sequence). The sequence notation can be expressed in indicial form (with the help 
of a subscript letter). The index is always considered to be a positive integer number 
in succession from the first term: 

 
                                                                            

 
In the above equation, the sequence’s terms are defined in closed form. 

Other sequences can have terms defined through a recursive formula: 
 

                                                                               

 
where   can be a constant value or a function. 

In such cases, the closed form can be obtained by specifying an initial value 
   of the sequence. 

A sequence    has the limit   (and it is called convergent) if for every     

there is a corresponding integer   such that if     then         . The notation 

will be: 
                or            as                                           

 
Otherwise, the sequence is called divergent. 
 
 

II.1.1.2. Series 

 
Consider a sequence expressed as: 
 

                                                                                      

Notice that 
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The above sequence is called an infinite series and can be written as: 
 

     

 

   

                                                                           

 
In order to determine whether or not a certain infinite series has a sum, 

partial sums are considered.  
Consider a series  
 

                                                               

 

   

 

 
Let    denote its partial sum 

 

      

 

   

                                                         

 
If the sequence      is convergent and if             exists as a real 

number, then the series     is convergent, and we write 

 

                                                                                  

 

   

 

 
The number   is called the sum of the series. 

Otherwise, the series are divergent.  

 
 

II.1.2.  Representations of functions as power series 
 
A power series is a series that takes the form: 
 

     

 

   

    
     

     
     

                                         

 
In the above expression    are constants called coefficients. For each fixed 

value of   equation           becomes a series of constants and can be tested for 

convergence or divergence.  
A series of the form 
 

         

 

   

                                                          

 
is called power series in       or power series centred at    Notice that 

when     all the terms are equal to   and thus the power series centred at    are 

always convergent for    . 

In general there are three possibilities for a power series centred at  : 

a) the series is convergent only when     
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b) the series is convergent for all   

c) there is a positive number   for which the series converges for       
  and the series diverges for        , where   is called the radius of convergence. 

For a) the radius of convergence is     and for b)    .  

The interval of convergence of a power series consists of all the values of    

for which the series converge. For a), the interval of convergence is a single number 
 , for b) it is        and for c)              . 

The representation of a function as a power series is required for integrating 
functions that do not have elementary primitives, for solving differential equations 

and for approximating functions with polynomials.  
The term-by-term differentiation and integration theorem states that we can 

differentiate or integrate a function by doing so to each individual term, similar to a 

polynomial: 
If the power series  
 

         

 

   

 

 
has a radius of convergence    , then the function      defined by: 

 

                                    

 

   

                                 

 
is differentiable and therefore continuous on the interval           and 

 
a)  

  

  
                                     

 

   

                                

 

  

  
          

 

   

   
 

  
          

 

   

                                               

 
 
b) 
 

                    

      

 
   

      

 
        

        

   

 

   

             

 

           

 

   

                

 

   

                                       

 
 

II.1.3.  Taylor and MacLaurin series 
 
Consider   a function that can be expressed as a power series: 
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For     we have: 

 
                                                                                 

 
According to           : 
 

  

  
                                                               

 
Substituting    : 

 
  

  
                                                                               

 
If we derive equation           in respect with   we obtain: 

 
   

                                                                 

 
Substituting    : 

 
   

   
                                                                              

 

It can be demonstrated with the help of mathematical induction that: 

 
   

   
                                                                                      

   
 

 

   

   
                                                                              

 
Substituting           in           we obtain the Taylor series expansion of a 

function   at  : 

 

     
 

  
     

 

  

  

  
          

 

  

   

   
             

 

  

   

   
              

           
 
A special case for the Taylor series expansion is for    , in which case it is 

called the MacLaurin series expansion: 

 

     
 

  
     

 

  

  

  
      

 

  

   

   
         

 

  

   

   
                           

 
 

II.1.4.  Limits and derivatives of functions 
 

II.1.4.1. Definitions of limits 
 
Consider   a function defined on an interval that contains the number  . The 

limit of      as   approaches   is   and we write 
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if for every number     there is a number     such that 

 
if                     then                                             
 
The left-hand limit of a function      as   approaches   is  , and we write 

 
   

    
                                                                                  

 
if for every     there is a number     such that 

 
if                     then                                              
 
The right-hand limit of a function      as   approaches   is  , and we write 

 
   

    
                                                                                  

 
if for every     there is a number     such that 

 
if                     then                                              
 
 

II.1.4.2. Continuity 

 
Consider   a function defined on an interval that contains the number  . If 

the limit            exists, then it is continuous if: 

 
   
   

                                                                                 

 
A function is continuous from the left of a number   if   

 
   

    
                                                                                 

 
A function is continuous from the right of a number   if   

 
   

    
                                                                                 

 
The following functions are continuous on the domain they are defined on: 

polynomial functions, rational functions, root functions, trigonometric functions, 
inverse trigonometric functions, exponential functions, logarithmic functions. 

 
 

II.1.4.3. Tangents and derivatives 

 

The tangent line of a function        at a point           is a line through   

with a slope 
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The rate of change of a function or the derivative of a function   at a 

number   is defined by the relation: 

 

   

  
 
   

                      
   

         

   
                                       

 

where       is the Leibniz notation,       is the Lagrangian notation,       is the 

Newtonian notation and       is the Eulerian notation.  

From           and           we can say that the tangent line to        at a 

point           is a line through          whose slope is equal to the derivative of 

     at     
The derivative can be described as a function, by replacing the constant   

with a variable  : 
  

  
                      

   

           

 
                                          

 
A function is differentiable in   if        exists. It is differentiable on an 

interval if it is differentiable on each point of the interval.  
If      is differentiable, it is continuous. However, if      is continuous does 

not imply that it is differentiable.  
 

  
II.1.4.4. Higher order derivatives 

 
If      is a differentiable function, then its derivative       is also a function. 

If       is differentiable, then the new function called the second derivative will be 

 
   

                        
 

  
 
  

  
                                                 

 

In a similar fashion, the third derivative of the function will be 
 

   

                   
 

  
 
   

                                                          

 

Note that for orders higher than two, the Newtonian notation is rarely used, 

as it is predominantly used in mechanics to describe the rates of change (speed or 
acceleration).  

The     order derivative of a function will be: 
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II.2. Notions of algebra 
 
 

II.2.1.  Vector algebra 
 
A vector is a coordinate independent geometrical entity characterized by 3 

values: direction, sense and magnitude. In linear algebra, a unit vector in a vector 
space has a magnitude of 1 and represents a reference direction (other vectors are 
defined in report with unit vectors). So a vector   in an  -dimensional vector space 

is defined as: 

 

        

 

   

                                                                               

 
where    represent the vector’s projections on the axes defined by the unit vectors 

  . 

Other notations may include 

                                                                                          

  

  

 
  

                                  

 
The sum of two vectors is another vector that is defined as: 

 

                                                                                        

 

   

 

 
The multiplication of a vector with a scalar is another vector that is defined 

as: 
 

            

 

   

                                                                               

 
The scalar or dot product of two vectors is a scalar number defined as: 

 

          

 

   

                                                                                 

 

          

  

  

 
  

                                                                

 
The vector or cross product of two vectors is a third vector whose direction 

is perpendicular to the plane containing the vectors. In a three dimensional vector 
space, it is defined as: 
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In Newtonian mechanics, each vector is defined in relationship with the 
three Cartesian axes. In Lagrangian and Hamiltonian mechanics, vectors are 
expressed in relation with the generalized coordinates.  

The Cartesian axes system (also known as the orthogonal axes system) is 
composed of 3 unit vectors that respect the relations: 

 

     
 
 
 
             

 
 
 
              

 
 
 
       

        

        

        

                                            

 
A vector’s components according to the Cartesian axes system are pictured 

in figure 2. 
 
 
 

 
 
 
 
 
 

 

 
 
 
 
 
 
 

 
 
 
The same vector can be expressed in different Cartesian axes systems, if 

the problem requires it (for example, in dynamics, a body has its own axes system 
and its movement is described in report to a fixed axes system).  

  

        

 

   

         

 

   

                                                                    

 
The Cartesian axes transformation is performed with the help of the 

direction cosines matrix    . 
 

             

  

  

  

   

         

         

         

   

   
   
   

                                                  

 
where  

 
Figure II.1. Vector’s components in the Cartesian 

axes system 
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thus  
 

     

                  
                  
                  

                                                                 

 
A more explicit formulation of equation          is: 
 

 

  

  

  

   

                  
                  
                  

     

   
   
   

                                                 

 

The inverse transformation is performed according to the formula: 
 

   
             

   
   
   

   

         

         

         

   

  

  

  

                                             

 
 

II.2.2.  Tensor algebra 
 

A tensor represents a geometric entity that performs linear mappings and it 
is expressed in the form of an array. The number of indices of the array represents 
the tensor’s order and run from zero to the dimension of the related vector space. 
So, a zero order tensor represents a scalar value; a first order tensor    represents a 

vector; a second order tensor     represents a two dimensional array, used for 

example in continuum mechanics to express the state of stress or deformation at a 

given point. Higher order tensors are also used in continuum mechanics, but are not 
as common as second order tensors. 

As examples of second order tensors, the identity tensor   that maps a 

vector to itself and the direction cosines matrix    , expressed in equation          , 
which, in a given vector space, rotates the coordinate system so that the unit 
vectors    become    . 

Basic matrix operations and properties like sum, product, inversion and 
transposition are also valid for second order tensors. A tensor that satisfies the 
relation      is called symmetric tensor, a tensor for which       is called skew 

tensor and a tensor for which        is called orthogonal tensor. 

A tensor product is a bilinear operation that can be applied to various 
geometric entities such as vectors, matrices, tensors, vector spaces, algebras, etc. 
In the case of vectors of the same dimension, it is called a dyadic product, and it 
determines a tensor. For a dyadic product of two vectors         

 
    and    

      
 
   , the tensor product can be defined by the relation: 

 

               

 

     

                                                              

where  
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From           and           we have: 

 

          

 

     

                                                                           

         

 

     

                                                                        

 

If written in matrix form, the dyadic product is a special case of the 
Kronecker product and it can be expressed as: 

 

       

  

  

 
  

             

        
     

             

 
    

 
    

 
 

 
    

                                

 
In consequence, a square matrix can be assigned to a second order tensor 

in similar way column matrices can be assigned to vectors.  
 
 

II.2.3.  Vector and tensor invariants 
 
Similar to vectors, the same tensor has different components in different 

bases.  
 

           

 

     

             

 

     

                                                              

 
An exception to this rule is given by the identity tensor   or its multiples   . 
According to           

          

 

     

                                                                                      

 
Relation           gives us a vector’s coordinates in a different base: 

 
                                                                                                

 
Introducing           in           we have 

 

             

 

     

                                                                         

 
According to          ,           , thus 
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Analogous,  
 

        

 

   

                                                                          

 
Introducing          ,           and           in           we obtain: 

 

           

 

     

       

 

   

          

 

   

      

          

 

     

    

 

     

                                                                       

 
The direction cosines matrix     can be defined as 

  

    

 

     

                                                                                      

 
Introducing           and           in           we obtain 

 
                                                                                                   

 
For the multiplied identity matrix    we have: 

 
                  

          
                                                                                                

 
Tensors that satisfy the condition described in relation           are called 

isotropic tensors. Such tensors are used in continuum mechanics to describe 
material whose properties are identical in all directions. 

In general, the second order tensor’s components will change when the base 
transformation is performed, but certain intrinsic magnitudes associated with it will 

remain unchanged, such as a vector’s magnitude, the scalar product, the trace, the 

double contraction or its determinant.  
The firs invariant of the second order tensor represents the tensor’s 

contraction to a scalar, or the trace of the tensor and it is defined as the sum of the 
diagonal components: 

 

             

 

   

                                                                

 

A trace has the following properties: 
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The double product or the double contraction and is defined in terms of a 

trace as: 
 

                                                                                                
 

A double contraction of two second order tensors can be also written as: 

 

            

 

     

                                                                                

 
Introducing           and           in           we obtain: 

 

                                            

 

     

                   

The double contraction has the following properties: 
 

                                                                                            
                                                                                            

                                                                                        
                                                                                       

 
The second invariant of the second order tensor is defined as: 
 

                                                                                                   

                                     
 

 
        

 
                                                                        

 
 
The third invariant of the second order tensor represents its determinant: 
 

                                                                                                   

 

Another way to express the second order tensor’s invariants is through its 
eigenvectors and eigenvalues.  

For a tensor   a vector   is considered an eigenvector with an associated 

eigenvalue   if: 

 
                                                                                                 

 
A way to express the relation           in polynomial form is: 

 
                                                                                              

 
In most cases, the roots of the polynomial           are imaginary and thus 

they are of little practical use. A particular case of interest is the symmetric tensor, 
for which its real eigenvalues’          corresponding vectors          are orthogonal: 
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where     is called the Kronecker delta.  

Consequently, the tensor   can be expressed in a new base determined by 

the eigenvectors, with the off-diagonal components equalling 0: 
 

       

 

   

                                                                                            

 
The eigenvalues of the symmetric tensor are coordinate independent, and 

therefore the three second order tensor invariants can be expressed in relationship 
with them: 

 
                                                                                           

      
     

     
                                                                               

                                                                                                      

 
 

II.2.4.  Higher order tensors 
 
A third order tensor can be defined analogous to relation          : 
 

                     

 

       

                                                 

 
where  

 

            

 

       

                                                                  

 
In continuum mechanics, such a third order tensor is used to describe the 

alternating tensor   which is defined as: 

 
                                                                                                

 
where    is a skew tensor.  

According to equation          , 
 

                

            
                                                                          

        
                                                                                    

                                                                                   

 
Note that the alternating tensor’s components are the same for any 

Cartesian base. This means that   is an isotropic third order tensor. 

BUPT



II.2 Notions of algebra  195  

When describing hyperelastic materials, the relation between the second 
order stress and strain tensors is given by a fourth order constitutive tensor. A 

fourth order tensor is a geometric entity that performs a linear map between a 
vector   and a third order tensor  : 

 
                                                                                     

 
Another way to define a fourth order tensor is through an equation 

analogous to          , as a linear combination of the 81 tensor products of the 

Cartesian base vectors: 
 

                               

 

         

                                      

 
The tensor’s components       are defined as: 

 

          

 

         

   
   

   
                                                 

 
Fourth order tensors can also be expressed in terms of linear mapping 

between two second order tensors. In this case, a way to define the fourth order 
tensor is in matrix form, through the Kronecker product: 

 

     

             

             
 

    
 

    
 
 

 
    

                                                         

 
In a more explicit form, equation           can be written: 

 

    

 
 
 
 
 
 
  

             

   
             

   

             

   
             

 

   

 

             

   
             

   

             

   
             

 
 
 
 
 
 
 
 

                            

 
If we consider: 

 

         

   
   

    
   

   
   

   
    

   

                  

   
   

    
   

   
   

   
    

   

               

 
then relations            and           are equivalent. 

Thus, a double contraction of the fourth order tensor with a second order 
tensor results in another second order tensor. In consequence, the fourth order 
identity tensor   and the fourth order transposition tensor    are defined as: 
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From           and            we obtain: 

 

                                                                             

                                                                          

                                                                              

 
And from           and            we obtain: 

 

                                                                               

                                                                              

                                                                              

 
Both   and    are isotropic fourth order tensors (they have the same 

components in every Cartesian base), and are of particular interest because they 
help describe the elasticity tensor for materials which have identical properties in all 

directions. 
All fourth order isotropic tensors can be expressed as combinations of the 

identity and transposition fourth order tensors and the additional isotropic tensor   
 : 

 
                                                                          

 
A fourth order tenor   is considered symmetric if it respects the relation: 

 
                                                                                    

 
where   and   are two arbitrary second order tensors. 
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II.3.  Differential calculus 
 
 

II.3.1.  Linearization and the directional derivative 
 
The non-linear problems that occur in continuum mechanics are solved 

through linearization, and iteratively solving the linear equations until a solution of 
the non-linear problem is found. The most common method of linearization is the 

Newton-Raphson method. 
 

 
II.3.1.1.  One degree of freedom  

 
Consider the non linear one degree of 

freedom equation     . From an initial solution   , 

according to           the function can be written 

as: 

           
 

  
   

  
 
  

      
  

 

  
  

  

   
 
  

   

   
                           

 
The increment in   can be expressed as: 

 
                                                                               

 
Introducing          in           we obtain: 

 

              
 

  
   

  
 
  

  
 

  
  

  

    
  

                               

 
The linearization of the one degree of freedom equation using the Newton-

Rapshon method is obtained by truncating the Taylor series after the second term: 
 

                 

  
 
  

                                                          

 
Equation          represents a linear function in   and the term             

 is 

called the linearized increment of      at    with respect to  .  

 

   

  
 
  

                                                                   

 
The Newton-Raphson iterative procedure is set up using the equation          

and requesting the function         to disappear, leaving a linear equation in  : 

 
                                                                                   

 
for which the iterative value      (Figure II.3) is obtained as: 

 

 
Figure II.2. One degree of freedom 

problem 
[reprint from [11]] 
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II.3.1.2. Generalized solution  
 

A generalized solution will be proposed, starting from the one degree of 
freedom case. 

Consider a set of general nonlinear equations: 

 
                                                                                         

 
where   represents a set of unknown variables or functions. 

Consider an initial set of variables   and a general increment   so that: 

 
                                                                                     

 

In order to simplify the determination of the directional derivative of a 
function   of multiple variables  , a single parameter   is introduced so that: 

 
                                                                                   

 
In the case of a function of two variables    and   , the parameter   changes 

the function   in the direction   as shown in Figure 4. 

In order to develop the Newton-Raphson linearization, a Taylor’s series 
expansion of the nonlinear function      about    , corresponding to      gives: 

 

          
 

  
   

  
 
   

   
 

  
  

  

    
   

                                        

 
Introducing          in           we obtain: 

 

               
   

  
  
  

 
   

         
   

  
  

 

   
 

   

                            

 
By truncating the Taylor’s series, the function      increment will result: 
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In the above equations,   is an artificial parameter used as a vehicle to 

perform the derivative. For    , a linear approximation of the increment of      is 
given by the equation: 

 

                 
  

 
   

                                                      

 
The term on the right hand side is called the directional derivative of      at 

   in the direction of    
 

  

  
 
   

                                                                 

 
With the help of the directional derivative, the value of         can now be 

linearly approximated as: 
 

                                                                      

 

Introducing          in           and setting          , we obtain: 

   

                                                                            
 

So, the general Newton-Raphson procedure can be written as: 
 

                                                                         
 
 
 

 
Figure II.3. Two degree of freedom linear problem 
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II.3.1.3. Properties of the directional derivative  
 
a) If                 , then 

 

                                                                         
 

b) If                  (for any type of product), then 

 

                                                                    
 

c) If               , then 

                                                                                 

 
 

II.3.2. Tensor analysis 
 
In continuum mechanics the tensors change their components from point to 

point throughout the domain. The resulting fields will have the order of the tensor 
that generated them: zero order tensor fields (scalar fields, such as temperature or 
density fields), first order tensor fields (vector fields, such as velocity or acceleration 
fields) or second order tensor fields (such as stress fields). 

 

II.3.2.1. Gradient and divergence operators 
 
Consider a three dimensional vector space and a function      (scalar field) 

that varies throughout the domain. The function’s gradient    at a given point    

represents a vector that accounts for the change in the function   in the direction of 

an arbitrary incremental vector  : 

 
                                                                                    

 
Introducing           in           we obtain: 

 

           
  

 
   

              
   

   
 
       

 

   

                         

 
Thus, the components of the gradient are partial derivatives of the function 

  in respect to each of the three spatial directions: 

 

    
  

   

 

   

                                                                            

 
In the case of a vector field  , its gradient at a point    is a second order 

tensor        that maps an arbitrary vector   into the directional derivative of   at    

in the direction of  : 
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Analogous to          , it can be demonstrated that the gradient of a vector 

field represents the vector components’ partial derivatives: 
 

    
   

   

 

     

                                                                         

 
The trace of the gradient of a vector field represents the divergence of the 

field. The divergence is a scalar value (  ) and it can be expressed as: 

 

              
  

   

 

   

                                                            

 
Analogous to the vector field  , the gradient of a second order tensor   at a 

point    is a third order tensor        that maps an arbitrary vector   into the 

directional derivative of   at    in the direction of  : 

 
                                                                                

 
The components of    are, in similar fashion, the partial derivatives of the 

components of  : 

 

    
    

   

 

       

                                                                  

 
The divergence of a second order tensor   represents the vector    that can 

be defined as: 
 

              
     

   

 

     

                                                       

 
 
 

II.3.2.2. Properties of the gradient and divergence operators 
 

                                                                       
                                                                      

                                                                       
                                                                    
                                                                       

                                                                     
                                                                       

 

II.3.2.3. Integration theorems 
 
Consider a volume   with the boundary surface    and   the unit normal to 

this surface at a given point (Figure 5). For the gradient of the scalar field  , the 

basic equation giving the integral is: 
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Similar to          , for a vector 

field   or a second order tensor field    
the integral can be expressed as: 

 

     
 

       
  

                   

 
 
 For the trace of the above 

expression, the Gauss theorem (or the 
divergence theorem) is obtained: 

  

     
 

       
  

                                                             

 
The Gauss theorem for the second order tensor can be expressed as: 
 

     
 

      
  

                                                                

 
 

 
 

 
Figure 2.4. General volume and area 

element 
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III. MECHANICS OF MATERIALS 
 

 

III.1. Notions of Kinematics 
 

III.1.1. Introduction 
 
Kinematics is a branch of mechanics that deals with the 

movement/deformation of bodies or systems of bodies without considering the 

forces that caused the motion/deformation.  
This chapter will deal with finite deformations and the best way to 

characterize the motion is this case is through different coordinate systems such as 
the Lagrangian and Eulerian systems. 

The nonlinear kinematic quantities that may occur are linearized in order to 
be included in the linear equilibrium equations that form the basis of the Newton-
Raphson solution to finite element equilibrium equations. 

 
 

III.1.2. Motion 
 
In Lagrangian mechanics, a body is considered to be composed of particles, 

each being characterized by a coordinate             in the Cartesian base 

            at the initial time     . At a given time  , the position of the particles 

will be characterized by the coordinate             in the Cartesian base             
(figure 6). The motion of a given particle can be mathematically expressed through 
a function   [1]: 

 
                                                                              

 
In case of constant time (a fixed value of  ), the function   describes the 

mapping between the undeformed and the deformed bodies. In the case of a fixed 
particle (a fixed value of  ), the function   describes the trajectory of the given 

particle as a function of time.  
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III.1.3. Material and spatial descriptions 
 
In deformation analysis, the distinction between the chosen coordinate 

systems that describe the motion must be made. The variation of relevant quantities 
can be described in terms of where the particle was before the deformation (the 
material or Lagrangian description) and in terms of where the particle is during the 

deformation (the spatial or Eulerian description). The former approach deals with 
the behaviour of the material particle, while the latter deals with the behaviour at a 
spatial position [1][2].  

In fluid mechanics, in almost all cases the equations are written after the 

spatial description, because a Newtonian fluid’s behaviour is independent on its 
previous states, and thus it is unnecessary and sometimes impossible to describe 
the material after its initial states. In solid mechanics however, a formulation after 
the material description will be required at some point, due to the constitutive 
behaviour of the particle [1].  

Regardless of the chosen approach, the governing equation must refer to 
the whole body, so they must be formulated after the spatial description. 

Consider a variable function   that describes the particle, which can be in 

form of a scalar, (density), vector (velocity), second order tensor (stress field) etc. 
In mathematical terms, the two approaches can be expressed as: 

 
a) Material description: the variation of   over the body is described with 

respect of the initial coordinate  , used to characterise the material particle at time 

    : 

 
                                                                             

 

In this case, a change in time implies that the same material particle 
characterized by   has a different value of the variable quantity   (different density, 

velocity, stress field, etc). 
b) Spatial description:   is described with the respect of the position in 

space of the given particle   at the time  : 
   

 
Figure III.1. General motion of a deformable body 
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In this case, a change in time implies that a variation of the variable 

quantity   is observed at the same spatial position characterized by   (occupied by 

a different particle) [1].  
 
 

III.1.4. Deformation gradient 
 
The deformation gradient tensor   is a key quantity in finite deformation 

analysis, linking the initial state of the body to the corresponding quantities during 

deformation. Thus the deformation gradient tensor describes the relative spatial 
positions of two particles during deformation in terms of their relative positions 
before deformation. 

Consider two material particles    and    described by the coordinates    
 

and    
 respectively at     , in the neighbourhood of a particle   of coordinates    

(Figure 7). The positions of the particles    and    in respect with   are given by the 

vectors     and    : 

 
       

                                                                 

       
                                                                               

 
According to           after the deformation, the particles      and    have 

acquired new coordinates described by the mapping: 

 
                                                                                       

   
      

                                                                              

   
      

                                                                              

 

 
Figure III.2. General motion of particles during deformation 
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The corresponding position vectors become: 
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The deformation gradient tensor is defined as [1]: 
 

     
  

  
                                                                         

 
Another way to write equation            is for the notation          [1]: 

 

     
  

  
                                                                         

 
From            and           it results that: 

 
                                                                                    
                                                                                    

 

A generalized formula for constructing the deformation gradient tensor is 
[1]: 

           

 

     

                                                                       

where             

 
The explicit form of equation           is: 
 

  

 

 
 
 
 

   

   

   

   

   

   

   

   

   

   

   

   

   

   

   

   

   

    

 
 
 
 

                                                                     

 
The inverse of   is: 

 

        
     

 

     

                                                                          

where 

   
   

   

   
                                                                                 

 

In literature, the relationship between the initial position vectors and the 
current position vectors is referred to as push forward and pull back relations: the 
spatial vector    is considered the push forward of the material vector    and the 

material vector    is considered the pull back of the spatial vector    [1]. 
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III.1.5.  Strain 
 
The strain components can be introduced by taking into account the 

elongation of a linear element. In the material description, the square of the length 
of the line element is expressed as: 

 
                                                                                  

 
In the spatial description, recalling equation            , the square of the 

length of the line element is expressed as: 
 

                                                                                            
                                                                             

 
The product      is called the left Cauchy-Green tensor  : 

 
                                                                           

 
Considering that: 
 

   

   
 

 

 
 
 
 

   

   

   

   

   

    

 
 
 
 

           
   

   
 

 

 
 
 
 

   

   

   

   

   

    

 
 
 
 

           
   

   
 

 

 
 
 
 

   

   

   

   

   

    

 
 
 
 

                         

 
an explicit form of equation            will be: 

 

  

 

 
 
 
 
 

 
   

   
 

    

   
 
   

   
 

    

   
 
   

   
 

    

   

 
   

   
 

    

   
 
   

   
 

    

   
 
   

   
 

    

   

 
   

   
 

    

   
 
   

   
 

    

   
 
   

   
 

    

    

 
 
 
 
 

                                       

 
For a spatial description approach, the right Cauchy-Green deformation 

tensor   is used, which operates with the spatial position vector   : 

 
                                                                                        

                                                                             
                                                                             

where 
 

                                                                                                 
 
Recalling equation           , the explicit form of the right Cauchy-Green 

tensor will be: 
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A measure of the stretch can be written as the difference in the position 

vectors: 
 

                                                                          
                                                                         

 
In case of a rigid body motion, the magnitudes of the position vectors of the 

material and spatial descriptions must remain equal: 
 

                                                                         

 
Introducing again equation            , the above equation becomes: 

 
                                                                                     

                                                                            
 
So, in the case of a rigid body motion, the deformation gradient   is an 

orthogonal tensor. Introducing            in            we obtain: 

 
                                                                     

 
The above equation shows that the Cauchy-Green strain tensor can be used 

as a measure of deformation, while the deformation gradient cannot, because it 
changes values under an arbitrary rigid body movement. 

A more appropriate description of the Cauchy-Green tensor derived from 
equation            shows that it is a measure of stretch. Even though the Cauchy-

Green deformation tensor is independent on rigid body rotations, it has a drawback 
in the sense that if the stretch is 0, it has non-zero components: 

 
                                                                  

                                                                          

 

A method for measuring large strains is by summing up all the small 
increments (elongations) that take place when the linear element is stretched from 
  to  . Consider a small linear increment   . By definition, the elongation will be 

expressed as: 
 

  
  

 
                                                                           

 
Consequently, the strain will be: 
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Recalling the definition of the length of the elements the above equation 

becomes: 
  

     
     

     
                                                                        

 

Introducing equation             in           : 
 

  
 

 
                                                                                

 
Relation            represents the true or logarithmical strain. In engineering 

applications, equation            is used to express the uniaxial true or logarithmical 

stress. Due to its rather complex form, this type of strain is rarely used in 
computational applications.  

In order to obtain a more appropriate strain measure, the Eulerian or 
Almansi strain tensor    is introduced: 

 
                                                                     

 
where 

 

   
 

 
                                                                       

 
If we are to express the Almansi tensor in terms of the stretch, equation 

           becomes: 

 
                                                                                 

   
 

 

             

      
                                               

   
 

 

     

  
                                                               

 
Equation            is also used in engineering applications for small strains 

(    . In unixaial loadings, it relates the change in length to the current length of 

the specimen: 

  
     

 
   

 
                                                                  

 
If the material description is chosen, the stretch can be expressed as: 

 
                                                                       
                                                                       

 
Equation            can be written in terms of the Green-Lagrange strain 

tensor    as: 
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where 

   
 

 
                                                                       

 
Recalling equations           , an explicit form of equation            will be: 

 

   
 

 

 

 
 
 
 
 

  
   

   
 

    

   
    

   

   
 

    

   
 
   

   
 

    

   

 
   

   
 

    

   
  

   

   
 

    

   
    

   

   
 

    

   

 
   

   
 

    

   
 
   

   
 

    

   
  

   

   
 

    

   
   

 

 
 
 
 
 

                     

 
Equation            shows that the Green-Lagrange strain tensor is also a 

symmetric tensor. Its   
  
 components for     represent the normal strains that 

measure the change in length of the position vectors, while its   
  
 components for 

    represent the shear strains that measure the change of the relative orientation 

of the position vectors.  
If we are to express the Green-Lagrange strain tensor in terms of stretches, 

equation            becomes: 

 
                                                                                        

   
 

 

     

     
                                                                             

   
 

 

     

   
                                                                    

 
Again, for small strains, it can be demonstrated through Taylor series 

expansion that 
 

  
     

 
   

 
                                                                     

  
     

   
       

   
      

 

     

                                               

 

which represents the nominal or engineering strain used in the majority of the 
engineering applications.  

 
 

III.1.6. Polar decomposition 
 
The deformation gradient tensor   can be decomposed into its stretch and 

rotation components: it can be expressed as a product of a rotation tensor   and a 

stretch tensor  : 
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In order to obtain these tensor, equation            will be introduced in 
          : 

 
                                                                              

 
As discussed in Chapter II.2.2, a rotation tensor is a orthogonal tensor, and 

thus      . If   is chosen as a symmetric tensor, equation            becomes: 

 
                                                                           

 
The principal directions of the right Cauchy-Green deformation tensor are 

given by the triad            and their corresponding eigenvalues   
 ,    

   and    
 . 

According to          ,   can be expressed as: 

 

     
      

 

   

                                                                 

 
Introducing            in            we obtain: 

 

          

 

   

                                                                 

Once the stretch tensor is known, the rotation tensor can be obtained from 
equation           : 

 
                                                                                        

 
In terms of polar decomposition, the relation between the spatial and the 

material vectors is obtained by introducing equation           in           : 
 

                                                                                  

 
In equation               is first stretched by  , resulting in the vector is    , 

which is then rotated to the new coordinates    by the tensor  .  

 
 

III.1.7. Volume change 
 
Consider an infinitesimal 

volume element defined by the 
dimension vectors          , 

          and          , where 

  ,    and    are the orthogonal unit 

vectors (Figure 8). Thus the volume 
element is defines as: 

 
                          

 
According to           and 

          

 
Figure III.3. Volume change 
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The deformed volume    is given by the triple product of these position 

vectors: 

 

                 
  

   
  

  

   
 

  

   
                                                   

 
The relation            can also be expressed in terms of the Jacobian   as: 

 
                                                                                        

 
The mass element    can be related to the volume element in terms of the 

initial and current densities: 
                                                                               

 
Thus the conservation of mass can expressed as: 
 

                                                                                      

 
 

III.1.8. Distortional component of the deformation gradient 
 
During deformation, incompressible materials suffer no change in volume 

     . Thus it is necessary to separate the volumetric components from the 

distortional (isochoric) components    (that have no change in volume) of the 

deformation.  
 

                                                                                       

 
The distortional component can be expressed in terms of the Jacobian and 

the deformation gradient as: 
 

                                                                                                
                                                                                             

         
 
  

 

                                                                         

            
 
                                                                          

     
 
                                                                                

A similar decomposition can be obtained for the right Cauchy-Green 
deformation tensor: 
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Introducing            in             we obtain: 

 

            
 
                                                                      

 

III.1.9. Area change 
 
Consider an area element of 

initial configuration         which 

becomes         after deformation 

(Figure 9). 
In order to express the 

relationship between the two states, 
consider an arbitrary vector    which 

becomes    after deformation. The 

corresponding initial and current element 
volumes can be expressed as: 

 
                                    
                                     

 
Introducing            and           in            we obtain: 

 
                                                                                    

 

Expression            is valid for any arbitrary vector   , which enables the 

elements of area to be related as: 
                                                                                    

 
 

III.1.10. Velocity and acceleration 
 

III.1.10.1. Material time derivative 
 
Consider a given scalar or tensor quantity   expressed in terms of material 

coordinates       , the time derivative of   can be expressed as: 

 

      
  

  
 

       

  
                                                                    

 

In the above equation,    is the Newton notation,    is the Lagrange notation 

and       is the Leibnitz notation.  

Relation            represents the material time derivative and it measures 

the change in   associated with a specific particle initially located at  . Expressing 

the derivative of   after spatial description (                  ) represents a 

challenging aspect, because the given particle changes position as time progresses. 
So the material-time derivative can be obtained by considering the motion of the 
given particle: 

 
       

  
    

    

                             

  
                                  

 

 
Figure III.4. Area change 
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Using the chain rule, equation            becomes: 

 

  
       

  
 

       

  
 

       

  

       

  
 

       

  
                                

 
where the term       is called the connective or transport derivative. 

 
 

III.1.10.2. Velocity 

 
Consider the equation of motion of a given particle: 
 

                                                                                 

 
The absolute velocity of the given body is defined by deriving the equation 

of motion with respect to time: 

 

       
       

  
                                                                  

 
In these equations, the vector   is considered to be time independent as it 

describes the position of the particle in the reference configuration. 

In fluid mechanics, the curl of the velocity (called vorticity) is given by the 

vector product    , where    
 

   

 

   

 

   
 
 

: 

 

      
   

   
 

   

   
  

   

   
 

   

   
  

   

   
 

   

   
                                

 

 
In case of irrotational flow, all the vortocity’s elements are zero  
The spatial description of the velocity can be obtained by recalling equation 

          : 
 

       
       

  
                                                                                   

 
       

  
 

       

  

       

  
                                              

       
       

  
                                                               

.   
III.1.10.3. Acceleration 

 
The absolute acceleration of a particle is defined as the rate of change of the 

velocity with respect to time: 
 

       
       

  
 

        

                                                            

 
 As with the velocity, the position vector   in the above equation is 

considered to be time independent. 
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In order to express the acceleration in the Eulerian reference, we recall 
equation           :  

 

       
       

  
 

            

  
                                                   

       
       

  
                                                               

 

III.1.11. Velocity gradient 
 

In section III.1.10 velocity was expressed as a function of the spatial 
coordinates and time (      ). The given expression’s derivative with respect to the 

spatial coordinates gives the velocity gradient tensor  : 
 

  
       

  
                                                                      

 
This tensor gives the relative velocity of particle currently at point   with 

respect to a particle currently at point   as       . A more useful formulation for 

the velocity gradient can be obtained by introducing the time derivative of the 
deformation gradient  : 

 
  

  
 

 

  
 
  

  
                                                                           

  
 

  
 
  

  
                                                                         

  

  
  

  

  
                                                                       

 
Recalling relation             the above equation becomes: 

 
  

  
  

  

      
                                                                      

 
  

  
  

  

  
                                                                              

 
  

  
                                                                             

 

From this relation, a new expression for the velocity gradient can be 
obtained: 

 

  
  

  
                                                                        

 
 

III.1.12. Rate of deformation 
 
Consider the initial elemental vectors     and     and their corresponding 

post-deformation counterparts     and     given by the relations            and 

          : 
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Analogous to the strain definition, the rate of volume change is defined as 

the rate of change of the scalar product of the two vectors.  
According to           , the scalar product can be expressed in terms of time 

independent material vectors     and     and time dependent right Cauchy-Green 

tensor  : 

 
                                                                               

 

  
              

  

  
                                                              

 
According to           , the derivative of the Green-Lagrange strain tensor 

   can be written as: 

 

  
 

 
      

   

  
 

 

 

  

  
 

 

 
 
   

  
    

  

  
                                                        

 
       is called the material strain rate tensor, and gives the rate of 

deformation in report to the initial elemental vectors. 
 
Introducing            in            we obtain: 

 
 

  
               

   

  
                                                              

 
The rate of deformation can be expressed in terms of the current vectors 

    and     by introducing equation             in           : 
 

 

 

 

  
                   

    

  
                                                  

The tensor on the right-hand side of equation         represents the rate of 

deformation tensor    and it is the push forward spatial counterpart of the material 

strain rate tensor: 
 

     
   

  
      

   

  
                                                    

  

  
   

                                                                        

 
 

III.1.13.  Spin tensor 
  
The velocity gradient   can also be expressed as the sum of the symmetric 

rate of deformation tensor   and a antisymmetric component  , called the spin 

tensor: 
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The spin tensor   can be determined with the relation: 

 

  
 

 
                                                                              

 
Introducing equation            in            we obtain: 

 

  
 

 
 
  

  
        

  

  
 

 

                                                                   

 
Recalling equation for the polar decomposition            and its time 

derivative 
 

  

  
 

  

  
   

  

  
                                                                         

 
it can be demonstrated after some algebra that: 
 

  
 

 
 
  

  
     

  

  
 

 

  
 

 
  

  

  
       

  

  
                                 

 
It can be shown that  

 

  
        

  

  
     

  

  
 

 

                                              

 
which implies that 

  
  

  
 

 

  
  

  
                                                                 

 
Consequently, equation            can be rewritten as: 

 

    
  

  
 

 

 
 

 
  

  

  
       

  

  
                                           

 
In some particular cases such as rigid body rotation the second term equals 

0, thus 
 

    
  

  
 

 

                                                                  

 
The physical interpretation of the spin tensor is through its associated 

angular velocity terms: 
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III.1.14. Rate of volume change 
 
The volume change between the initial and the current state was expressed 

in section III.1.7 in terms of the Jacobian            : 
 

                                                                                  

 
Deriving this expression in respect to time, the material rate of volume 

change is obtained: 
 

  
   

  

  
                                                                          

 
The material rate of the Jacobian can be evaluated with the help of the 

directional derivative: 
  

  
                                                                                 

 
The directional derivative of   with respect to   can be expressed as: 

 

                                                                                 

 
After some algebra, considering the directional derivative of the determinant 

form and the linearization of the deformation gradient and the rate of deformation 
tensor  , the directional derivative of the Jacobian   will be: 

  
                                                                                   

  

  
                                                                                  

 
An alternate formulation for the time derivative of the Jacobian       can be 

expressed in terms of the material rate tensors       and        from equations 
           and           : 

  

  
      

 

 
      

  

  
                                                        

 
 

III.1.15. Objectivity 
 
Objectivity is an important solid mechanics concept that deals with the 

variation of mechanical quantities with the frame of reference. Thus, under rigid 

body motion, some quantities characterizing the body will remain unchanged such 
as the distance between two points or the stress state. These quantities are said to 

be objective. 
Let    be a element vector in the initial configuration,    the element vector 

after the body deforms and     the element vector after the deformed body rotates. 

The relationship between the three can be written as:  
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where   is an orthogonal tensor describing the superimposed rigid body rotation and 

  is the deformation gradient.  

Although the element vectors     and    are different, their magnitudes are 

equal, thus one can state that    is objective to rigid body motion. The definition of 

objectivity can be extended to any quantity   that satisfies the relation: 

 
                                                                                 

  
An example of an objective second order tensor is the deformation gradient 

 : 

 
                                                                                   

 
Considering the equations            and             t can be stated that the left 

Cauchy-Green strain tensor and the Green-Lagrange strain tensor are also 
objective.  

Introducing equation            in equations             and            for the 

right Cauchy-Green strain tensor and the Almansi strain tensor we will obtain: 
 

                                                                           
                                                                           

 
Note that although     is not equal to   , their magnitudes are equal: 

 
 

 
                                                                        

 
Consequently, any tensor that transform in the above manner is said to be 

objective. All measures of material behaviour such as second-order stress and strain 
need to be objective. 

 
 

III.2. Stress and equilibrium 
 
 

III.2.1. Cauchy stress tensor 
 
Consider a deformable body at its current position (Figure 1.10). In order to 

define the stress tensor, it is necessary to study the action of the forces applied by 
one part of the rigid body    on the remaining part of the body    with which it is in 

contact. Consider the element of area    to normal   in the neighbourhood of the 

spatial point   (Figure 1.10). Consider    the resultant force on this area; the 

traction vector   corresponding to the normal   at   is defined as: 
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The relationship between   
and   must satisfy Newton’s third 

law: 

 
                                              

 
In order to define the stress 

tensor, consider three traction 
vectors associated with the three 
Cartesian directions   ,   and   , 

being expressed in component form 
(Figure I.11): 

 
 
 

                                                                            
                                                                            
                                                                            

 
 
 
 
 

 
 

 
 
 
 
 

 
 
The relationship between the traction vector   corresponding to a general 

direction   and the components     can be obtained by studying the translational 

equilibrium of the elemental tetrahedron shown in Figure 12. Consider   the force 

per unit volume acting on the body at the point  , the equilibrium of the tetrahedron 

is given by the relation: 

 

                 

 

   

                                                    

 
where              is the projection of the area    onto the plane 

orthogonal to the Cartesian direction   (Figure I.12).  

Dividing equation           by   , recalling Newton’s third law, noting that 

        and  introducing equation           we obtain: 

 

             
   

  

 

   

  
  

  
 

 
Figure III.5. Traction vector 

[reprint from [11]] 

 
Figure III.6. Stress components 

[reprint from [11]] 

 

 
Figure III.7. Elemental tetrahedron 

[reprint from [11]] 
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The tern            can be rewritten in terms of the tensor product as 

         so that equation           becomes: 

 

                  

 

     

                                                      

where 
 

              

 

     

                                                            

is called the Cauchy stress tensor, which relates the normal vector   to the 

traction vector  : 
 

                                                                                          

 
Because the Cauchy stress is an important quantity in describing material 

equilibrium, it is important to determine if   is objective to rigid body motion. For a 

superimposed rigid body motion  , the traction vector      and the normal   will 

become: 
 

                                                                                       
                                                                                       

 
Introducing equations           in equation           yields: 

 
                                                                                        

 
 

III.2.2. Transitional equilibrium 
 
Consider the configuration of a general deformable body of volume   with 

boundary area   . Consider also that the body is under the action of body forces per 

unit volume   and traction force per unit area   acting on the boundary. For 

simplicity, inertia forces will be ignored and the transitional equilibrium will result in 
the sum of all forces acting on the body being equal to 0: 

 

    
 

     
  

                                                                     

 
Introducing           in           we obtain: 
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Introducing the Gauss integration theorem           in           , the second 

term is transformed into a volume integral: 
 

    
 

      
 

                                                                   

       
 

                                                                          

 
Equation            can be applied for any region of the enclosed body, so the 

local spatial equilibrium equation for a deformed body can be expressed as: 
 

                                                                                    

 

In the situation in which the equilibrium relation is not satisfied, the above 
equation determines the local out-of-balance or residual force  : 

 
                                                                                    

 
 

III.2.3. Rotational equilibrium 
 

In order to define the symmetry of the Cauchy stress tensor, the study of 
the rotational equilibrium of a deformable body must be studied, under the action of 
traction and body forces. That is, the moment of those forces in relation to any of 
the body’s points must be zero: 

 

      
 

       
  

                                                       

 
Introducing           in            we obtain: 

 

      
 

        
  

                                                     

 
Switching to indicial notation: 

 

       
  

               

 

         

   
  

                                           

 
where      is the third order alternating tensor          , which equals 0 if one of the 

indices is repeated, 1 if the permutation         is even and -1 if it is odd: 

 

                                                                            

 
and recalling equation          : 
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equation            becomes: 

 

      
 

        
 

        

 

                                   

 
 
The vector determined by the double contraction      is: 

 

      

       

       

       

                                                                      

 
Noting that                  and that the equation            is valid in any 

point of the enclosed volume of the body, relation            becomes: 

 

        

       

       

       

      

       

       

       

                             

 
 
Equation           denotes the symmetric character of the Cauchy stress 

tensor  .  

 
 

III.2.4. Principle of virtual work 
 
Consider    an arbitrary virtual velocity from the current position of a 

deformable body. The virtual work    per unit volume and time done by the residual 

force   during the virtual motion is: 

 
                                                                                          

Equilibrium conditions imply that  
   

                                                                                         

 
Recalling equation           and integrating over the volume of the body will 

give a weak statement of the equilibrium of the body: 

               
 

                                                        

 
Recalling property            

                                                                       

 
the divergence of the vector     will be: 
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Introducing the Gauss integration theorem           and            in            

we obtain: 

 

        
  

         
 

        
 

                            

 

Analogous to Section III.1.13, the gradient of the virtual velocity is, by 
definition   : 

 
                                                                          

 
Introducing equation           in            and remembering the symmetry of 

the stress tensor            we obtain: 

       
 

        
 

        
  

                                  

  
In order to express the virtual work in report with the rate of deformation, 

we recall the relations for the velocity gradient           , for the material strain rate 

tensor            and for the rate of deformation tensor            : 
 

  
  

  
                        

  

  
 

 

 
 
   

  
    

  

  
                              

  

  
                   

      
  

  
     

 

 
                                                          

  
Equation            states that the rate of deformation tensor   is the 

symmetric part of the velocity gradient  . 
Expressing the virtual velocity gradient in terms of the symmetric virtual 

rate of deformation and the antisymmetric virtual spin tensor and taking into 

account the symmetry of the stress tensor, the spatial virtual work equation is 
expresses as: 

 

          
 

        
 

        
  

                                  

 
 

III.2.5. The Kirchhoff stress tensor 
 
In equation            the internal virtual work done by the stresses is  

 

           
 

                                                                

 
In the above equations, pairs such as   and   are said to be work conjugate 

with respect to the current deformed volume; their product gives the work per unit 
of current volume.  

If the relation for the virtual work is expressed in the material coordinate 
system, alternative work conjugate pairs will emerge. Recalling relation            and 
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rewriting relation            for the initial forces per unit volume         and initial 

traction forces            , we obtain: 
                                                                                        

            
 

         
 

         
  

                                  

 
The internal work form equation            can be expressed in terms of the 

Kirchhoff stress tensor as: 

           
 

                                                                    

 
The above relations states that the Kirchhoff stress tensor is work conjugate 

with the virtual rate of deformation tensor with respect to the initial volume. Note 
that the work per current volume is not equal with the work per initial volume. 
However, the work per unit mass is invariant, because of the relation                
    : 

 
 

 
    

 

  
                                                                    

 
 

III.2.6. The first Piola-Kirchhoff stress tensor 
 

Even though the above transformation expressed the stress in relationship 
with the initial volume, relation            is still dependent on spatial quantities, 

namely   and  . In order to correct this issue, the symmetric character of   along 

with relations                      and           are introduced in equation            so 

that: 
 

                                                                          

                                            

 

     

                   

 

             
 

           
  

  
  

 

                                    

 
In this equation, the work conjugate of the virtual rate of deformation 

gradient       is called the first Piola-Kirchhoff stress tensor:  

 
                                                                                    

The first Piola-Kirchhoff stress tensor can also be expressed as: 
 

            

 

     

                                                                  

 
where  
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Rewriting the equation for the principle of virtual work in terms of the first 
Piola-Kirchoff stress tensor we obtain: 

 

    
  

  
  

 

         
 

         
  

                                     

 
The differential equilibrium equation can now be obtain in terms of the first 

Piola-Kirchhoff stress tensor form a reverse algorithm than the one used in 
obtaining the virtual work equation            from the spatial differential equilibrium 

equation           : 
 

                                                                      
 

where      is the divergence of the first Piola-Kirchhoff stress tensor with respect to 

the initial coordinate system: 
 

                                             
  

  
                                           

 
The physical meaning of the Cauchy and second Piola-Kirchhoff stress 

tensors is as follows: 
Consider an element of force    acting on an element of area        . In 

the spatial configuration, the expression can be written as follows: 
 

                   

   
  

  
                                                                                       

 
The Cauchy stress gives the current force per unit of deformed area. In 

engineering, it is also known as the true stress.  
Recalling equation             

                                                                                    

 
And replacing    in equation            we obtain: 

 

  
  

      
        

  

  
                                                                  

  
  

  
                                                                                 

 
Equation            shows that, similar to the deformation gradient  , the first 

Piola-Kirchhoff stress tensor relates an area vector in the initial configuration to the 
corresponding vector in the current configuration. Thus the first Piola-Kirchhoff 
stress tensor can be interpreted as the current force per initial surface. These 
stresses are also known as nominal or engineering stresses. 

 
 

BUPT



III.2 Stress and equilibrium  227  

 

 

III.2.7. The second Piola-Kirchhoff stress tensor 
 
The first Piola-Kirchhoff stress tensor is not completely configured after the 

material description. However, the second Piola-Kirchhoff stress tensor    is a 

symmetric tensor obtained by pulling back the spatial element of force    form 

equation            and so replacing it with a material force vector   : 

 
     

                                                                                
 

Replacing    in equation            we obtained the transformed force in 

terms of the second Piola-Kirchhoff stress tensor   and the element of initial area 

  : 

 
                                                                                    

 
Similarly, the strain rate work conjugate for the second Piola-Kirchhoff 

stress tensor is obtained, with the use of equation            : 
 

       
  

  
                                                                   

 
Introducing             in            we obtain: 

 

           
 

     
  

  
  

 

                                        

 
Equation            shows that the second Piola-Kirchhoff stress tensor    is 

work conjugate to the material strain rate tensor      . Thus, the material virtual 

work equation can be written as: 

 

   
  

  
  

 

         
 

         
  

                                     

 
The inverses of equations            and            are: 

 
                                                                                                         

 
Applying the push forward/pull back concepts for the Kirchhoff stress and 

the second Piola-Kirchhoff stress we obtain: 

 
            

                                                                                          
 
The Cauchy stress and the second Piola-Kirchhoff stress are related as: 

 
     

                                                                                                        
 
In equation              and   are related by the so called Piola 

transformation, which involves a push forward/pull back operation combine with the 
volume scaling Jacobian.  
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III.2.8. Deviatoric and pressure components 
 
In many applications it is necessary to isolate the deviatoric component    

from the hydrostatic pressure   component of the Cauchy stress tensor  . 

 

                                                           
 

 
    

 

 
                           

 
Similar relations can be written for the first Piola-Kirchhoff stress tensor and 

for the second Piola-Kirchhoff stress tensor introducing relations            and 
           in           : 

 

                                                                                     

                                                                                    

 
The relationship between the true deviatoric components    and    of the 

first and second Piola-Kirchhoff stress tensors   and   can be obtained by taking 

into account the properties of the trace           and of the double contraction 

         :  
 

                                                                                       
                                                                                        

                                                                                       

 
                                                                                       

                                                                                        
                                                                                    

                                                                                   
 

                                                                                          
                                                                                          

 
With the help of relations            the hydrostatic pressure can be evaluated 

in terms of the first and second Piola-Kirchhoff stress tensors   and  : 

 

  
 

 
                                                                   

  
 

 
                                                                   

 

III.2.9. Stress rates 
 
Equation            gives the relation for the Cauchy stress after the rigid 

body motion. Its time derivative will be: 

 
   

  
 

  

  
     

  

  
     

   

  
                                             

 
The above equation shows that in general, the rate of Cauchy stress is not 

an objective quantity, unless the rigid body motion is time independent. For 
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materials that exhibit rate-dependency, it is necessary to determine objective 
stress-rate measures. 

Given the fact that the second Piola-Kirchhoff stress tensor   is independent 

of any possible rigid body motion, a stress-rate measure was developed based on 
the properties  , namely the Truesdell strain-rate tensor   , which is defined in 

terms of the Piola transformation of the derivative of the second Piola-Kirchhoff 
stress tensor    

 

         
  

  
       

 

  
                                               

 
If we are to express the time derivative of     in terms of the time 

derivative of   as: 

 
       

  

  
 

  

  
     

    

  
                                                                  

 
    

  
  

  

  
                                                                           

 
Recalling equation            and replacing it equation            will give 

 

  
  

  
                                                                               

    

  
                                                                                   

 
Expanding equation            will give: 

 

      
  

  
   

    

  
  

  

  
  

    

  
                                       

 
Recalling equations             and            and introducing them in equation 

           

 
  

  
                                                                                  

   
  

  
                                                               

 

The Truesdell rate of the Kirchhoff stress tensor can be described in terms of 
the Lie derivative: 
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